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Abstract In this paper, we introduce a new family of continuous distributions based on [0,1] truncated Fréchet
distribution. [0,1] truncated Fréchet Uniform ([0,1] TFU ) and [0,1] truncated Fréchet Exponential ([0,1] TFE ) distributions
are discussed as special cases. The cumulative distribution function, the »th moment, the mean, the variance, the skewness,
the kurtosis, the mode, the median, the characteristic function, the reliability function and the hazard rate function are
obtained for the distributions under consideration. It is well known that an item fails when a stress to which it is subjected
exceeds the corresponding strength. In this sense, strength can be viewed as “resistance to failure”. Good design practice is
such that the strength is always greater than the expected stress. The safety factor can be defined in terms of strength and
stress as strength/ stress. So, the [0,1] TFU strength-stress and the [0,1] TFE strength-stress models with different parameters

will be derived here. The Shannon entropy and Relative entropy will be derived also.

Keywords [0,1] TFU, [0,1] TFE, Stress-strength model, Shannon entropy, Relative entropy

1. Introduction

Here, we proposed a distribution with the hope it will
attract wider applicability in other fields. The generalization
which is motivated by the work of Eugene et al. [2] will be
our guide. Eugene et al. (2002) defined the beta G
distribution from a quite arbitrary cumulative distribution
function (cdf), G(x) by

F&) = 1/B@b) [ 7w 1 =w) " dw (1)

where a > 0 and b > 0 are two additional parameters whose
role is to introduce skewness and to vary tail weight and
B(a,b) = [;w*  (1—w)""! dw is the beta function.
The class of distributions (1) has an increased attention after
the works by Eugene et al. (2002) [2] and Jones (2004) [5].
Application of X = G~1(V) to the random variable V
following a beta distribution with parameters a and b, V ~
B(a, b) say, yields X with cdf (1). Eugene et al. (2002)
defined the beta normal (BN) distribution by taking G(x) to
be the cdf of the normal distribution and derived some of its
first moments. General expressions for the moments of the
BN distribution were derived (Gupta and Nadarajah, 2004)
[4]. An extensive review of scientific literature on this
subject is available in Abid and Hassan (2015) [1]. We can
write (1) as,
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F(x) = Igx(a, b) (2)

Where, I,(a,b) = (1/B(a,b) [{ w*™' (1 —w)*1dw,
denotes the incomplete beta function ratio, i.e., the cdf of the
beta distribution with parameters a and b. For general a and
b, we can express (2) in terms of the well-known
hypergeometric function defined by,

2Fi(a, By;x) = Zﬁo% xt

Where (a); =a(a+1)..(a+i—1) denotes the
ascending factorial. We obtain,
G()*
F(X) = m 2 Fl(a, 1- b,a + 1, G(x))

The properties of the cdf, F(x) for any beta G distribution
defined from a parent G(x) in (1), could, in principle, follow
from the properties of the hypergeometric function which are
well established in the literature; see, for example, Section
9.1 of Gradshteyn and Ryzhik (2000) [3]. The probability
density function (pdf) corresponding to (1) can be written in
the form,

b1

f@) = 505600 (1-600) 9@ B

where g(x) = dG(x)/dx is the pdf of the parent
distribution.

Now, since the pdf and cdf of [0,1] truncated Fréchet
distribution are respectively,
h@) = L x e o<x<l (@)
1 -b

H(x) = e %)

e—



14 Salah H. Abid et al.:  [0,1] Truncated Fréchet-Uniform and Exponential Distributions

Graphs for some arbitrary parameters values of pdf and cdf are shown in figure (1) and figure (2) respectively,

Figure (2) : cdf of {0,1)truncated Fréchet distribution with parametersaand b~ Figure (1) : pdf of (0,1)truncated Fréchet distribution with parameters aand b
(a=2,b=0.5), {a=2,b=1.5),{2=0.5,b=2),{ ) and (a=b=1.5) (a=2,b=0.5), (a=2,b=1.5),(a=0.5,b=2),( ) and (a=b=1.5})

Now, Given two absolutely continuous cdfs, H and G, so that h and g are their corresponding pdfs. We suggest a new
distribution F by composing H with G, so that F(x) = H(G(x)) is a CDF,

_ (6(x) ab_ —(b+1) ,—at™b _ 1 —at™® G _ 1 —aG(x)?
F(x) = fo —t e dt = — e ]0 =—e (6)
With pdf,
9 9 ea6™" gy e ~(b+1)
fO) = - Fx) =—— = — 7 (6(x)) g(x) (M

With G(x) being a baseline distribution, we define in (6) and (7) above, a generalized class of distributions. We will
name it the [0,1] truncated Fréchet -G distribution.
In the following two sections, we will assume that G are Uniform and Exponential distributions respectively.

