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Constant Stress Partially Accelerated Life Test Design for
Inverted Weibull Distribution with Type-1 Censoring
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Abstract In Accelerated Life Testing, acceleration factor is known or there exists a mathematical model which specifies
the life stress relationship. However, there are some situations in which neither acceleration factor is known nor such models
exist or are very hard to assume. In such cases partially accelerated life tests are better criterion to use. This paper deals with
simple Constant Stress Partially Accelerated life test using type-l censoring. Assuming that the lifetimes of test item follow
Inverted Weibull distribution, the maximum likelihood estimation procedure is used to obtain the estimates for the
distribution parameters and acceleration factor. Asymptotic confidence interval estimates of the model parameters are also
evaluated by using Fisher information matrix. A Simulation study is used to illustrate the statistical properties of the

parameters and the confidence intervals.
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1. Introduction

In life testing and reliability experiments, time -to-failure
data obtained under normal operating conditions is used to
analyze the product’s failure-time distribution and its
associated parameters. The continuous improvement in
manufacturing design of today’s products and materials
makes them highly reliable. Therefore, it is very difficult to
obtain such life data while testing them at normal use
conditions and the small time period between design and
release. Under such conditions the life testing becomes very
expensive and time consuming. These problems have
motivated researchers to develop new life testing method and
obtain timely information on the reliability of products,
components and materials. Accelerated life testing (ALT) is
then adopted and widely used in manufacturing industries. In
ALT, products are tested at higher-than-usual levels of stress
(e.g., temperature, voltage, humidity, vibration or pressure)
to induce early failure. The life data collected from such
accelerated tests is then analyzed and extrapolated to
estimate the life characteristics under normal operating
conditions by using a proper life stress relationship.

A lot of literature is available for ALT analysis. For
example, Nelson[1, 2] provides a bibliography of 159
references on statistical plans for accelerated tests.
Shan-rang et al.[3] developed the statistical analysis method
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for obtaining estimators of the fouling life under usual stress
level using type-Il censored exponential life data under
constant stress ALT models. Pascual[4] presents methods for
planning ALT in the presence of k competing risks. Ding et
al.[5] considers the design of ALT sampling plans under
Type | progressive interval censoring with random removals.
Tan et al.[6] proposed Bayesian method for analyzing
incomplete data obtained from constant stress ALT when
there are two or more failure modes, or competing failure
modes. Ding and Tse[7] investigates the design of ALT plans
under progressive Type Il interval censoring with random
removals assuming that the lifetimes of items follow a
Weibull distribution, and the number of random removals at
each inspection is assumed to follow a binomial distribution.
Guo et al.[8] present two methods for designing ALT to
compare two different designs in terms of their B10 life.
Balakrishnan and Han[9] considered modification for
censoring scheme in small sample sizes. Fan et al.[10]
discussed the maximum likelihood estimation (MLE) and
Bayesian inference in group data ALT models under the
relationship between the failure rate and the stress variables
is linear under Box-Cox transformation. Al-Masri and
Al-Haj Ebrahem[11] derived the optimumtimes of changing
stress level for simple step-stress plans under a cumu lative
exposure model assuming that the life time of a test unit
follows a log-logistic distribution with known scale
parameter by minimizing the asymptotic variance of the
maximum likelihood estimator of the model parameters at
the design stress with respect to the change time. Hassan and
Al-Ghamdi[12] obtained the optimal times of changing
stress level for simple stress plans under a cumulative
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exposure model using the Lomax. Xu and Fei[13] introduced
and compared the four basic models for step-stress ALT:
cumulative exposure model (CEM), linear cumulative
exposure model (LCEM), tampered random variable model
(TRVM), and tampered failure rate model (TFRM).
Limitations of the four models were also discussed for better
use of the models.

There are situations where a life stress relationship is not
known and cannot be assumed, i.e., the data obtained from
ALT cannot be extrapolated to use conditions. In such
situations, partially accelerated life testing (PALT) is used.
In PALT, test units are run at both use and accelerated
conditions. Constant stress PALT and step stress are two
commonly used methods. In constant stress PALT products
are tested at either normal use or accelerated condition only
until the test is terminated. In step stress PALT, a sample of
test items is first run at use condition and, if it does not fail
for a specified time, then it is run at accelerated condition
until a prespecified numbers of failures are obtained or a
prespecified time has reached.

