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Abstract In this paper, we present a numerical patching technique for solving singularly perturbed nonlinear differen-
tial-difference equation with a small negative shift. The nonlinear problem is converted into a sequence of linear problems by
quasilinearization process. After linearization, it is divided into two problems, namely inner region problem and outer region
problem. The boundary condition at the cutting point is obtained from the theory of singular perturbations. Using stretching
transformation, a modified inner region problem is constructed and is solved by using the upwind finite difference scheme.
The outer region problem is solved by a Taylor polynomial approach. We combine the solutions of both problems to obtain an
approximate solution of the original problem. The proposed method is iterative on the cutting point. The process is repeated
for various choices of the cutting point, until the solution profiles stabilize. Some numerical examples have been solved to
demonstrate the applicability of the method. The method is analyzed for stability and convergence.
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1. Introduction

A singularly perturbed differential-difference equation is
an ordinary differential equation in which the highest de-
rivative is multiplied by a small parameter and involving at
least one delay term. Such problems are found throughout
the literature on epidemics and population dynamics where
these small shifts play an important role in the modeling of
various real life phenomena[10]. Boundary value problems
in differential difference equations arise in a very natural
way in studying variational problems in control theory where
the problem is complicated by the effect of time delays in
signal transmission[12]. In the mathematical model for the
determination of the expected first-exit time in the genera-
tion of action potential in nerve cells by random synaptic
inputs in dendrites, the shifts are due to the jumps in the
potential membrane which are very small[11]. In[5] the
authors C.G. Lange and R.M. Miura gave an asymptotic
approach in the study of a class of boundary value problems
for linear second order differential-difference equations in
which the highest order derivative is multiplied by a small
parameter. In[4] the authors have extended the ideas to the
boundary value problems for singularly perturbed nonlinear
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differential difference equations and discussed the existence
and uniqueness of their solutions. In[3], the authors proposed
a numerical method to solve the boundary value problems
for singularly perturbed linear differential-difference equa-
tions, which worked well when the delay parameter is of O(g)
or o(g). To handle the delay argument, they constructed a
special type of mesh so that the term containing delay lies on
nodal points after discretization. Mustafa Gulsu and Mehmet
Sezer[6] have proposed a Taylor polynomial approach for
solving mth order linear differential-difference equations
with mixed conditions. This method is based on first taking
the truncated Taylor’s expansions of the functions in the
differential-difference equations and then substituting their
matrix forms into the equation. Hence the result matrix
equation can be solved and the unknown Taylor coefficients
can be found approximately. In[1], the authors M.K. Ka-
dalbajoo and K.K. Sharma presented the numerical study to
solve the singularly perturbed nonlinear differential differ-
ence equations with negative shift. When the shift is o(¢), the
term containing the shift is expanded in Taylor series and
when the shift is O(g), a special type of mesh is constructed
to handle the shift term. In[2], the authors M.K.Kadalbajoo,
Devendra Kumar proposed a B-Spline collocation method
for solving a singularly perturbed nonlinear differential dif-
ference equation with negative shift. A piecewise uniform
mesh is used to grasp the better approximation to the exact
solution in the boundary layer region. Taylor series is used to
tackle the delay.
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In this paper, we present a numerical patching technique
for solving singularly perturbed nonlinear differential dif-
ference equations with negative shift and present the nu-
merical study to such problems. In order to know the be-
haviour of the solution of the singularly perturbed differen-
tial difference equations in the boundary layer region, it is
always suggestive to divide the original problem into two
problems namely, the inner region problem and the outer
region problem and solve them separately. First, we linearize
the nonlinear boundary value problem using quasilineariza-
tion[8] and obtain a sequence of linear boundary value
problems. Then it is divided into two problems namely inner
region problem and outer region problem. The boundary
condition at the cutting point is obtained from the theory of
singular perturbations. Using stretching transformation, a
modified inner region problem is constructed and is solved
by using the upwind finite difference scheme. The outer
region problem is solved by a Taylor polynomial approach
given by Mustafa Gulsu and Mehmet Sezer[6]. We combine
the solutions of both the problems to obtain an approximate
solution to the original problem. The proposed method is
iterative on the cutting point. The process is to be repeated
for various choices of the cutting point, until the solution
profiles stabilize. The existence and uniqueness of the dis-
cretized problem along with stability estimates are discussed.
Some numerical examples have been solved to demonstrate
the applicability of the method.

2. Numerical Patching Technique

To describe the method, we first consider a nonlinear
singularly perturbed differential difference equation of the
form:

ey"(x) = f(x, y(x),y'(x-8)), 0<x <1 (1)

subject to the interval and boundary conditions

y(x) =¢(x); 3 <x<0

y(H)=p )
where 0<eg<<1 is a small perturbation parameter and
0 <& << 1. The solution y(x) of the boundary value problem
(1)-(2) is assumed to be continuous on[0,1] and continuously
differentiable on (0,1).

