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Abstract  In this paper, the Direction of Arrival (DOA) estimation is implemented using a set of Ultrasonic transducers. 
Different experiments for different number of sources (one and two sources) have been achieved. The techniques used in this 
paper are high-resolution techniques such as Pisarenko Harmonic Decomposition (PHD), MUltiple SIgnal Classification 
(MUSIC), and EigenVector (EV) methods. These techniques are compared with the classical method, Fast Fourier Transform 
(FFT). The practical results show the better performance of high resolution techniques when compared with the classical 
method. 
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1. Introduction 
Direction-of-arrival (DOA) estimation (or direction 

finding) essentially concerns the estimation of 
direction-of-arrival of signals, either in the form of 
electromagnetic (i.e., radio) or acoustic waves, impinging on 
a sensor or antenna array. The requirement for DOA 
estimation arises from the needs of locating and tracking 
signal sources in both civilian and military applications, such 
as seismology, search and rescue, sonar, law enforcement 
[1]. 

DOA estimation is one of the important subjects of array 
signal processing [2], and extensively applied in the field of 
radar and sonar [3]. The objective of DOA estimation is to 
find a spatial spectrum of the sensor array and calculate the 
DOAs from this spectrum [4]. The algorithms of DOA 
estimation can be classified into two algorithms classical 
such as Fast Fourier Transform (FFT) and subspace method 
such as Pisarenko Harmonic Decomposition (PHD) [5], 
MUltiple SIgnal Classification (MUSIC) [6], and 
EigenVector (EV). 

The main advantage of subspace methods over the 
conventional method is that the aperture of the entire array 
does not limit the resolution, therefore these also known as 
super resolution techniques [7]. The aims of this research are 
to make an investigation about modern DOA estimation 
methods such as Pisarenko Harmonic Decomposition (PHD), 
MUltiple SIgnal Classification (MUSIC), and Eigenvector 
(EV) methods. These methods based on eignanalysis of an  
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autocorrelation matrix of the received signal. Then, these 
methods are compared with the conventional method Fast 
Fourier Transform (FFT). 

2. Data Model 
We assume that a system consist of uniform linear array 

(ULA) with N-elements and M-sources and the distance 
between elements is d. The first element of the array consider 
as a reference element. The scenario for this system is the 
sources in the far field and the incoming data is plane wave. 
This system is shown in figure (1). 

 
The data received at the array antenna is  

𝒙𝒙 = 𝑨𝑨𝑨𝑨 + 𝒏𝒏                (1) 
Where 
𝑨𝑨 = [𝒂𝒂(𝜽𝜽𝟏𝟏), 𝒂𝒂(𝜽𝜽𝟐𝟐), …  𝒂𝒂(𝜽𝜽𝑴𝑴)] ∶ Array steering vector. 
𝒔𝒔: Signal source. 
 𝒏𝒏: is an additive noise term whose mean is 0 and 

variance is 𝜎𝜎2. 
The autocorrelation matrix of the received signal can be 

N 

Figure 1.  Uniform Linear Array (ULA) and the Direction of Arrival 
(DOA) 
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written as  
𝑹𝑹𝒙𝒙𝒙𝒙 = 𝐸𝐸{𝒙𝒙𝒙𝒙𝑯𝑯}                  (2) 

Where E: expectation operator. 
(.)H: is a complex conjugate transpose.   

The high-resolution algorithms that used in this paper 
based on this autocorrelation matrix [8]. 

3. DOA Algorithms  
In this paper, the method used for DOA estimation can be 

classified into two categories: classical method and super 
resolution methods 

3.1. Calssical Method (Fourier Transform) 

Fourier Transform (FT) is one of the spectrum estimation 
methods that can resolve between two adjacent sources 
when the data is long [9]. This property of DFT can be used 
to estimate the direction of arrival of incoming signal to 
array receiving antennas. In direction of arrival estimation 
technique there is Fourier relationship between the beam 
pattern and the excitation at the array of the receiving 
system. This make the (DOA) estimation problem to be 
treated as equivalent to spectral estimation. The signals 
received at the sensors must be decomposed into spectral 
components. These components then are used to find the 
DOA estimation and signal recovery. A popular method for 
decomposition is a DFT [10]. 

