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Abstract In this article we prove the substantiation of the method of averaging for the set integrodifferential equations
with small parameter. Thereby we expand a circle of systems to which it is possible to apply Krylov-Bogolyubov method

of averaging.
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1. Introduction

Many important problems of analytical dynamics are de-
scribed by the nonlinear mathematical models that as a rule
are presented by the nonlinear differential or the integrodif-
ferential equations. The absence of exact universal research
methods for nonlinear systems has caused the development
of numerous approximate analytic and numerically-analytic
methods that can be realized in effective computer algo-
rithms.

The averaging methods combined with the asymptotic
representations (in Poincare sense) began to be applied as the
basic constructive tool for solving the complicated problems
of analytical dynamics described by the differential equa-
tions. Averaging theory for ordinary differential equations
has a rich history, dating to back to the work of N.M. Krylov
and N.N. Bogoliubov[1], and has been used extensively in
engineering applications[2-6]. Books that cover averaging
theory for differential equations and inclusions in-
clude[7-10].

In recent years the development of the calculus in metric
spaces has attracted some attention[8-14]. Earlier, F.S. de
Blasi, F. Iervolino[15] started the investigation of set dif-
ferential equations (SDEs) in semilinear metric spaces. This
has now evolved into the theory of SDEs as an independent
discipline: properties of solutions[8-10,12-43], the impulse
equations[8,9,44], control systems[45-48] and asymptotic
methods[8-10,49-53]. On the other hand, SDEs are useful in
other areas of mathematics. For example, SDEs are used, as
an auxiliary tool, to prove existence results for differential
inclusions[8,33,38,42]. Also, one can employ SDEs in the
investigation of fuzzy differential equations[9,13,28-30,
32,33]. Moreover, SDEs are a natural generalization of the
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usual ordinary differential equations in finite (or infinite)
dimensional Banach spaces.

In this article we prove the substantiation of the method
of averaging for the set integrodifferential equations with
small parameter. Thereby we expand a circle of systems to
which it is possible to apply Krylov-Bogolyubov method of
averaging.

2. Preliminaries

Let comp(R")(conv R”gr be a set of all nonempty
(convex) compact subsets from the space R”,

h(A4,B)= m>i(r)1{sr(A) S B,S,(B)> 4}

be Hausdorff distance between sets 4 and B, S.(4)
is r -neighborhood of set A .

Let 4,B,C be in conv(R"). The set C is the Huku-
hara difference of 4 and B,if B+C=4,1.e.

c-atlp

From Radstrom's Cancellation Lemma[54], it follows
that if this difference exists, then it is unique.

Definition[55]. A mapping X :[0,7]— conv
ferentiable in the sense of Hukuhara at ¢e
some & >0 the Hukuhara differences

R") is dif-
O,T] if for

X(r+ A)iX(t) 5 X(t)iX(t —-A)

exists in conv|R") for all 0<A<J and there exists an
DX(t) € conv(R" such that

lim A A7 (X(t + A)ix(z)j,DX(t)j =0

A—0,

and
A1Ln3+ h(A‘l [X(t)iX(t - A)j,DX(t)} =0.

Here Dx(t) is called the Hukuhara derivative of X ()
at t.
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3. The First Scheme of an Average
Consider the Cauchy problem with small parameter

DX=g|:F(t,X)+j.q)(t,s,)((s))ds:|,X(O)=X0, M

where ¢>0 is a

small parameter, ¢, seR, |,
F:R, xconv R”) - conv(R"

is a multivalued mapping,
®: R, xR, xconv R”) —)comp(R") is a multivalued map-
ping, Here the integral is understood in the sense of[55] (the
integral exists for example if X(-) is measurable and the
real mapping ¢—>h(X(¢),{0}) is integrable on IcR,),
X, € conv|R"

Definition. A mapping X :[0,7]— conv(R") is a solu-
tion to the problem (1) if and only if it is continuous and
satisfies the integral equation