It is assumed that f(x,y,y') is smooth function satisfying
the conditions:

oo <o i ﬁ—ﬁ—'zwbo
oy oy' dy Oy

, where M is a positive constant.
iv) The growth condition f(x,y,y') = O(y‘z) as y'—> o
for all xe[0,1] and all real y and y'.

For 6=0, under the conditions listed above the problem
(1)-(2) has a unique solution[9].

To develop a numerical scheme for the boundary value
problem (1)-(2), we first linearize the original nonlinear
problem by using quasilinearization process[8]. The
nonlinear differential equation is linearized around a nominal

solution of the nonlinear differential equation which satisfies
the specified boundary conditions. Let y®(x) be the initial

guess to the solution of the problem (1) satisfying the
boundary conditions

yOx) =0(x),-8<x<0; y O (1) =8.

Then a sequence of boundary value problems can be ob-
tained as follows:
We have

ey ®D = e,y D (x), () D (x -8)) (3)

with yD (x) = o(x), -8<x<0; y <D (1) =p
Expanding the right hand side of (3) in Taylor series about
y(k) , We obtain

e D () = £,y (0, () F (x—)

(k)
((y')“‘*”(x—6)—(y'><k><x—6){a—f,] P
3y
(k)
k+1) oy (k) ﬁj
(y x)-y (X){Oy +...

By rearranging the terms of (4) we obtain the recurrence
relation of singularly perturbed linear differential-difference
equations

o\

k
s(y")(““(x)—(@J H* D (x-8) -

(k)
[2_3 Y () = 0,y (0, () B x-3)) - 9)

(k) (k)
(%j y“‘)(x)—%) ) (x-9)

with y(k+1)(x) =@(x) on —6<x <0, y(k+1)(l) =pB
For simplicity, we denote

(x)
() oy — ﬂj
a1 (x) [ I

(k)

FO (x) = £ X (X, ¥y ), " (x - 8))-

(k) (k)
[%J y“‘kx)—(%] ¥ (x-9)
Then (5) may be written as

ey +a® ) D (x-8) +

(6)
b® )y D (x) = F®) (x)

with
y D)= gx) on —5<x<0, y*D1y=p (7)

The solution of the reduced problem of (1)-(2) is assumed
to be the initial approximation y”(x), and the successive
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approximations {y(k)(x)}fzo are determined by (6)-(7).
Hence, instead of solving the original nonlinear problem
(1)-(2), we solve the sequence of boundary value problems
for singularly perturbed second order linear differential
equations with negative shift given by (6)-(7) for k=0,1,2,
For large values of k the solutions y(k)(x) converge to the

solution y(x) of the original nonlinear differential equation

while numerically, we require that | y(k+1) x)- y(k) &)<y,
0<x <1, where p is the prescribed tolerance. The iteration
can be terminated when the above condition is satisfied, and
the profile y(k+1) (x) is the numerical solution of the

nonlinear boundary value problem (1)-(2).

Due to the presence of the singular perturbation parameter
€, the solution of the problem exhibits boundary layer be-
havior. As e—0, the order of the reduced problem decreases
by one, therefore the solution exhibits boundary layer be-
havior at either of the boundary points i.e., the boundary
layer will be on the left side or the right side of the domain of
consideration depending on the sign of the coefficient

a(k)(x) of the convection term that is according as
a(k)(x)2M>0 or a(k)(x)S—M<O respectively, where

M is a positive constant. We assume that a(k)(x) >M>0

throughout the interval [0, 1]. This assumption implies that
the boundary layer will be in the neighborhood of x=0. We
set d=te with 7=0(1). If 1 is not too large, the layer structure
is modified but maintained at the same end [5]. We consider
Xp =0O(¢) the cutting point or the thickness of the boundary

layer. Now the linearized problem is divided into two prob-
lems namely the inner region problem and the outer region
problem. The inner region problem is defined in the interval
0<x<x, and the outer region problem is defined in the

interval Xp £Xx< 1.

2.1. Boundary Condition at the Cutting Point

We assume that {y(k)(x)}fzo are sufficiently differenti-

able. By expanding the retarded term (y')(k) (x —9) using
Taylor series, we obtain
M-8 0 -8)" )
Since d=1¢, we have
) (x=8) = (y)™ 0 - re(y)™ ()
By substituting (8) in (6), we get
e[l -a® 0ty P (0 +a ) V) +
b® )y * P (x) = FY ).