Forward DFT are:  

𝑥𝑥𝑖𝑖 = �𝑒𝑒�
𝑗𝑗2𝜋𝜋𝑓𝑓𝑐𝑐  (𝑖𝑖−1)𝑑𝑑  𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑘𝑘

𝑐𝑐 �𝑠𝑠𝑘𝑘

𝑀𝑀

𝑘𝑘=1

 

= ∑ 𝑠𝑠𝑘𝑘𝑀𝑀
𝑘𝑘=1 𝑒𝑒𝑗𝑗𝑤𝑤𝑘𝑘(𝑖𝑖−1)               (3) 

Where 𝑤𝑤𝑘𝑘 = 2𝜋𝜋𝜋𝜋  sin (𝜃𝜃𝑘𝑘)
𝜆𝜆

 and  
𝑖𝑖 = 1, … … .𝑁𝑁,𝑁𝑁: is the number of the sensor  
𝑘𝑘 = 1, … … ,𝑀𝑀,𝑀𝑀: is the number of the source  
𝑑𝑑: distance between elements 
𝜆𝜆: wavelength 

3.2. Super Resolution Methods 

In this section, we will discuss three of super resolution 
methods. These methods are PHD, MUSIC, and EV 
methods. 

3.2.1. Pisarenko Harmonic Decomposition (PHD) 

Pisarenko Harmonic Decomposition (PHD) is one of the 
subspace method was proposed by V. Pisarenko in 1973 that 
based on Eigen decomposition of the autocorrelation matrix. 
The purpose of this method is to minimize the mean-squared 
error of the array output under the constraint that the norm of 
the weight vector be equal to unity. The eigenvector that 
minimizes the mean-squared error corresponds to the 
smallest eigenvalue [5]. This method demonstrated that the 
frequencies could be derived from the eigenvector 
corresponding to the minimum eigenvalue of the 

autocorrelation matrix Rx obtained from the process x(n) 
which is a random process consisting of k complex 
exponentials in white noise. Rx is an M1 × M1 square matrix, 
where M1 = M+1[7]. 

The corresponding PHD pseudo spectrum 

𝑃𝑃(𝜃𝜃)𝑃𝑃𝑃𝑃𝑃𝑃 = 1

�𝒂𝒂(𝜽𝜽)𝑯𝑯𝒗𝒗𝒎𝒎𝒎𝒎𝒎𝒎�
2                    (4) 

𝒂𝒂(𝜽𝜽): Array steering vector  
𝒗𝒗𝒎𝒎𝒎𝒎𝒎𝒎: Minimum eigenvector (eigenvector of the noise 

corresponding to min. eigenvalue). 
PHD is somewhat limited in its usefulness due to its 

sensitivity to noise and that it assumes prior knowledge of 
the number of complex exponentials in the signal [11, 12]. 

3.2.2. Multiple Signal Classification (MUSIC) 

MUiltiple SIgnal Classification (MUSIC) is one of the 
high-resolution subspace DOA algorithms that based on 
eigen decomposition of the autocorrelation matrix of the 
received signal. The MUSIC method decomposes the 
covariance matrix into two subspaces, signal subspace and 
noise subspace. The direction of arrival is determined from 
steering vectors that orthogonal to the noise subspace, by 
finding the peak in spatial power spectrum [13, 14]. 

The power output of the MUSIC method can be written 
as: 

𝑃𝑃(𝜃𝜃)𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝒂𝒂(𝜽𝜽)𝑯𝑯𝑸𝑸𝒏𝒏𝑯𝑯𝑸𝑸𝒏𝒏𝒂𝒂(𝜽𝜽)        (5) 

𝑸𝑸𝒏𝒏 is a noise subspace eigenvectors that obtained from 
autocorrelation matrix. 

3.2.3. EigenVector (EV) Method  

The MUSIC method was proposed as an improved to PHD, 
and in addition to the them, a number of other eigenvector 
methods have been offered for spectrum estimation of 
complex exponential in noise. One of these, the EigenVector 
(EV) method. The EigenVector is closely relate to the 
MUSIC algorithm. Specifically, the EV method estimates 
the exponential frequencies from the peaks of the 
eigenspectrum: 

𝑃𝑃(𝜃𝜃)𝐸𝐸𝐸𝐸 = 1

∑ 1
𝜆𝜆𝑖𝑖
�𝒂𝒂𝑯𝑯(𝜃𝜃)𝑸𝑸𝒊𝒊�

2𝑀𝑀
𝑖𝑖=𝑝𝑝+1

         (6) 

Where 𝜆𝜆i is the eigenvalue associated with eigenvector 
𝑸𝑸𝒊𝒊, 𝒂𝒂(𝜽𝜽) is the array steering vector. 