X(1)=X, +gj‘{F(r X(z))+ j (.5, X (s ))d9:|d2'

0 0
forall ¢e[0,T].
In this section we associate with the equation (1) the fol-
lowing averaged integrodifferential equation

DY:g{F(Y)+j.db(t,Y(s))ds‘|, r(0)=x, (@

where
lim h[I]:F(t,X)dt,F(X)J ~0> A3)
T—w T A
lim h[lj'j'm(t,s,x)dsdz,ljj'cp(t,x)dsdt]_o- 4)
T—w | T 0% T 0%

Remark. In this paper we will consider a case when the
limits (3),(4) exist.

Definition. We say that the limits (3),(4) exist unifoyml
in X, if for any >0 and any X eGe conv(R"))
there exists 7T(cx) such that

h{;]‘F(t,X)dt,F(X)J<a,

Tt Tt
h[;_”qa(z,s,x)dsdz,;“'cp(z,x)dsdz]<a'
00

00

forall 7>T(a).
Theorem. Let in domain

Q:{(t,X)\tZO,XeGeconv(R”)}
the following hold:
1) F(z,X) iscontinuousin (1,X)eR, xG;
2) ®(1,5,X) iscontinuousin (1,5,X)eR, xR, xG ;

3) there exist continuous functions K(r), P(z,s), and
constants K, Py such that
h(F(t,X),{0})<K(t), h(®(t,s,X).{0})<P(t5),
J.K(t)dt<K0(tzft] .[.[P(t s)dsdt < Py (1, —17)
h 4 0
forany 0<4<t)<o ;
4) there exist continuous functions N(z), M(z,s), and

constants N, M,, M; such that
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h(F(t,.X)),F(t,X,)) < N(t)h(X},X,),
h(D (1,5, X)), ®(t,5,X,)) < M (t,5)h( X1, X;),

123 Lt
IN(t)dt < No(t—1)° J‘J‘M(t,s)dsdt SMy(ty—1)°
f 40
tt
J.IM(z,s)(tfs)dsdt <M, (1, -1,)
40
forany 0<f4<t)<o;
5) there exist continuous function ¥ (¢), and constants
A, Vy, ¥, such that

W(F(X0).F (X)) € Ah(X,,X,),

h(®(1,X,).®(1.X,)) <V (1)h(X1. X5)
t, t,
jz V(1) <Vy(t, —1,) > jzz V(t)dt <Vi (1, —1,)
4 4

forany 0<f4<t)<o;

6) the limits (3),(4) exist uniformly in X eG;

7) for any X,e€G'cG and ¢>0 the solution of the
equation (2) together with a & -neighborhood belong to the
domain G .

Then for any #5>0 and L>0
go(n,L) €(0,c] such that for all
te[0,Le7"] the following statement fulfill:

h(X(1).Y (1)) <7, (5)
where X(r), Y(¢r) are the solutions of the initial and

the averaged equations.
Proof. Since

exists
and

there
e (0,50]

13

X(t)—X0+£I|:F(T X(7))+ I@(rsx( ))ds:|d‘r ’

Y(T) +j. z'Y() }

t

IF(T,X(T))Q’T,

0

+Sh[jj‘d)(r,s,X(s))dsdr J‘j‘ z' Y (s ) dbd‘[}

Hence

Y(t)=Xo+¢

o t—y~

we have

h(X(2),Y(t))<eh

o t—

F(Y(r))d‘rj +

(X (1), (1)) <g;{J'FTX(T) j F(x(z) dT]+
ghU (x(z))d j Y()dr]+

dsd‘r] +

(7.X(s))dsdr j-j. (z.Y(s) dsdr]