We shall seek an outer solution as an asymptotic expan-

sion in the form

®)

Y9 (0= 3 pl(0s"

n=0

(10

where p(k)(x) are unknown functions to be determined.
Substituting (10) in (9) and simplifying, we get

a® 00(p) 60+ Y ()py (0 = FY (x)

with p{*(1)=p and (11
a® )" () + b (0Pl () =
~-a®eoefpn (12)

with p*™(1)=0, n=1,2,3...

e e

The functions plk“)(x), p(k+1)(x) can be obtained by solv-
ing equation (12) for n=1,2,3. Thus the expansion for

The solution of (11) is

. (%@,
pg)k 1)(X) = eXp[_.! a(k)(é)

LGP
a®(¢)

y(k)(x) given in equation (10) is obtained. Hence the

boundary condition at the cutting point can be obtained from
(10) and denote

y 9 (x,) = Zp(k><xp>s“=v<say> (13)
n=0

Since the terminal point Xp is common to both the inner

and outer regions, it defines the inner region problem as a
boundary value problem

ey ) +a® ) P (x-8) +
by ) =FY ()
with the interval and boundary conditions
y ) =9(x); ~8<x<0
k
y ) =
and the outer region problem as a boundary value problem
e(y") P 0+ ) P (x-8)+

,0<x<x, (14)

(15)

,x, <x<1 (16)
b® )y ) =FYx)
with the boundary conditions
y P x,) =y and y*Pm=p (17

2.2. Inner Region Problem
From (14)-(15) the inner region problem is given by
e(y) " () +a® 0y P (x-8)+
b x)y* P (x) =FM(x)
with the interval and boundary conditions

, 0<x<x, (18)

Yy (x) = o(x); —8 <x <0
y® (x

(19)
p)=7-

We choose the transformation x=te to create a new inner
region problem. By rescaling the equation (18) with
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y )=y (te) =Y (1)

(y')“”(x){(y')“‘)(te){(Y')“"(t) 20)

0198 =51 ) =5 )

a®(x)=a®(te) = A0 (1)
b® (x) = b® (1) = BM (1)
F® (x) = F® (te) = Ft)

we obtain the new differential-difference equation for the
inner region solution as

M)+ AN ) D (t-1)+

. 2D
eB® ()Y D (1) = gF(t)

1)
where T=—.
€

The boundary conditions for the equation (21) are deter-
mined by (19) and (20) as

Y& (1) = (1) = p(te); —t<t<0
Y(k”)(tp) - .

We solve the new inner region problem (21)-(22) to obtain
the solution over the interval 0 <t < tp - We construct a nu-

(22)

merical scheme for solving (21)-(22) based on an upwind
finite difference scheme. We divide the interval [0,t,] into

n equal parts. To tackle the delay term, we choose the mesh

T . o
parameter as h = —, where m=pq, p is a positive integer and
m

q is the mantissa of t.
The difference scheme for (21)-(22) is given by

D,D_Y* ™+ AMD, Y& 4 gBRY D = g8

(23)
,1=123....... ,n—1
Yl-(k)=CD,-,i:—m,—m+l,., 0 (24)
and Yékﬂ) =Y.
where
DDy, = Y= 2Yi Vi py y Y =Yi gng
1 hz + i h
k k k k Ak) Ak
Ai( ) :A( )(ti)a Bi( ) :B( )(ti)’ Fi( ) :F( )(ti)~
Now (23)-(24) become
i +(h28B§k) _Z)Yi(kH) + Y =h%eE® - ,fori=1,2, m-1.
hAi(k)(q)i—mH _(Di—m
YD +(hszi(k) _Z)Yi(kH) Ly & 4 pa(y (D ~ foricm
h2eE® +hA® D,
k+1 2 n(k k+1 K+l
i +(h B] )_2)Yi( IR G (25)
1) [y (k+1 k+1 2 7k
R e
fori=m+1, m+2, n-1
with
YD =@y =d(0) and Y =y (26)

The discrete problem (25)-(26) reduces to a system of

(n+1) linear difference equations given by
GOy =g® ,
Y, 1",

@7
where Y =[Y, Y, ...

entries of the system matrix being given by
g,i-1)=1
i,i)=-2+h%B®
g(. .) ' fori=12,..m-1
g(i,i+1)=1
H; =h’E" - A0, -0, ]
and
g(i,i-1)=1
g(i,i) =2 +h%eBM
g(i,i+1) =1

g(ii—m+1)= hAgk) fori=m,..,n-1

g(i,i-m)=-hA®

Hi = hzgl?“i(k)
HO = (DO’ Hn =7, g(0,0) =1l= g(l’l,l’l)

The system (27) is solved by Gauss elimination method
with partial pivoting. In fact, any numerical method or ana-
lytical method can be used.

2.3. Outer Region Problem

Since the terminal point x,is common to both the inner
and outer regions, it defines the outer region problem as a
boundary value problem

ey (0 +a® )V (x - 8)+
b )y * () = F¥(x)

with the boundary conditions
y )=y and yEPW=p  (29)

We solve the outer region problem (28)-(29) by employ-
ing the Taylor polynomial approach given by Mustafa Gulsu
and Mehmet Sezer[6] to obtain the solution over the interval
x, <x<1.

p

Xp <x<1 (28)

