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A Study of a Generalization of Ramanujan’s Third Order
and Sixth Order Mock Theta Functions
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Abstract A generalization of sixth order and third order mock theta functions is given and shown that these generalized
functions belong to the class of F, -functions. Multibasic expansion and g-integral representation of these generalized

functions is also given.
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1. Introduction

S. Ramanujan in his last letter to G.H. Hardy[9, pp
354-355] introduced seventeen functions whom he called
mock theta functions, as they were not theta functions. He
stated two conditions for a function to be a mock theta
function:

(0) For every root of unity {, there is a §-function 6 ,(q)
such that the difference f(q) — 6 ¢(q) isboundedas g > ¢
radially.

(1) There is no single 8-function which works forall { i.e.,
for every 6-function 8(q) there is some root of unity ¢ for
which difference f(g) —0(q) is unbounded as q — ¢
radially.

Of the seventeen mock theta functions, four were of third
order, ten of fifth order in two groups with five functions in
each group and three of seventh order. Ramanujan did not
specify what he meant by the order of a mock theta function.
Later Watson[15] added three more third order mock theta
functions, making the four third order mock theta functions
to seven.

G.E. Andrews[l] while visiting Trinity College
Cambridge University discovered some notebooks of
Ramanujan, and called it the “Lost” Notebook. In the
Notebook Andrews found seven more mock theta functions
and some identities and Andrews and Hickerson[2] called
them of sixth order.

The sixth order mock theta functions of Ramanujan are
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We give a generalization of the sixth orderand the thlrd order mock theta functions. The generalized sixth order mock theta

functions are
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(0, (D gne (g3 /22;42)
1 © n q q ),
At a,zq) = oo 220 - , (1.5)
(), (D gn@=1)(g3 /72;42)
1 o n q q ),
nt,a,zq = mznzo —y— (1.6)
and
o (t)nqn n-=3)+na Z2n
v, a,z;q) = o T Sy v (1.7)

For t = 0, = 1, we have the generalized functions of Choi[4]. For z = q' and using induction, these functions satisfy

the Ramanujan’s requirement for a mock theta function.
The generalized third order mock theta functions are
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where

v

For B =1 and z =q we have generalized five third
order mock theta functions namely f, ¢, P, v, w of
Andrews[1]. For t=0,=1, a=q and z=gq the
generalized functions f, ¢, and y reduce to the third order
mock theta functions of Ramanujan and w, v and p to the
third order mock theta functions of Watson[15].

In this study we will show that these generalized functions
are F, -functions. This is done in section 3.

=e3.

Using the difference equation we derive relations between
generalized sixth order mock theta functions and relation
between generalized third order mock theta functions. This
we do in section 4. In section 5 we give a g-integral
representation and in section 6, we give multibasic
expansion for these generalized functions.

2. Notations
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We shall use the following usual basic hypergeometric ~ Proofs

notationsli We shall give the proof for ®(t, @, z; q) only. The proofs
For lg¥l <1, for the other functi imilar, h itted
@ a9 = - a) - agh)-- (l—a k(n—l)) N> 1 or the other functions are similar, hence omitted.
a;q EL 5 . ( q o, qu(l Wy, Applying the difference operator D, , to o(t,a z;q),we
a;q )y =1, a;q = o\l —aq have
[Zlgr:“ 'ecl,n.:::: .:(e:m A Zm LI Z] th'goq)(t’“’Z; Q = (d:(t), a,z;q) — ®(tq,a,z q)
1,y Vg (1,1; 11,51 ) m,1r" msm Lbser B 1 Z (_1)n(t)nqn n-3 +naZZn (ZZ/q; qZ)n
((az" al,),q) [( 1)nq 2 ] \l W, L (—=2z2/q;q),,
[} q , ; q o_o
_ Z { 1 s . ) X } B 1 Z (_1)n(tq)nqn(n—3)+naz2n (ZZ/q; q2)n
= 11' 2 Giri 4y [( N . ] | (tq) - (—z%/q; 4,
k} ( €1, 6 s, _q]) ) ~ 1 i (_1)11(t)nqn(n—3)+na22n(zz/q; a3,
A ba 1[a1;a2 aA,b1,bz~“,bA_1,q1.Z] - ®) — (—zz/q;q)2n
Z (aly ql (aA; ql) 4 ) |Z| <1 1 had (_l)n(t)nqn(n—3)+na Z2n (ZZ/q; qZ)n (1 _ tqn)
= (by; q1)n (bA 541900131 O (—22/q; Qo
~ ¢ i (_1)11(t)nqn(n—3)+n(a+1)22n (ZZ/q; qZ)n
3. The Generalized Functions are O (=22/q; o
F ,-Functions =td(t, a+1,2q).
. . . So
We show these generalized functions are F, - functions. Dq'tcb(t,a,z; D=0t a+1,2q).
Theorem 1 Hence ®(t,a,z q) is a F,- function.
The generalized functions o(t, a,z; q) , L|J(t, a7 q)’ SOAorertizietgd earlier the proofs for other functions are similar,

o(t,a,zq),y(t, a,z;q),0(t,a,z;,q) and the generalized
functions ft,apB,2zq9,0& ap zq, P a Bz q,
vit,a,8,z;9), x& Bz, p&t,B.z,q), wlt,apB,zq
are El-functions.