2.[0,1] Truncated Fréchet Uniform Distribution
Assume that g(x) = 1/0 and G(x) = x/6 ( 0 < x < 0) are pdf and cdf of Uniform random variable respectively,
then, by applying (6) and (7) above, we get the cdf and pdf of [0,1] TFU random variable as follows,
x\—b
F(x) = = e 0<x<o 8)

AN CON PONPP ©

So, the reliability and hazard rate functions are respectively
Rx)=1-F(x)=1- e“<1_(§)_b),

f(x) abg? x~(o+1) ea(l_(g)_b)

R ()

0

Alx) =

The rth raw moment can be derived as follows,
. 6 . abbb iy _a(z)‘b
E(x") = [/x" —x e "o dx

e—a

x\~b
P b xr0e ) gy

e—a
-1 -1

lety=a (g)_b = x=0 (Z—’)T = dx = % (2—,)7_1 dy, then,
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1 o —1\r—(b+1) 0 -1 1
B _ YNB -

E(") = —; fabeb (9 (E) ) e — (E) dy
a

o
_ ;a feb o 019 (g) 2 (g)”b (%)T "y
a
or a£ r -r
a
=22 r(1-1,q) (10)

And then, the characteristic function is

b (0) = E(e) = E(Z (bt ) = S pary

r=0 r=0
1\"
i (itQaF) r
J— a — —_—
- ¢ Z r! F(l b'a)
r=0
So, the mean and variance of the of [0,1] TFU random variable are,
1
0 ab 1
n=EQ@) =25 r(1—;,a) (11)
2 (r(1-2 rz(1-%,
0.2 — 92 ab < (eiza) Ezza)> (12)
The mode M, and the median M, can be derived as,
—ab@? x\b ab@? P ab sy —b+D
! — —(b+2) ,—almy —(b+1) ,—aly (= —
F) =" b+ x4 2 o ) 22 (5 0
(b+1) -1 (b+1) ab x"! b .—b
= (b+ 1) x7 ) x7t = bt 5 g = (b+1) =ab6’ x~
1
S AY)
x=M, = 6a (m) (13)
1 1
F(x) = eTa e (9) = E
-1
= x=M =01+ “‘ff)]b (14)
The skewness of [0,1] TFU random variable will be,
1 1
0 ab 1 L b \b
oo M) wa (1= pa)-0a (53)
- - 1
(2 =
2 1
2 [T(1—-%,a rz(1-+,a
{92 aF I ( 75) )_ ( _2(5) )]}
e e
1
1 1 b \b
— T 1——,a —\T
_ ol G .
r(i-ge) r2(i-pe))?
e—a e—2a
Also, the kurtosis is,
s E(x*) — 4pE (x*) + 6 u?E(x?) — 3u*
kr=—2-3= -3

4 2
o My
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L (-2 (r (-3} ) |
|

b
7
T [eer(1-F.0) - 12 (1-5.0)

e3ar(1—5a)-4e72 r(1-5a)}
{F{(l(—%g)};; e‘{“gr(z(ll—%;)}
[ F(bl_%’a)_ F2(1—i§,a)]2 -3 (16)

The quantile function x, of [0,1] TFU random variable can be derived as,

q= p(xqu)zF(xq)0<q<1,xq>0

b xon—b —b
q= 1 e—a(Tq) =q e ¢ = e_a(vq) = —a (%) = ln(q e—tl)

e—a
| i
xo-F U (q) = 6 [1- 22]° (17)
So by using the inverse transform method, we can generate [0,1] TFU random variable as follows,

-1

In(w)|?
x=20 [1 - ( )]
a

Where u is a random number distributed uniformly in the unit interval [0,1].