2.4. Solution of the Original Problem

After getting the solution of the inner region problem and
outer region problem, we combine both to obtain the ap-
proximate solution of the original problem (1)-(2) over the
interval 0 <x< 1. We repeat the process for various choices of
Xp, until the solution profiles do not differ materially from
iteration to iteration. For computational purposes we use an
absolute error criterion, namely

| (Y(k)(t))i+1 - (Y(k)(t))i <o; 0<t<t,

where (Y(k) (t))‘ is the i"™ iterate of the inner region solution
and o is the prescribed tolerance bound.
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3. Error Estimate

Now we shall find the error estimate for the modified inner
region problem (23) under the boundary conditions (24).
Throughout the analysis simplicity we replace

Y& A0 BMEM with ¥, A, B, F respectively.
Case 1: When B(t) < -0 < 0, where 0 is a positive con-
stant.
Lemma 1: (Discrete minimum principle)
Let m; be any mesh function that satisfies my >0 and
n, 20 and L (n;) <0 then m; 20foralli=0,1,2,...,n.

Proof: Let k {0,1,2,...,n} be such that m, = min =; and
0<i<n

assume that . <0.
Clearly k ¢ {0,n}. Then for 1<k <m-1 we have
We have Lh (TEk) = D+D,TEk + Sﬁ(tk)ﬂ:k
_ M) = 2Ty + Ty
h2
(g —my) — (e — g 1)
h2

+ sﬁ(tk)nk =

+ 8§(tk)nk

>0,

since .,y —my >0 and my — 1y <0, B(ty) <0

Thus, we have L (nk) >0 for 1<k <m-1 which con-
tradicts the hypothesis that Lh(nk)s 0 for i=12...,n-1

of the discrete minimum principle. This contradiction arose
since we assumed that w, < 0. Therefore our assumption is

wrong. Hence, m >0. But k€ {0,1,2,...,n} is an arbitrary
positive integer, so w; >0 forall i=0,1,2....,n.
Theorem 1: If A(t)>M>0and B(t)<—0<0, where M

and 0 are positive constants, then the solution of the discrete
problem (23) with the boundary conditions (24) exists, is
unique and satisfies

[¥,.. <0 Fl,.. +xloth.. +1i)- 0

where K >11is a positive constant.

Here, ||||h00 is the discrete [/, norm defined by
... = max]s

Proof: Suppose {u;}{L, and {v;}/_, be two solutions to
the discrete problem (23), (24). Then, z; =u; —v; is a mesh
function satisfying zy =0,z, =0 for1<i<n-1, we have

Ly (zi) =Ly (u;)—Ly(vy).
Since u; and v; satisfy (25), therefore
Ly(z;)=0,1<i<n-1.
Thus, the mesh function z; satisfies the hypothesis of the

discrete minimum principle and so by the application of it to

the mesh function z; we get
Z; =Uu; —Vj ZO, 0<i<n

(€2))

Again let ZT =—(u; —v;), then ZT satisfies zz =0= z;

and proceeding as above we get L (ZT) =0,1<i<n-1..
Thus, the discrete minimum principle can be applied for the
mesh function Z;k which gives
z? =—(u; —v;)20.
ie, u;—v;<0,0<i<n. (32)
Hence, from (31) & (32) we get u; —v; =0, which prove
the uniqueness of the solution to the discrete problem
(23)-(24) and for linear equations, the existence is implied by
uniqueness.

Now to prove the bound on {S?i }iso we consider two bar-
rier functions \yiir defined by

\|/ii = 671”1?“}1500 -I-K(“(I)"h’OO +|y|)i SN{'i , 0<i<n where
K >1 is an arbitrary positive constant. Then, we have

vi =07[F],  +kljol,, +)= %o
=0, + Ko, £ 00 i since %y =0
>0, since ||<D||h » > Po andK >1
and v =07[F], ko], , +hl) Y,
= 6*1"13"}1’Oo + K||<D||h,w + (KM + y), since Y, =y
>0,

For 1<i<m-1, we have
Ly (wi) =D, D_yi +eB(t)vi

since |y|>y and K >1

- aINS(ti)[e*lHl?Hh’w ko, , +M)}iLh(\~(i) (33)
Also for 1<i<m-1, we have
L, (Y;)=D,D_Y; +¢B(t,)Y;
(@i-m+1 = Pi-m)
h

= eF(t;) - A(t;)
Then from (33) we get
Ly (i) = sfs(ti)[e*‘ 5, .+ Kl ., +|vl)}

+eF(6) T A(L) ((Di—m+lh_ Di_m)

Since, B(t)< -0 <0, that is E(ti)e_l <-1, we get
Lu(vi)<—¢ff|, +eBre{a], , +h|

+6F(6) T ACL) ((I)i—m+1h— Qi)

< 8(_ [, .+ ﬁ(ti)j +eBK o], +H)

T ;‘(ti) (q)i—m+lh_ (Di—m)

Since, in the above inequality (34) the first and second
terms are negative, so we choose the constant K such that the
sum of the moduli of the first and second terms dominates
the modulus of the third term in the above inequality. We
then obtain