Sgh[j'F(r,X(r))d j F(X(r ))er+

0 0
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t

+5J' (F(x(r)).F(Y(r)))dz +
m—1li+1 T
[j'j j‘j‘ Sy<e ) J _[Mrs)h(X(s)X(t Vdsdz <
+e&h (I)(z',s,X(s))dsdz' T X () dsd‘rJJr i=0 ¢
00 00 m—1%i+1
L <e > _[ _[M(T,s)[h(X(s), X(T))+ h(X(T),X(tl' ))]dsd'r <
+8J‘J‘h( T, X( ) (r,Y(s)))dsd‘rS i=0 ¢ 0
00 tig T
<52(K +R) M (z,s)(r —s)dsdr +
<g,1jh(x(r) Y(r))dr+$-|-J'V(r)h(X(s) ¥ (s))dsdr + o Z(;_f!
00 m—1tia T
t t +s—(K0+1’O)ZIIM(r s)dsdr <
+£h[IF(T,X(T))dT I (X(r))dr}—»— i=0 4, 0
0 0 . (6) LM,
S(KO +P0)L 5M1+7 5
t T t T m
+£h[jJ.GJ(z',s,X(s))dsd‘r,J.I@(r,X(s))dser i
00 00 Ty=e> J' J.V(T)h(X(s),X(t,-))dsdr <
Now we will estlmate last summands in (6). Divide the =0 4 0
interval [0,Le ] into partial intervals by the points USERN
i <2 IIV(T)[h(X(s),X(T))Jrh(X(r),X(t,-)):Idsd‘rS
t;=—, i=0,..,m, meN. =0 4 0
me m—1%i T,
Then < 52(1(0 +Ry) J- IV(T)TZdeT +
t t =07 0
eh| | F(z,X(7))dz X (7))dr |+ z gl g
u (7.x(2)) _([ (x(2)) r] +g;(K0+PO)Z):;[;[V(z‘)deTS
[[ T t T V v
+&h CD(Z'SX( ))dsdz (z.X(s) dsd‘r}< SL(K0+E))[85+L70]s
i fI
ST 4T, +23+ 2, +2s, SRS I h(x (7). X (1,))dr <f(1<0 +R))—
where =0 u .
. Hence, for any 7 >0, there exist m, and & >0 such
5= j h(F(z,X (7)), F (2, X (5;)))dz’ that the following estimate is true for O<e<g:
i=0 12
4
m—1%in 7 Z[SLN£K+P +
=& IIh(@(z‘,s,X(s)),dD(‘r,s,X(ti)))dsdz" 12:1: Om( 0 0)
l:(:nlilt(:r +L(K0+P())|:8M1+LM°+j—L+g%+ﬂ}£
gz Ih(q)(r X (s )) q)(z‘ X(t )))dsdz‘
':"mn (: <N L(AYy) ®)
= (F(x(2)),F(x(7:)))dr 2
prr ;.- ’ ! From condition 6) of the theorem it follows that there ex-
- . ist the increasing functions @(r) and go(t) such that
=5 = gz{ {fF(”X(’f))d“IF(X(”'))”]* 1) 1im6()=0, limg(r)=
i t—o t—o
lig T li1 T, , ,
+h( (7,5, X (4;))dsdz, J'J' (z.x (1) dser : 2) 4 jF(r,X)dr,Jf(X)dr <10(1)>
4 0 ;L0 o o
By condition 3) of the theorem, we get .. .
h(X(T),X(ti)) < %(KO +P0) , h[‘[‘[(l)(r,s,X)dsd‘[,J‘I@(T,X)dsdr} <tg(t) -
00 00
h(X(T),X(S)) < S(KO + Py XT — s) (7)
’ Then
for ze[t,1,].
From (7), and conditions of the theorem, we have .z Eh[ f e ) ’J" o },

m—1%i

=, SerN(r)h(X(z—),X(tl—))dré
- SA(KO +1,O)§rj‘l N(z)r < +sih{ j.l.[di)(r,s,X(t,-))dsdT, ]lj®(T,X(li))dsdT] <

i=0 7,
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i=0

m—1 i+l
+ed h jF(r,X(t,»
i=0

i=0

i=0 00

< 2m(yy (e

where
yi(e)= sup [rﬂ[rj} )
7€[0,L] £

that the following estimate is

25 < 2m(lﬂ1 (8) +

<e¢ Z }{J‘F(z‘ X(t; )z, IF(X(t ))d‘r]Jr

i, TF(x(n >>er+

)+v/z(e)),
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+& Z h[_”d)(z' s, X (t; ))dsdr, _HCD 7, X(¢; )dsdr}+