So far a few research articles are available for constant
stress PALT in which Bai & Chung[14] consider constant
stress PALT to obtain maximum likelihood estimates of the
parameter of the exponential distribution and the
acceleration under type-I censoring, Abdel-Ghaly et al.[15]
presented the MLE method to estimate the parameters of the
Burr Xl distribution with Types | and Il censoring for a
constant stress-PALT model, Abdel-Hamid[16] also
considered the MLE method to estimate the parameters of
the Burr XII distribution with progressive Type Il censoring
for a constant stress-PALT model, Ali A. Ismail[17]
obtained the maximum likelihood estimators of the model
parameters consider constant stress PALT with type-Il
censoring assuming that the lifetime at design stress has
Weibull distribution. Cheng and Wang[18] present a model
for constant-stress PALT for Burr XlI distribution under
multip le censored data. The performance of the MLEs of the
parameters was obtained by two maximization methods. One
is quasi-Newton algorithmand other is the expectation-max
imization (EM) algorithm. More recently Zarrin et al.[19]
considered constant stress PALT with type-l censoring.
Assuming Rayleigh distribution as the underlying lifetime
distribution, the MLEs of the distribution parameter and
acceleration factor were obtained.

In this paper Constant Stress PALT plan using type-I
censoring assuming that the lifetimes of test item at use
condition follow an Inverted Weibull distribution is
considered. Maximum likelihood estimates and confidence
intervals for parameters and acceleration factor are obtained.
The performance of the inference method used in present
papers is evaluated by a simulation study.

2. The Model

Notations:
Chung[14]

Some notations are used from Bai &

n = total number of test items in a PALT

7 = censoring time of in constantstress PALT

T = life time of an item at use condition

X =life time of an item at accelerated condition

3 =acceleration factor (5 >1) and defined as g =T/X

t, =observed life time of i itemat use condition

x; = observed life time of jM item at accelerated

i
condition
tq) <...<t,) <7= ordered failure times at use

condition
x(]_)s...s x(na)gfz ordered failure times at

accelerated condition
The Inverted Weibull distribution

The probability density function (PDF), cumulative
distribution function (CDF), reliability function (RF) and
hazard function (HF) for Inverted Weibull distribution with
scale parameter & and shape parameter o are given
respectively by

f(t)=aot™@De " | ps0

@)
F(t)y=e "
R(t)=1-¢ 01"
—(a+l)
h(t) = 0“9t_—a
e %t 1

Constant Stress PALT Procedure:

i. Total n items are divided randomly into two samples
of sizes n(l-r) and Nr respectively where r is sample
proportion. First sample is allocated to normal use condition
and other is assigned to accelerated conditions.

ii. Each test itemof every sample is run without changing
the test condition until the censoring time ¢ .

Assumptions:

i. At use condition the lifetime of a test item follows an
Inverted Weibull distribution given in (1).

ii. The lifetime of a test item at accelerated condition is
obtained by using X = 87T where #>1, is an acceleration

factor. Therefore, the PDF at accelerated condition is given,
for x>0, >0, g>1,by

_ _ 4
f(t)=apo(px) Vet g
iii. The lifetimes T;,i=1,...,n(1—r) of items allocated to
normal condition are i.i.d. randomvariables.
iv. The lifetimes X;,j=1...,nr , of items allocated to

accelerated condition are i.i.d. random variables.
v. The lifetimes T; and X; are mutually independent.

3. Parameter Estimation

The maximum likelihood estimation method is used here
because the ML method is very robust and gives the
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estimates of parameter with good statistical properties such
as consistency, asymptotic unbiased, asymptotic efficiency
and asymptotic normality. In this method, the estimates of
parameters are those values which maximize the sampling
distribution of data. However, ML estimation method is very
simple for one parameter distributions but its
implementation in ALT is mathematically more intense and,

generally, estimates of parameters do not exist in closed form,

therefore, numerical techniques such as Newton Method and

45

some computer programs are used to compute them.