(34
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L, (y)<0,1<i<m-1.
For m<i<n-1,we have
Ly(yi) =D, D_yi +A(t)D, iy, + Bty
- 8}§(ti)[6_1“1~3”h + KQ|<1>||h L+ |y|):| +L,(Y) (36)
,00 s
We know that for i=m, m+1,..,n-1,
Ly (Y;) =D, D_Y; +A(t;)D,Y;_, +eB(t;))Y; =¢F(t;)
Then from (36) we get

Ly (vi)= sﬁ(ti){e_lul?uh’w + KQ|q>||h,w +|y|ﬂ +eF(t;)

(35)

Since, B(t) <—0 <0, thatis B(t;)0™! <1, we get
L, (yi)< —sHF“h + sﬁ(ti)K(“GDHh’oo + |y|)i eF(t;)

< ( H,.. iati))ﬂg(timm@"hm <o @n

Hence, L, (y;)<0,m<i<n-1  (38)

Combining the results of (35) and (38) we get
L, (yi)<0,1<i<n-1.

Thus an application of Lemma 1 to the mesh function \|/ii

gives
n

vi=07l[F], +x{a], , +hf}s¥iz0. 0<izn

which proves the required bound on the discrete solution

{Yi}iso -
Case 2: When B(t)>60 >0, where 0 is a positive con-
stant.

Lemma 2: (Discrete maximum principle)
Let m; be any mesh function that satisfies my >0 and
n, 20 and Ly (n;) >0 then m; > 0 for all i=0,1,2,...,n.

Proof: Let k €{0,1,2,...,n} be such that m; = max x; and
0<i<n

assume that m <0.
Clearly k ¢ {0,n} . Then, for 1<k <m-1we have
Lh (TEk) = D+D77'Ek + Sﬁ(tk)ﬂ?k
_ T =27 + Ty
h2
_ (g —my ) — (g —my )
= .
<0,since my | —my <0
and mp —m_ 20, ]§(tk) >0
Thus, we have L} (m ) <0 for 1<k <m-1 which con-
tradicts the hypothesis that L (n) ) >0 for i=1,2,...,n-1 of

the discrete maximum principle. This contradiction arose
since we assumed that m, < 0. Therefore our assumption is

+ SE(tk)ﬂfk

+ Eﬁ(tk)ﬂk

wrong. Hence, m >0. But k€ {0,1,2,...,n} is an arbitrary
positive integer, so m; > 0 for all i=1,2,...,n.

Theorem 2: If A(t) > M > 0and B(t)>0 >0, where M and
0 are positive constants, then the solution of the discrete

problem (23) with the boundary conditions (24) exists, is
unique and satisfies

[¥,.. <l + <lol. +h):- - 3

where K >11is a positive constant.

Proof: Let {u;}{_, and {v;}iL, be two solutions to the
discrete problem (23), (24). Then, z; =u; —v; is a mesh
function satisfying z, = 0,z, =0, we have

L,(z))=L,(u;))-L,(v;), 1£i<n-1
Since u; and v; satisfy (23), therefore
L,(z)=0,1<i<n-1.
Thus, the mesh function z; satisfies the hypothesis of the

discrete maximum principle and so by the application of it to
the mesh function z; we get

z;=u;-v; 20, 0<i<n (40)

Again we consider Z? =—(u; —vj), then Z;k is a mesh
function satisfying zz =0= z; and proceeding as above we
get Ly (z?) =0,1<i<n-1. Thus, the discrete maximum
principle is applied on the mesh function z? which gives

z? =—(u; —v;)20.
ie, u;—v; <0, 0<i<n. (41)
Hence, from the (40), (41) we get u;—-v; =0, for

0<i<n which proves the uniqueness of the solution to the
discrete problem (23)-(24) , and for linear equations the
existence is implied by uniqueness.

Now to prove the bound on {i}?:o we consider two
barrier functions \|1iir defined by
+ _ -1 S .
vi =07'[F| + K("d)"hm thlJ+ ¥, 0<i<n,
where K >1 is an arbitrary positive constant. Then, we

have

v =o', . +klol .+t %

07|+ (Ko, , =@} Kh. since T =@,
> 0,, since ||<I>||h’oO >®, andK >1 and
vi =0, + ko], ., + )= ¥
~07 [, Ko, , + (k= )- since ¥y =7
>0, since [y|>y and K>1.
and for 1<i<m-1, we have
Li (yi) =D, D_yi +eB(t)yf
= eﬁ(ti){e*IHﬁHhm +k(a, , + Mﬂ HINCANNCY)

We know that for i=1,2,..m-1,
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Ly(Y;) = D,D_Y; +eB(1;)Y; =
eF(6) - At) ((Di—mﬂh* Qi m)
Then from (42) we get
L, (yi) = sﬁ(ti)[e*‘HiHh 4 KQ\CI)Hh,OO + M)} +eF(t;)
T ;(ti) ((Diferlh* Di_m)
Since, B(t)>0>0, thatis B(t;)0~! > 1, we get
L2 el +eBle K (o], . )