2.1. Shannon and Relative Entropies
An entropy of a random variable X is a measure of variation of the uncertainty. The Shannon entropy of
[0,1] TFU(a, b, 0) random variable X can be found as follows,
H = E(=In(f(x)))

0

b b
- f A0 -4 ga(3) [_ ln(abe
0

b

) + (b+1) In(x)+a (f)_b] dx

e @ e @ 0

b
— —In (“b_i ) +(b+1) E(n(x)) + a 6” E (ib)

e X
Let I, = (b+ 1) E(In(x))

0

abg® _

= b+1) fln(x) x~(b+1) g=ab®x ™V gy
0

e—a

-1 _ -1
lety=x" =x=vy7 =dx= 71 yT_l dy, then,
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3 ab@b

1—(b+1)
—(b+1) fln yE yb)

ab® (b + 1) —1 r
=l [ mey e ay

e_ll
g—b
97b
—a(b + 1)0%ec
= % fln(y) e 0"y dy — f In(y) e="Y dy
0 0

Since ["x*7! e™™ In(x) dx = m~* I'(s) {¥(s) — In(m)}, where ¥(1) = —In(Y) ~ 0.5772
and Y = 0.5772 is an Euler constant, then fow In(y) e=29"7 dy = ﬁ {=Y — In(a6®)}.

—b
For, I; = [° In(y) eV dy, letz= 0y —y=0"2z — dy= 6" dz, then,

0
Ij; = fol In(6"z) e 0" dz

6~ In(67?) fl e ¥dz+ 67" flln(z) e % dz,

= aZ)m

—9 ~b 1n(0) e_az] + 6- bf In(z) Yo _ 0( az) dz, sincee ™ = Y2 _

= T In(@) [e*—1]+ 67" Z;ﬁzo% fo In(z) z™ dz

. m _ om+1 nx) _ 1
since [x™ In(x) dx = x {_m+1 (m+1)2}, then,
_ bln(e) - (=)™
Ly = (e -1 - 9b Ln=0m s 5%
b+1 alb+De* ©  (—a)™

I = e Y+ In@d®)}+ (b+1)e* In(@) (e7*—1) —

b 1
12=a9 E(x_b)

b
= azebiZb fog x~(2b+1D) e_a(g) dx

b - m! (m+ 1)?

lety =a (g)_b =x=0 (%)_Tl = dx = % G)_Tl_l dy, then,
—2b-1 _

A dCH T 1O
a

= f:i—’ e dy = e®T(2,a), then the Shannon entropy is

e*ll

b+1
H= —In(abBbe?) +

e’ Y+ In(@ab®)}+ (b +1)e* In(@) (e7*—1)

a(b+1) (—a)™
5 azm 0m+ea F(Z a) (18)

The relative entropy (or the Kullback—Leibler divergence) is a measure of the difference between two probability
distributions F; and F,. It is not symmetric in F; and F,. In applications, F; typically represents the "true" distribution of
data, observations, or a precisely calculated theoretical distribution, while F, typically represents a theory, model,
description, or approximation of F;. Specifically, the Kullback—Leibler divergence of F, from F;, denoted Dk (F; || F,), is
a measure of the information gained when one revises ones beliefs from the prior probability distribution F, to the posterior

probability distribution F;. More exactly, it is the amount of information that is lost when F, is used to approximate Fj,

defined operationally as the expected extra number of bits required to code samples from F; using a code optimized for F,

rather than the code optimized for F;.

So, the relative entropy Dkl(F;||F,) for a random variable [0,1] TFU(a, b, 8) can be found as follows,

—b
fix) _ abgbe @ x~(+) e‘“(ﬁ)
f2(x)

since, then

g
aﬁeﬁeax B+ ¢ "\01
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]
DKI(F, [IF,) = j £i() In (fl(x)) dx
0

f2(x)
0 b
b b bp—a ,—(b+1) ,a(7)
_ J‘ abb £+ e_a(g) In abf’e™* x e dx
e -k
0 aBof e=a x=6+D e_“(ﬂ>
0
b6" 0t [ (absbe b %
= fa? x~b+D e_“(g) In % + (B—b) In(x) —a (f) a (i) dx
e a:BH]_ e~ a 9 61

0

1H<M>+ (ﬁ—b)E(ln(x))—a9b5<1>+ a9f5<xig)

aﬁ@fe‘“ x?