Let 5ui and 5aj be the indicator functions (Indicator

Function is a function defined on a set S that indicates
membership of an element in a subset A of S, having the
value 1 for all elements of A and the value O for all
elements of Snotin A) at use and accelerated condition
respectively, such that

P i=12,...,n(—r)
“o otherwise S
1 Xj <7 ] ()
O = ) 1=L12,....nr
0 otherwise
The likelihood functions for (t;,&,;)and (X;,J,;) are respectively given by
n(l_r) -a é‘ui - E‘Ui
Lt 1) = [ [aoy @D [Pafie o [0
i=1
L (ai1) —0(Bx;) | 0(Br) 5a)
— - i —-0(pr
Lai (45,05 | 0.8) = | [aﬂe(ﬂx,-) e 0% } Ja-eowr [T
j=1
where, Oui =1-4,i and O aj :1—5aj.
The total likelihood for (t1;5u1’---’tn(l—r);5un(l—r)’X1;5a11---’an;5anr) is given by
n(l_r) —a §ui —a 5Ui
L(t,x| B,60) = H [a&ti_(“ﬂ)e_mi } [1—e_97 } *
i=1
nr —a 1% Saj (6)
I1 {aﬁe(ﬁ xj) (@ X)) } i 1—e‘9(ﬂf)_a} ’
j=1 -
The log likelihood function of (6) is
n(1-r) - nl=r) _
I=InL= > 5ui[|na+|ne—(a+1)|nti—at;“ - 5ui[er*“]
nr = = nr (7)
£ S [Ina+Inf+In0-(a+1In f~(@+DInx; —a(ﬂxj)—“}Z 5o [H(ﬂr)_“J
= j=1
MLEsof «,f and & areobtained bysolvingthesystemofequationsg—l=0 ,2—;=0 and %:o respectively, where
(24
n(l-r) n(l-r)
N _ Mt N s +0 S St Int —[n-r)—n 10 Ine
oa o i=1 i=1
nr nr @)
_21 S5 In(p3x ,-)+0_Z‘1 83 (B%})"* In(fx;) - (nr —ng )O(Sr) ™ In(3r)
1= 1=
ol (ng+n,) "&" _ P _ _
£=%— Y it THIA-n)-ngle =Y S55(Bx;) T +(nr—ng)(Br) ©)
i=1 j=1
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ol A —a —a
ﬁ__a;a _jZ::l Saj (BX;)~" +(nr—ng)(B7) ™ (10)
where

N, represent the number of items failed at use condition
and is given by
n(l-r)
ny = Z Sui
i=1
n, represent number of items failed at accelerated
condition and is given by

nr
Ng =D O
=

Equations (8), (9) and (10) are non-linear equations and in
order to obtain the MLEs of «, g and @, their solutions will

numerically be obtained by using Newton Raphson method.

4. Asymptotic Confidence Interval

According to large sample theory, the maximum
likelihood estimators, under some appropriate regularity
conditions, are consistent and normally distributed. Since
ML estimates of parameters are not in closed form, therefore,
it is impossible to obtain the exact confidence intervals, so
asymptotic confidence intervals based on the asymptotic
normal distribution of ML estimators instead of exact
confidence intervals are obtained here.

The observed Fisher information matrix can be expressed
in terms of the second derivative of the log likelihood
function under the regularity conditions as:

02 02l 02

T ow?  0ad0  0adp

ol 0% _oh oM
0o 002 o6

02l 02l o2l
opoa opol0 B2

where elements of Fisher information matrix are given as
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Now, the asymptotic variance-covariance matrix of «,f and 6 can be written as

02l 02l 02l
Coa?  0a00  dadp
vopdi_|_ ot ot of
060« 002 o6op

02 02l 02l

Cofoa P60 op?

Avar(d) ACov(ad) ACov(Gp)
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ACov(Ba) ACov(B6) AVar(p)
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The 100y % asymptotic confidence interval for of o, 8

and g are then given respectively by

and

5. Simulation Study

To evaluate the performance of the method of inference
described in present study, first a random data with sample

sizes n=10,20,...80 and censoring times 7 =15, 25, 35,45
is generated from Inverted Weibull distribution. The values
of parameters are chosen to be a =0.75,6=0.25,

P =1214 | The estimators and the corresponding

summary statistics are obtained by the present Constant
Stress PALT model. For different given samples and

censoring times with & = 0.75,0=025, =1214

the ML estimates of, the asymptotic standard error (SE), the
mean squared error (MSE) and the coverage rate of the 95%

confidence interval for «, 6 and ,8 based on 500

simulation replications are obtained and summarized in
Table-1 and 2.