+ sl?(ti) T X(ti)w

> 8(||?||h,w + l?(ti)) ~eBKof, , +])

(Picmi1 = Picm)
h

(43)
FA()

Since, in the above inequality (43) the first and second
terms are positive, so we choose the constant K so that the
sum of the moduli of the first and second terms dominates

the modulus of the third term in the above inequality. We
then obtain

L,(y)>0,1<i<m-1. (44)
For m<i<n-1, we have

Ly(yi) =D, D_y{ +A(t;)D, i, + Bty
= eﬁ(ti)[e‘l“ﬁuh + KQ|(D||h’w +|y|)} +L,(Y,) (45)

We know that for i=m, m+1,.., n-1,
L,(Y)=D.D Y, +A(t,)D,Y, ., +¢eB(t,)Y, = ¢F(t;)
Then from (45) we get
Loy = sﬁ(ti)[e—l {, . +x{ol,., + M)} + ¢ (1))
Since, B(t)>0 >0, thatis B(t,)0~' >1, we get
Ly e+ B(K (], , + )+ sFt)

> s(“ﬁ“h’w + ﬁ(ti)) + eﬁ(ti)KQ@Hhm + |y|) (46)

>0
Hence, L, (y;)>0,m<i<n-1 47)
Combining the results of (44) and (47) we get
L,(yi)>0,1<i<n-1.
Thus an application of Lemma 2 to the mesh function \ﬁ
gives
wi=07[],+xlol,, +h)s¥20, 0<i<n

which proves the required bound on the discrete solution
{Yi}iso-

Thus, Theorems (1) and (2) imply that the solution to the
discrete problem (23), (24) is uniformly bounded, inde-

pendently of the mesh parameter h and the parameter €,
which proves that the difference scheme is stable for all mesh
sizes.

Corollary: Under the assumption that A(t)>M > 0, the
error ¢; = Y(t;) - Y; between the solution Y(t;) of the con-
tinuous problem (21), (22) and the solution S?i of the dis-

problem  (23),(24)
||e||h’Oo < 6_1||T||h,w, where T; satisfies

crete satisfiles  the  estimate

% max \?(4)(0‘ +

h L1 St <tiyg

|G| men {
t i <SSt

Proof: The truncation error T;is given by

Y294V
{%—Y (ti):|+

T, <

P

O % \?(4)(0}

T =

1

K(ti){%—?/(ti_m)}

Now using Taylor’s series and after simplifications, we
obtain

h
—  max

h 6 tHS‘iStiH|§(4)(t)|+

L
[x,

-m Sty

max]+]{|§~("(t)| +%|\N{’"(t)| +?;|§N((4)(t)|}

We have Lh(e(ti))zLh(f((ti))—Lh(f{i):Ti, i=1,2,...,n-1 and
eg=c,= 0.

Then by using Theorems (1) and (2) we obtain the re-
quired error estimate.

4. Numerical Results

We have applied the present method on two nonlinear
singularly perturbed differential-difference equations with
small negative shift. The nonlinear problems are first con-
verted into sequence linear singularly perturbed differen-
tial-difference equations by using quasilinearization method.
The solution of the reduced problem is taken as initial ap-
proximation.

Example 1[2, p.2593]: ey"(x)+2y'(x—8)—-e*™ =0,
with the interval and boundary conditions

y(x)=0;-86<x<0,y(1)=0

The solution at the cutting point is given by the reduced
problem solution

2
y(xp):yo(xp)+8y1(xp)whereyo(xp)=loge[3_X J
p
and y,(x,) =2 jog,[ 22
P23 -x,) L 2

and hence y(x,) =log, 2 1—l -2t £
P 3-x, 2| 3-x,
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x 10”

The linearized form of the given nonlinear equation by 4
quasilinearization method is

' (X425 (x=8) - 2 3(%) =%X[1—1oge(%jj

Numerical Solution
A
T

3 -of
o
with the conditions y(x)=0; —d<x<0and y(1)=0. 1ol
The modified inner region problem is given by 125561 503 005 o7 0.0
. . — 3
YU+ 2Y'(t - 1) - 2¢ Y(t)= 2¢ I~ log, 2 0<t< t, Figure 2. Inner solution of Example 1 for e=107, t=2.5.
3-te 3- 3 o
1.
under the conditions Y(0) =0, Y(t;)=7.
i
The outer region problem is given by £
< 0.5
2 2 2 3
" + 2 1 _ 6 _ = 1_1 -2
&y" (x)+2y'(x=8) = =—y(x) 3_X[ Oge[3_xn g o 1
Z
Xp<x< 1 under the conditions y(x,)=v, y(1)=0 o |
The numerical results are given in tables 1 & 2 for 1=0.5 o001 0,003 0003 0.007 0.009

and e=107, e=10"* respectively. For t=1.5 andt=2.5, the

. L . . Figure 3. In lution of Example 1 for e=107, t=1.5.
inner solution is plotted in graphs and shown in fig. 1 to fig 4 teure et sofution of Exatmple & for e o

for e=10, e=10"* respectively.