+¢& Z h[ I _[d)('[ s X(t ))dsd'r I _[(D(T X(t ))dsd'r}

(¢)= T:E?){)L](rgé[zn , T=¢t.

Fix m. Then for any 7 >0, there exists ¢y >0 such

true for 0 <& <éy:
vy (e))< %Q_L(MVO) :

©

Now, we get & = min{g], &, }. Combining (6), (8), and

(9), we obtain

h(X(2).Y(1))<

t
<ef| (X (e).Y(2)+7 (2 .[

0
Using Gronwall-Bellman's
h(X (1),

This concludes the proof.

h ds dr+ne

inequality, we obtain

Y(t)) <7.

L(A+V})

4. The Second Scheme of an Average

In this section we associate with the equation (1) the av-
eraged integrodifferential equation (2), where

T

l —_
Iim Al — | F(t,X)dt,F(X)|=0>
Jim. {TI (1. X )t F( >]

0

1<1>1(z,)(), >
o(r,x)={ !

lim I‘I) (LX), 1=
t—04+ 1

0, :

(10)

@, (t,X)=I<D(t,s,X)ds .(11)

0, 0

Remark. In this paper we will consider a case when the

limits (10),(11) exist.
Theorem. Letin domain

o={(.x)It=0,
the following hold:

XeGeconv(Rn)}

1) F(z,X) iscontinuousin (£,X)eR, xG;
2) ®(1,5,X) iscontinuousin (z,5,X)eR, xR, xG ;

3) there exist continuous functions K(z), P(z,s),

constants K, Fy such that

h(F(1,X),{0})<K(t),

]Z.K(t)dt <Ko(ta—1)

4

and

h(®(t,5,X),{0}) < P(t,5),

1t
> J-J.P(t,s)dsdt <P(tr—1)
Ho

forany 0<# <t <0
4) there exist continuous functions N(r), M(z,s), and
constants Ny, My, M; such that
h(F(t,.X)),F(t,X,)) < N(t)h(X},X,),
h(®(t,5,X),®(t,5,X,)) < M (t,5)h( X1, Xy),

) t ¢
J'N(z)dt SNo(=n)> [ [ (cs)dsdr < Mo (12 —1) -
f 40

it

J-J-M(t,s)(t —s)dsdt <M, (1, —1y)

4 0

forany 0<4<t,<o;

5) there exist continuous function ¥ (¢), and constants
A, Vy, V; such that

h(F (X)), F (X;)) S Ah(X1,X,),

h(®(1.X,).0(1.5)) <V (1) h(X1.X5)
12 1y
J.t V(t)de <Vy(ts—1,) > Izz V(6)de <Vi(t; 1)
4 4

forany 0<f4<t)<o;

6) the limits (3),(4) exist uniformly in X eG;

7) for any X,eG'cG and ¢>0 the solution of the
equation (2) together with a o -neighborhood belong to the
domain G .

Then for any #>0 and L>0 there exists
go(n,L) €(0,0] such that for all ¢e(0,6"] and
te[0,Le7"] the following statement fulfill:

(X (e).Y (1)) <n,

where X(z), Y(r) are the solutions of the initial and
the averaged equations.