Table 1. Simulation results for constant stress PALT with o =0.75, = 0.25, #=1.2 and r =0.3

r | Sample | o ameter MLE SE MSE LcL ucL 95%Cl
Sizen Coverage
B 12181 | 00771 | 00684 | 07211 15591 0.9565
10
a 08903 | 0207 | 02143 | -00349 | 17709 09673
15 0 02893 | 00250 | 00224 | -00116 | 05903 09501
B 12046 | 00371 | 00323 | 08628 16013 09505
20 P 08231 | 00863 | 00833 | 02505 11835 09484
0 02725 | 00108 | 00093 | 0085 | 035 09505
B 11940 | 00240 | 00242 | 08335 1.3681 09175
30 a 08104 | 00554 | 00586 | 03867 12511 09793
25 9 02681 | 00061 | 00066 | 01289 | 04170 0.9600
B 11930 | 00178 | 00178 | 09846 15731 09693
40 a 0798 | 00378 | 00347 | 03324 | 09809 09693
0 02621 | 00042 | 00037 | 041108 | 03269 09700
Jij 12002 | 00146 | 00128 | 10058 15111 09822
50
a 07760 | 00295 | 00260 | 03931 | 09918 09797
35 0 02578 | 00032 | 00029 | 01310 | 03306 0.9800
B 12148 | 00125 | 00117 | 09452 1.3560 0.9600
60 a 07545 | 00232 | 00193 | 04862 10971 09410
0 02514 | 00025 | 00021 | 01620 | 03657 0.9400
B 12172 | 00107 | o000%8 | 10255 14233 09792
70
a 07512 | 00194 | 00146 | 04726 | 09860 09340
45 0 02504 | 00021 | 00016 | 01575 | 03286 0.9400
B 12135 | 00092 | 00074 | 10809 1.4680 09700
80 a 07514 | 00168 | 00121 | 04558 | 09029 09780
0 02504 | 00018 | 00013 | 04519 | 03009 0.9800
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Table 2. Simulation results for constant stress PALT with ¢ =0.75, = 0.25, #=1.4, and r =0.3

v | Sample | oo rameter | MLE SE MSE | LcL | ucL | %Cl
Sizen Cowerage
Yij 14295 | 01112 | 00995 | 06189 | 18190 0.9491
10 a 08737 | 02046 | 02072 | 00513 | 1.7709 0.9591
15 0 02906 | 00249 | 00226 | 00171 | 06482 0.9500
yij 13996 | 00503 | 00448 | 1.0066 | 1.8682 0.9510
20 a 08233 | 00902 | 00852 | 02505 | 1.1835 0.9651
0 02742 | 00100 | 00095 | 00835 | 03945 0.9600
Yij 13930 | 00327 | 00330 | 09725 | 15902 09175
30 a 08104 | 00554 | 0058 | 03867 | 12511 09793
25 0 02681 | 00061 | 00066 | 0.1289 | 04170 0.9600
s 13919 | 00246 | 00242 | 11487 | 18353 0.9693
40 a 07908 | 00381 | 00347 | 03324 | 09809 0.9593
0 02620 | 00042 | 00038 | 01108 | 0.3269 0.9700
s 14003 | 00199 | 00175 | 11734 | 03306 09791
50 a 07760 | 00295 | 00260 | 03931 | 09918 09797
35 0 02579 | 00032 | 00029 | 01310 | 1.7630 0.9800
B 14172 | 00170 | 00159 | 11027 | 15820 0.9600
60 a 07545 | 00232 | 00193 | 04862 | 1.0971 0.9595
0 02515 | 00025 | 00021 | 01620 | 03657 0.9400
B 14201 | 00146 | 00138 | 11964 | 16605 0.9900
70 a 07512 | 00194 | 00146 | 04726 | 0.9860 0.9400
45 0 02504 | 00021 | 00016 | 01575 | 0.3286 0.9490
B 14158 | 00126 | 00101 | 12611 | 17127 0.9700
80 a 07514 | 00168 | 00121 | 04558 | 09029 0.9598
0 02502 | 00018 | 00013 | 01519 | 0.3009 0.9800
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