Table 1. Numerical results of Example 1 for e=1073, 1=0.5.

10°

£ ]
2
X y(tp=30) y(tp=60) ¥(tp=90) 3 s
0.0000 | 0.00000000 | 0.00000000 | 0.00000000 “10p
0.0001 | -0.08108667 | -0.08108965 | -0.08108623
0.0005 | -0.40535050 | -0.40536540 | -0.40534830 ;4 ‘ ‘ ‘ ‘
0.0010 | -0.56730450 | -0.56732520 | -0.56730130 o oo 0.003 x 0.005 0.007 0.009
0.0020 | -0.34318250 | -0.34319460 | -0.34318070 . _ B
0.0040 -0.39837990 -0.39839410 -0.39837780 Figure 4. Inner solution of Example 1 for e=107", t=2.5.
0.0060 -0.40372000 -0.40373470 | -0.40371810 Table 2. Numerical results of Example 1 for e=10, 1=0.5.
0.0080 | -0.40304860 | -0.40306340 | -0.40304690
0.0100 | -0.40219170 | -0.40220640 | -0.40219000
0.0300 | -0.39541470 | -0.39542960 | -0.39541300 X y(tp=30) y(tp=60) y(tp=90)
00 ([ ———— -0.38526240 | -0.38524570
0090 | | -0.37500590 0.0000 | 0.00000000 | 0.00000000 | 0.00000000
_______________________ 0.0000 | -0.08108345 | -0.08107238 | -0.08106151
0.1000 | -0.37156240 | -0.37156330 | -0.37156350 0.0000 | -0.16216600 | -0.16214390 | -0.16212210
0.2000 | -0.33645980 -0.33646320 | -0.33646680 0.0002 | -0.34373370 | -0.34368660 | -0.34364070
0.3000 -0.30007510 -0.30007410 | -0.30007710 0.0004 -0.39953690 | -0.39948250 | -0.39942900
0.4000 | -0.26234060 | -0.26232120 | -0.26231090 0.0006 | -0.40548220 | -0.40542690 | -0.40537280
0.5000 -0.22319190 -0.22313770 -0.22309770 0.0008 -0.40541480 -0.40535950 -0.40530530
0.6000 -0.18254230 -0.18244240 -0.18235960 0.0010 -0.40516270 -0.40510770 -0.40505350
0.7000 -0.14024630 -0.14010340 -0.13997710 0.0030 -0.40446460 -0.40440970 -0.40435530
0.8000 | -0.09604933 | -0.09588794 | -0.09573932 0.0060 | ----or-ooeoe- -0.40346310 | -0.40340830
0.9000 | -0.04952498 | -0.04939950 | -0.04928036 0.009% | | e -0.40246060
1.0000 | 0.00000002 0.00000002 | 0.00000002 | | e ||
: 0.1000 | -0.37156100 | -0.37156120 | -0.37156130
150 : : : 0.2000 | -0.33645760 | -0.33645780 | -0.33645800
0.3000 | -0.30008050 | -0.30007970 | -0.30007890
= IF 0.4000 | -0.26236730 | -0.26236400 | -0.26236060
2 0.5000 | -0.22325370 | -0.22324630 | -0.22323890
& 05 0.6000 | -0.18264720 | -0.18263490 | -0.18262270
L ] 0.7000 | -0.14038920 | -0.14037270 | -0.14035630
£ 0.8000 | -0.09620515 | -0.09618738 | -0.09616968
Z s 1 0.9000 | -0.04964305 | -0.04962971 | -0.04961641
1.0000 | 0.00000001 | 0.00000001 | 0.00000001
-1 L L L L
oo 003 0 07 o0 Example 2[1, p.e1921]: ey"(x) + y(X).y'(x—8) —y(x) =0

Figure 1. Inner solution of Example 1 for e=107, t=1.5. with the interval and boundary conditions
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y(x)=1;-6<x<0, y(I)=1 !
The solution at the cutting point is given by the reduced
problem solution

¥(xp) =yo(Xp) +ey1(xp) where Yo(Xp) =X, and

yi(xp) =0 and hence ¥(xp) =X,

o o
2 »

o
~

Numerical Solution

The linearized form of the given nonlinear equation by
quasilinearization method is €y"(x)+ xy'(x —6) = x with the

<
¥}

0

conditions y(x)=1; -8<x<0, y()=1 0 02 04 06 038
The inner region problem is given by Figure 6. Numerical solution of Example 2 for e=107, t=2.5.
Y'(t)+teY'(t—1)=te? , 0<t< t, under the conditions 1

o
%

Y(0)=1,Y(t,) =7y

The outer region problem is given by
ey'(xX)+xy'(x—90)=x, Xp <x<1 under the conditions

o
o

I
o

Numerical Solution

y(xp)=v, yd=1
The numerical results are given in tables 3 & 4 for 1=0.5

e
S

103 a1 . _ _
and s—'IO R 8—'10' respectlyely. For t=1.5 and .1—2.5, the o8 - ST %% o
numerical solution is plotted in graphs and shown in fig. 5 to
ﬁg. 8 for 8:10—3 8:10—4 respectively. Figure 7. Numerical solution of Example 2 for =107, 1=1.5.