Since, I; = (B — b) E(In(x))

And, I 2

And, I 3

6
b o\ —b
= (B—b) fln(x) aeb_ea 20+ ¢7a(3) gy
0
_(B-Db)e" . . a(B-be*  (—am)
= E220 (4 In@e} + (B by et In(6) (e — 1) - 2 mzzom! T
- are(3)
6
b \—b
= —a@b ib ab_é; 20D ¢72(5) gy = —ea 2, a)
X e

0
a 913 E (xiﬁ')

p 01 ab8® gy _a(z)‘b
a 61 fO F e X e 0 dx

ety =a (" =0 (&) = 2 (7 @

ab
(ZQf w B _ ae? (91/9)’8 I“(%+1,a) . )
3 fa ybeVdy = 7 , so the relative entropy is,
—aghab ab

abgle=
Dkl(F1 “Fz) = In
a,

) L6 _bb) Y +1n(a 8"} + (B — b) e In(8) (e~ — 1)

oL e

@ g
a(B=b)e® wp ()™ ae® (61/0) T(F+1a)
- b m=0 1 m+1)2 e I(2,a) + B :
! .z

2.2. Stress-Strength Reliability

Inferences about R = P[Y < X], where X and Y are two independent random variables, is very common in the reliability
literature. For example, if X is the strength of a component which is subject to a stress Y, then R is a measure of system
performance and arises in the context of mechanical reliability of a system. The system fails if and only if at any time the
applied stress is greater than its strength. Let Y and X be the stress and the strength random variables, independent of each

other, follow respectively [0,1] TFU(a, b,8) and [0,1] TFU(a, 5,61), then,

0
R=Ply<x)= ffx(x) E,(x) dx
0

6

b -b
- j L
e ¢ e ¢

0

(19)
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m
© % x_ﬁm’ then’

m=0 ml

1 = (—abf)" | -
R=——= Z (_am,l) fabab x4 g2(g) s gy
0 ' 0

-B
since e_a(ex_l) =

-1 -1

lety =a (g)_b =x=0 (X)T =dx = ;— (%)T_l dy, so,

) m _1\ —(b+1) _1\ —Bm _
= 0 [ (00F) e (00)7) HR7 e

m=0 a
1 (—ab? oFm pm
T e tea Z m! Bm ybevdy
m= 2 ab

efe™ m=0m! ghm aﬁTm b
nA\"
<—a (91/6a5> ) g
0 m
edta Zmon F(T-I- 1, a) (20)

3.[0,1] Truncated Fréchet Exponential Distribution

Assume that g(x) = 0 Exp{—6x) and G(x) = 1 — Exp{—0x) (0 < x) are pdf and cdf of Exponential random variable
respectively, then, by applying (6) and (7) above, we get the pdf and cdf of [0,1] TFE random variable as follows,

F(x) = e%a e—a(1-e)" 1)
F) = 2 om0 (1 ¢70r) O el Ty 5 22)

So, the reliability R(x) and hazard rate A(x) functions are respectively
1 —ox\ b
— —a(1-
R(x) =1- eTa e a( € )
-1 e—a[(l—e_g" )7b—1]

B_b P (1 —9x)—(b+1) e—a(1—e—9")—b

Alx) =

1— e—a[(l—e_gx)_b—l]

The rth raw moment can be derived as follows,

[ee)

Bab _ _ox\~b
E(x") = pe x" 7% (1—e70%) D p—a(1-e)" gy

0

by using poisson series, e"a(l_e_gx) Yivo - a) (1 _9") , we get,
fab <o (=1)0 [ . o
E(x") = Z( T ) at f x" e % (1—e7%) (+D) (1—e7%) P dx