4. Relations between the Generalized Functions of Sixth Order Mock Theta
Functions and Relations between Generalized Functions of Third Order Mock
Theta Functions

Theorem 2
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which proves Theorem 2 (i).
Proof of (ii)

)w n(n—l)+
Z(t)nq 2 7" (~zq),
(2%/q; q¥n14

z (1 +%
21,

o(t, a,z; q) =

z z
=E (1 + E) Dq,fp(t’ Q,Zz, q);

which proves Theorem 2 (ii).
Proof of (iii)
Writing a? for a in ¢ (t,a, B, 2; q), we have

1 ® qn2—2n+nﬁzzn alz?
D tl 2) ) ; = = = 1 + t) ) ) ; )
9 a2, B,z q) (t)wn_o Catz?/q. a0, pE vit,a, B,z q)

which proves Theorem 2 (iii).
Proof of (iv)
Writing _q—a for a and then a? for @ in P(t,a,B,2;q) in (1.8), we have

¢<f —_az B > z o (©),q" e g2
) ) ‘Z; =
q V=0, ] (—a?22/q3;q%), 41

= qu'tv(t, a, B,z q)

which proves Theorem 2 (iv).

5. glntegral Representation for the Generalized Functions of Sixth and Third
rder Mock Theta Functions

The g-integral was defined by Thomae anleackson[7, p. 19] as

[ ra,e=a 0 ranan
n=0

0
We now give the g-integral representation for the generalized sixth order mock theta functions and also for generalized

third order mock theta functions.

Theorem 3(a)
1
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f w1t (wq; @)oo p(0, aw, z;q) dw.

1
a-t
(ivy(gta,z; @) = WI w ™t (wq; @), v(0,aw, z; ) d w.
) [ee) 0

1
-1
W) olqt,a,z,q) = %

’ [}

f w1t (wq; ), 000, aw, z; @) d,,w.

Proof
We shall give the detailed proof for ® (g%, a, z; q) . The proofs for the other functions are similar, so omitted.
Limiting case of g-beta integral[7,p. 19 (1.11.7)] is
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e = G 0 £ @ Dad,t (5.1
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Replacing t by g° and q* by a, we have
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which proves (i). The proofs for all other functions are similar.
Theorem 3(b)
The g-integral representation for the generalized third order mock theta functions:
1
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Proof
The proofs are similar to given above for ® (g, a, z; q) , so the Theorem 3(b) follows.

6. Multibasic Expansions of Generalized Functions of Sixth and Third Order Mock
Theta Functions

Using the summation formula[7, (3.6.7), p. 71] and[8, Lemma 10, p. 57], we have the multibasic expansion
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Yoo (1—ap*q*)(1—bp¥q=F) (a,b;p)i(c,a/bc q) i g Yoo
k=0 (1—-a)(1=b) (q,aq /b; @)y Cap /c,bep ;p)y m=0 m +
Corollary 1
Letting ¢ — g2 and ¢ — oo in (6.1) we have
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(1-a)(1-b) (g% ,aq? /b;q% ) bk p™2 (q2,aq%/b;q? ) b p™ 2
Corollary 2
Letting g — g3 and ¢ — oo in (6.1) we have
k 3k k -3k 3243k 3m?43m
oo (1—ap*q3¥)(1-bp* q=3*)(a,bip) g™ 2 Yo o _ye (ap bp;pdma” 2 a
k=0 k2+k m=0“Ym+k — “m=0 m2+m %m-
(1-a)(1—-b) (g3 ,aq3 /b;q3)b* p2 (g3,aq3/b;g3)b™ p™ 2
Corollary 3
Letting ¢ — g° and ¢ — oo in (6.1) we have
5k2+45k 5m2+5m
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k=0 2k m=0 Am+k = Lm=0 Zam Em -
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(6.1)

(6.2)

(6.3)

(6.4)

In the following Theorem we now give multibasic expansions for generalized functions of sixth order mock theta functions
and third order mock theta functions. We give detailed proof for D(t,a,z; q), and for other functions we write only the

specialized parameters.
Theorem 4(a)
The expansions for generalized functions of sixth order mock theta functions.
1 (—DFA - tg D — 5426 q),_, (72/g; 42 g 3 e 72
e, a,zq) = Z TR
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q4,97,Z .
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[oe]
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ko r 2k 2k+2.
X¢[q, zq :tq°", q :

g2 22 g%+ o $q,9% an]-

W)olt,a,z;q) =
=0

Proof of (i)
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2m
mZ

t
Takea=—,b=q%p=gqand a,, =
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=0 A -t/ - q?)(t,q3 ¢3p 2
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(o]

B Z (=Dmgm*=3m+ma (. q) (z2/q;q?),, 22"
h (=2z%2/q; Qo '

m=0
The right hand side of (6.5) is equal to
&0, a,zq)
The left hand side of (6.5) is equal to

o)

Z (=D — tq* DA — ¢ 2*2)(t; q)_,(2%/q; q2), g 3k tka 2k
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which proves Theorem 4(a)(i).

Proof of (ii)
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q (@%@ (=22/0; Domia
Proof of (iii)
t ™ (q2q%) t/q; 4% (=2;q) 2™
Takeaz—,bzqz,pzqandamzq 1 q3 = qzq mz T m in (6.2)
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Theorem 4(b)
The expansions for generalized functions of mock theta functions of third order.
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(vidp(t B,z ) = z i - tq6k_l)(1 — q_4k+4)(ti q)k—1q2k2_3k+kﬁ24k
PP B = 00 4 = D 0222/q; gD 022245 4D
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4w (1- tq® DA — g~ *+4)(t; q), 1q2k2—5k+kﬁa2kz4k
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Mock theta functions are mysterious functions. These
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