1

Table 3. Numerical results of Example 2 for e=107, 1=0.5.

0.8f
X y(tp=30) y(tp=60) y(tp=90) 06

0.4

Numerical Solution

0.0000 | 1.00000000 1.00000000 1.00000000

0.0001 | 0.99625810 0.99741090 0.99754830 0.2

0.0005 | 0.98129070 0.98705450 0.98774140

0.0010 | 0.96258490 0.97411140 0.97548500 % 0.2 0.4 N 0.6 0.8

0.0020 | 0.92520790 0.94824980 0.95099560

0.0040 | 0.85071590 0.89670830 0.90218880 Figure 8. Numerical solution of Example 2 for e=107*, t=2.5.
0.0060 | 0.77683800 0.84559760 0.85379100

0.0080 0.70386530 0.79512010 0.80599390 Table 4. Numerical results of Example 2 for 8:104, 7=0.5.

0.0100 | 0.63208330 | 0.74547440 | 0.75898580
0.0300 | 0.03000000 | 0.33005320 | 0.36580670
0.0600 | --------mm-mem- 0.06000000 | 0.11107720

00900 | | e 0.09000000 X y(tp=30) y(tp=60) y(tp=90)
0.1000 | 0.10000000 | 0.10000000 | 0.10000000

0.2000 | 0.20000000 | 0.20000000 | 0.20000000 0.00000 | 1.00000000 | 1.00000000 | 1.00000000
0.3000 | 0.30000000 | 0.30000000 | 0.30000000 0.00001 | 0.99662550 | 0.99823950 | 0.99874330
0.4000 | 0.40000000 | 0.40000000 | 0.40000000 0.00002 | 0.99325110 | 0.99647900 0.99748650
0.5000 | 0.50000000 | 0.50000000 | 0.50000000 0.00020 | 0.93251590 | 0.96479240 | 0.97486760
0.6000 | 0.59999990 | 0.60000000 | 0.60000000 0.00040 | 0.86505600 | 0.92959610 | 0.94974230
0.7000 | 0.69999990 | 0.70000000 | 0.70000000 0.00060 | 0.79763640 | 0.89441320 0.92462200
0.8000 | 0.80000000 | 0.80000000 | 0.80000010 0.00080 | 0.73028780 | 0.85926180 | 0.89952080
0.9000 0.90000000 0.90000000 0.90000000 0.00100 0.66306020 0.82418220 0.87447610
1.0000 | 1.00000000 | 1.00000000 | 1.00000000 0.00300 | 0.00300000 | 0.48024520 | 0.62921510
; (00101010 — 0.00600000 | 0.29119950
0.00900 | | - 0.00900000
0.8 T e Y A I
5 0.10000 | 0.10000000 | 0.10000000 | 0.10000000
= 0.6f ] 0.20000 | 0.20000000 | 0.20000000 | 0.20000000
3 030000 | 0.30000000 | 0.30000000 | 0.30000000
Soar 1 0.40000 | 0.40000000 | 0.40000000 | 0.40000000
z 0.50000 | 0.50000000 | 0.50000000 | 0.50000000
02F : 0.60000 | 0.60000000 | 0.60000000 | 0.60000000
0.70000 | 0.70000000 | 0.70000000 | 0.70000000
% 02 04 0% 08 1 0.80000 | 0.80000000 | 0.80000000 | 0.80000000
x 0.90000 | 0.90000000 | 0.90000000 | 0.90000000

Figure 5. Numerical solution of Example 2 for e=107, 1=1.5. 1.00000 1.00000000 1.00000000 1.00000000
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5. Conclusions

In order to know the behavior of the solution of the sin-
gularly perturbed differential-difference equations in the
boundary layer region, it is always suggestive to divide the
original problem into two problems namely the inner region
problem and the outer region problem and solve them sepa-
rately. We have presented a numerical patching technique
for solving singularly perturbed nonlinear differen-
tial-difference equations with the boundary layer at one end
point. The original nonlinear boundary value problem is
linearized using quasilinearization. Then it is divided into
two problems namely inner region problem and outer region
problem. The boundary condition at the cutting point is
obtained from the theory of singular perturbations. A new
inner region problem is constructed and solved by using
upwind finite difference scheme. The outer region problem
is solved by Taylor polynomial approach. We have imple-
mented the present method on two nonlinear examples ex-
hibiting a left end boundary layer. The proposed method is
iterative on the cutting point. The process is to be repeated
for various choices of the cutting point, until the solution
profiles do not differ materially from iteration to iteration.
Numerical results are presented in tables. It can be observed
from the tables that the present method approximates the
solution available in the literature as well.
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