Proof. Since

X(t)=X,+ gJ.{F(r,X(T)) + J.(D(T,S,X(S))ds}z— >

0 0

Y (1) = X, +SJ‘[F(Y(T))+J.(D(T,Y(S))dsj|dr ;

0

we have h(X(1),Y(t))<

< gljh X ()Y (c))dr + gﬂ'v(f)h X (s),Y (s))dsdz +

00

t t
+8h[J‘F I dr} +
0 0 (12)
t T t T
+£h[J.J.CD(r,s,X(s))dsdr,IJ.q)(r,X(s))dsd‘rJ
00 00
Now we will estimate last summands in (12). Divide the
interval [0,L&'] into partial intervals by the points
tizi, i=0,.,m, meN.
me

Then
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(X( ))d‘r]+

r X (s) dsdr]<

SE 4+, +E3+2E, + X5+ 2,

where
= - gZ [ n(r (e x (). (e x (et
m—1tivlt
Ty=¢€), _[ _[h (D(r s X( ) (D(T s X( ))ySdT’
i=0 ¢ 0
m—-1%i+17
_gz J. J.h( TX(S }]Sdfa
i=0 t;
m—1%i+1 _
Sp=ey [WFXE)FX(;)Ke
i=0 ¢
iv]
25—€Zh [F. x (), IF (¢ )Jaz |
i=0 ti

Se=¢& Z h _[ fd)(z' 5, X(t;))dsd, _[ _[@(r X(tl))dsdr}

i=0 i t
By condition 3) of the theorem, we get

L
h(X (7). X(4)) £;(K0 +hR),
h(X(T),X(s))SS(KO +R)(t-s), (13)
for re [tiati+1] .
From (13), and conditions of the theorem, we have

% SLNO%(KO +R), ,<(K, +PO)L(5M1 +%}

2 ?
Ss<—(Ky+ B )—
4 2( ot o)m

Hence, for any 7 >0, there exist m, and & >0 such
that the following estimate is true for O<e<g:

S L

E 5, S LNy — (Ko + Ry) +
m

i=1

+L (K, +P0)|:SM| +%+£+gﬁ+%} <
2m 2 m
< I LAT0) (14)

2
From condition 6) of the theorem, it follows that there
exists the increasing function Q(t) such that

1) lim ()=
—w

2) h{jF(r,X)dz',j.F(X)dr] <16(r)"

Then

m—1 tin
Ss<e> b J.F(T,X(t dTJ. (x (1))
i=0 t t;

m=1 (1

SeZh FrX )der dz'+
i=0 |0
m— i+l li+1

+eY h I 7, X(t; )z, JF <
i=0 | 0

<2m 1/1(8),

w(e)= sup (r&(fn, T=¢f.
7€[0,L] &

there exists &, >0 such

where

Fix m. Then for any >0,

that the following estimate is true for 0O<e<eg,:

(15)

T5 <2my (&) < gefL(MVO) .

By (11), we have

pI) _SZhLJﬂj'cD(T 5, X (t;))dsdz, II®(T X (4 ))dsd‘[}

liviz livl
—EZh II‘D .8, X (¢; ))dsdz, er)rX( t;)dr | <
=0 {4 L
m—1%i+1 (z o
<e ) J. h I(D(r,s,X(ti))ds,z'(D(z',X(ti)) r=0-
i=0 t; 0

Now, we get &y =min{¢,&,} . Combining (12), (14), and

(15), we obtain

h(X(1).Y(t))<
t

<8J[ ( ( ) Y(‘r) +V(T)Ih S) Y S))ds}d‘r+7]e (M'V").
0

Using Gronwall—Bellman s inequality, we obtain

h(X(1).Y(2))<n.

This concludes the proof.

5. Conclusions

Here we used the approach of Hukuhara at definition of
the derivative which has essential shortages. However the
given approach is well investigated by many authors. Also
in the literature exist other approaches to definition of the
derivative[9,10,16,28,36,43], but also they have the short-
ages. It is easily possible to show that this outcome will be
true for some other cases with little changes.
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