0

[oe]

aitl f x" e 0% (1 _ e—Hx)_[b(H'l)'H] dx

8

i=0
0 F(k+])
J=0j1T(k)
_ o —0x\ D] oo TUG+D+1]4) gy
(1-e%) = 4j=0 7 r(b+ D11

By using the series expansion (1 —z)™% = 7z |z| < 1,k > 0, we get,

, and then,



20 Salah H. Abid et al.:  [0,1] Truncated Fréchet-Uniform and Exponential Distributions

[ee]

ob (-1 | r bGi+1)+1
E(xr)ze_az(i!) JEE (b6 + 1) +1] +))

—0jx d
J TG+ D + 1D

r e—(1+j)9x dx

_ b (=D r([b(i+1)+1]+j)
= Z atl Z TG+ D +10)

_ b Z?o_o(_l)i i+1 ZOO r(b(i+1)+1]+j) T(@+1)

e~a JIT((bG+1)+1]) [(1+j)0]r+1 (23)
And then, the characteristic function is
¢, (t) = E(e™)
=37 (Lt) —E(x"), sincee™ = ?:0(1‘:4 x"

_ b o (it)r 0 (1) z+1 o T[(bG+D)+1]+j) T@r+1)
T emaar=0 4 &i=0 J=0 1T ([b(i+1)+1]) [(14)6]+1

So, the mean |1 and variance o2 of the of [0, 1] TFE random variable are,

_ o (D' 1) it Y P((bG+D+1]4j) 1
n=EG) == Xid 220 T e D) GHY 24)
= () = (E)?
2 _ 2b 0 (—1)i i+1 co F([b(i+1)+1]+j) 1 _
0= g Lizo - @ Xm0 irarn) o)
2
o (D' 1) ity P(bG+D+1]+j) 1
{ee—a 2o 207 JIT([b(i+1)+1]) (1+])2} (25)
The mode M, has not closed form, whilst the median M, can be derived as,
-b
—a(l—e_ex)
Since, F(x) = eeT = %, then,
-1
-y =1 _ In@)\b
x—Me—gln[l (1+ a) ] (26)
The skewness of [0,1] TFE random variable will be,
Zoo =D 1) qitl Yo FpG+1D+1]+j) T4 _3
e =0 r (b + 1) + 1)) [(1+))6]*
{ g+l g TAPE+D+1+) _ T(2) }
/=0 jiT([b(i+ 1) + 1) [(1 + 6]
{ gitt yo TAG+D +1]+) _ T@3) }+2
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{ v ( 1) aitl g F(pi+1+1]+)) T2 }
k= M3 EGR) - 3uEG?) 44 —a J=0IT(b(+ D)+ 1D [+ )67
e (62’2 b g (D 1) gt e TRE+D+11+) TG 2
et ! =0T+ D+ 1D [A+)6F
(8, oo, G gon g TUGA D424 ) 1) }2
—a il J=0 jIT([bG+ 1) +1]) [(1+))6]?
6b Zoo (—1) aitl Zoo F(pG+1)+1]+j) 1
§3e—a “i=0" J=071T (b G+D+1]) (1+)*
{ yo aitl ¥ T(pG+D+1]4j) 1 }
ge— 0 “i= 0 u J=0TT (b G+D+1D (1+))2
o (1) 1 yoo D(bGE+D+1]4j) 1
{7—9 o—a iz ] a' 2} =051 ([b(i+1)+1]) (1+j)3}+
{ 52, =Dt 1) aitl y© FpGE+D+1]+) 1 }3
_ fe—a J=051T([b((+1)+1]) (1+))2 27)
- 3/,

qi+l ZOO r(bG+1)+1]+j) 1
J=0j1T([bG+D+1]) (1+))3

{ b yo (- 1) aitl ¥ F((bG+1)+1]4j) 1 }2
fe—a “i=0" ;1 j=0;1T([b(i+1)+1]) (1+j)2

2
#7ea Ziz0
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Also, the kurtosis is,
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The quantile function x, of [0,1] TFE random variable can be derived as,
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Where u is a random number distributed uniformly in the unit interval [0,1].