The only difference between the MUSIC method and EV 
method is the use of inverse eigenvalue (the λi are the noise 
subspace eigenvalues of R) weighting in EV and unity 
weighting in MUSIC, which causes EV to yield fewer 
spurious peaks than MUSIC [12]. 

4. Experimental Results 
The ultrasonic transducers are used in DOA estimation 

experiment set for single and two sources. The FFT, PHD, 
MUSIC, and EV methods are used for DOA estimation. 
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Then a comparison is made between high-resolution and 
classical methods for different values of the system 
parameter. The system parameters are N (number of 
samples), Δx (distance between samples and equal to d in 
equation), Zo (distance between transmitter and receiver). 
Figure (2) show the block diagram of the practical system 
that is used in the laboratory to estimate the DOA. 

 
Figure 2.  The practical system block diagram for the DOA estimation 

In uniform linear array (ULA) the maximum distance 
between the elements of the array is less than or equal (λ/2), 
where λ is the wavelength. The wavelength of the ultrasonic 
is equal to 8mm. To satisfy the condition of ULA the 
distance between the ultrasonic transducers must be not 
exceed 4mm. The available transducers have 11mm 
diameter. Due to the distance from center to center of 
transducers is 11mm, so the scanning receiver have been 
used. Number of experiments are done to find the DOA 
estimation. 
To types of experiments were achieved: 

1. Experiment with single source 
2. Experiments with two sources 

4.1. Experiment with Single Source 

In this experiment, the parameters used are N=20 samples, 
Zo=70 cm, Δx=0.2cm, f=40 MHz, λ= 0.8 cm, θ=100 
(Direction of arrival). We proposed that the maximum 
accepted sidelobe level (SLL) should not be less than the 3 
dB from the desired peak (source). The results are shown in 
figures 3(a – d). 

 
Figure 3a.  DOA estimation for single source using FFT method 
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Figure 3b.  DOA estimation for single source using PHD method 

 
Figure 3c.  DOA estimation for single source using MUSIC method 
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Fig.3a indicate the FFT method. It is able to estimate the 
DOA but with high SLL and high error in resolution about 
(60%). In addition wide beamwidth about (120). The wide 
beamwidth give an ambiguity in estimation the DOA. The 
high error in the resolution is noticed in this method due to 
the short data used in the experiment where the resolution in 
this method is proportion inversely with the data length. 

Fig.3b shows the result of using PHD method. It is 
capable to estimate the DOA with SLL less than that in FFT 
method. In addition, the error in resolution for this method 
is smaller than that in FFT method and equal to 10%. It is 
narrow beamwidth and this property give accurate DOA 
estimation. The good results for this method because it is 
high-resolution algorithms. 

Table 1.  Comparison between the performances of the DOA estimation 
methods for single source 

Method Estimated Angle Error % 
FFT 40 60 % 
PHD 90 10 % 

MUSIC 10.50 5 % 
EV 10.50 5 % 

Fig. (3c&3d) shows the performance of using MUSIC 
and EV methods. However the results show very good 
DOA estimation. The SLL in those methods has results is 
better than FFT and PHD methods. The error in resolution 
are very small and equal to (5%), and these errors are 
smaller than FFT and PHD methods. Therefore, the MUSIC 

and EV methods are the best. 
The performance for the above method can be indicated 

in the table (1). 

4.2. Experiments with Two Sources 

In these experiments, another type of DOA estimation 
have been achieved. Two sources of ultrasonic transducers 
DOA estimation are implemented. When the date is short, 
the classical method such as FFT failed to resolve between 
two sources for this reason the high-resolution algorithms 
are using.  

In the first experiment the parameters used are N=26 
samples, Zo=63cm, Δx=0.2cm, f=40MHz, λ= 0.8cm, 
θ1=-120, θ2=100 (Directions of arrival). The results shown in 
figures 4(a – d)  

Figure 4.a shows the results of using FFT method. A high 
sidelobe level is clear and this is one of the disadvantages of 
the FFT method. It distinguish between the sources with 
large error in resolution equal to 63%. The error in resolution 
for the source one is 75%. It is failed to locate this source in 
the right direction. The error in resolution for the source two 
is about 50 %. 