3.1. Shannon and Relative Entropies

The Shannon entropy of [0,1] TFE(a, b, 8) random variable X can be found as follows,
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3.2. Stress-Strength Reliability

Let Y and X be the stress and the strength random variables, independent of each other, follow respectively

[0,1] TFE(a, b, 6) and [0,1] TFE(a, 8, 6;), then,

R=P(y<x)=[f,(x)F,(x) dx
— o fab (1 _ e—Gx)_(b+1)e—9xe—a(l—e_ex)_b Le—a(l—e_glx)_ﬁ d
0 eg—a e~
since e‘“(l_e_gx) =¥, ——a (1- _Hx)_bi, then,
( 1)l L+1 —Gx (b+1) —Hx —Hx —bi —a(l 391")
ﬂ”Z ﬂl ) (1) dx
— Z( 1)L L+1j(1 —Gx)_(bH'b'H) —0x e—a(l—e_glx)_ﬁdx
ae a
So, by using, e_“(l_e_glx) =2 0 — 1(1 _Glx)_jﬁ,we get,
ob °°°°—1i+1'. ( i »
=2y .). aa [e (1— ) (1 ey gy
e %e™ @ i!j!
i=0 j=0
—[b(i+1)+1 i
And using, (1 - e‘g") bG++1] Zj’(‘;ow e k0% then,

kK!'T([b(i+1)+1]

Db+ D) +1]+K) [

)

T(IbG +1) + 1] +K) TGB+m) [

—(1+k)0x (1 _ ,—0:x\IF
GG+ D+1D ) (1) ™ dx

e—(1+k)9x e—melx dx

T(bG+ 1) + 1] +K) TG +m) [

K T(bG+1)+1]) m! TGR) J

e—[(1+k)9 +moq]x dx

LSS
—ag—a i1l ]
R e T =k k! T(
“ ey Y > > S
T etea il !
i=0 j=0 k=0 m=0
~ ey Y > > S e
T eaea il !
i=0 j=0 k=0 m=0
o (G5
= Obe ™ oz 20 2k=0 Zm=0 i
-0 —jB 0 rgg+m) _ 2]
Where, (1= e0) 7 = g 1 gomous

4. Summary and Conclusions

In statistical analysis, a lot of distributions are used to
represent set(s) data. Recently .New distributions are derived
to extend some of well-known families of distributions, such
that the new distributions are more flexible than the others to
model real data. The composing of some distributions with
each other's in some way has been in the foreword of data
modeling.

In this paper,, we presented a new family of continuous

K'T(pG+1)+1]) m! F(jﬁ)

r([b(i+1)+1]+k) TG +m) 1
k'T([b(i+1)+1]) m!IT(GB) [(1+k)6+mo]

]L+1]

(32)

distributions based on [0,1] truncated Fréchet distribution.
[0,1] truncated Fréchet Uniform ([0,1] TFU ) and [0,1]
truncated Fréchet Exponential ([0,1] TFE ) distributions are
discussed as special cases. Properties of [0,1] TFU and [0,1]
TFE is derived. We provide forms for characteristic function,
rth raw moment, mean, variance, skewness, kurtosis, mode,
median, reliability function, hazard rate function, Shannon
entropy function and Relative entropy function. This paper
deals also with the determination of stress-strength reliability
R = P[Y < X] when X (strength) and Y (stress) are two



American Journal of Systems Science 2017, 5(1): 13-27 27

independent [0,1] TFU ([0,1] TFE) distributions with [2] Eugene, N., Lee, C., Famoye, F. (2002) "Beta-normal

different parameters. distribution and its applications" Commun.Statist. - Theory
P and Methods 31:497-512.,
[3] Gradshteyn, LS., Ryzhik, .M. (2000) "Table of integrals,
series, and products" Academic Press, San Diego.
REFERENCES [4] Gupta, A.K., Nadarajah, S. (2004) "On the moments of the
beta normal distribution" Commun. Statist. - Theory and
[1] Abid, S., Hassan, H. (2015) "The Beta Marshall-Olkin Methods 33:1-13.
Extended Uniform Distribution"; Journal of Safety ; . . ..
Engineering 2015, 4(1): 1-7. [5] Jones, M.C. (2004) "Families of distributions arising from

distributions of order statistics" Test 13:1-43.



	1. Introduction
	2. [0,1] Truncated Fréchet Uniform Distribution
	3. [0,1] Truncated Fréchet Exponential Distribution
	4. Summary and Conclusions