Figure 4.b indications the result of using PHD method. It 
is capable to recognize between two sources with small error 
in resolution between them. This error equals to 15 %. The 
error in resolution for source one is very small and less than 
FFT method. This error equals 1.6 % so it locate the source 
in the specific direction. The error in resolution for source 
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Figure 3d.  DOA estimation for single source using EV method 
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two equals to 30%.  
Figure (4.c) shows the result of using MUSIC method. It is 

low SLL. It is able to distinguish between two sources with 
small error in the resolution of the difference between them 
where the error equal 11%. This value of error are smaller 
than error in FFT and PHD. The error in resolution for source 
one is 19%. The error in resolution for source two is 2%, the 
source two are located in the right direction. 

Table 2.  Comparison between the performances of the DOA estimation 
methods for two sources 

Method Estimated 
angle1 

Error
% 

Estimate
d angle2 

Error
% 

Error 
difference

% 
FFT -30 75% 50 50% 63% 

PHD -12.20 1.6% 13.10 31% 14% 

MUSIC -14.30 19% 10.20 2% 11% 

EV -14.30 19% 10.20 2% 11% 

Figure (4.d) displays the result of using EV method. It is 
low SLL. It is able to resolve between two sources with small 
error in the resolution of the difference between them. This 
error equals to 11%. This value of error are smaller than error 
in FFT and PHD. The error in resolution for source one is 
19%.The error in resolution for source two is 2% so this 
source are located in the right direction. The performance for 
the above method can be indicated using the table (2). 

The second experiment the parameter used are N=20 
samples Zo=62 cm, Δx=0.2cm, f=40 MHz, λ= 0.8 cm, 

θ1=-140, θ2=9.60 (Directions of arrival). The results shown in 
figures 5(a – d). 

Figure (5.a) shows the results of using FFT method to 
estimation two sources the difference between them are 
equal to (23.6). A high sidelobe level is clear and this is one 
of the disadvantages of FFT method. The error in resolution 
of the difference for two sources is 74%. This large value of 
error give an ambiguity in resolve between sources. The 
error in resolution for source one is equal to 85%. This value 
of error explain that the FFT method failed to locate this 
source in accurate direction. The error in resolution for 
source two is equal to 45%. This value of error less than the 
value in source one. 

Figure (5.b) display the PHD method. Low SLL and this is 
on advantages over FFT method. The error in resolution of 
the difference between sources is 21%. This result is good 
result compare with FFT method. The error in resolution for 
source one equals to 28%. The error in resolution for source 
two equals to 11%. 

Figure (5.c) shows the result of using MUSIC method. 
The sidelobe level is low. It is able to recognize between two 
sources with small error in resolution equals to 9%, this 
value is less than error in FFT and PHD methods. The error 
in resolution for source one is 10%. The error in resolution 
for source two equals to 8%. These small error explain that 
this method locate each source in accurate direction. This 
method is better than FFT and PHD method in error 
resolution for each source.  
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Figure 4a.  DOA estimation for single source using FFT method 
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Figure 4c.  DOA estimation for single source using MUSIC method 
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Figure 4b.  DOA estimation for single source using PHD method 
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Figure 5a.  DOA estimation for two sources using FFT method 
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Figure 4d.  DOA estimation for single source using MUSIC method 
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Figure 5c.  DOA estimation for two sources using MUSIC method 
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Figure 5b.  DOA estimation for two sources using PHD method 
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Figure 5d.  DOA estimation for two sources using EV method 

Table 3.  Comparison between the performances of the DOA estimation methods for two sources 

Method Estimated angle1 Error% Estimated angle2 Error% Error difference% 

FFT -20 85% 140 45% 32% 

PHD -180 28% 10.70 11% 21% 

MUSIC -15.50 10% 10.30 7% 9% 

EV -15.30 9% 100 4% 7% 

 

Figure (5.d) shows the result of using EV method. A lwo 
SLL is clear. It is able to recognize between two sources with 
small error in resolution equals to 8%. This value is less than 
error in FFT, PHD, and MUSIC methods. The errors in 
resolution for source one is 10% and for source two is 4%. 
These small error explain that this method is located each 
source in specific direction. This method is better than FFT, 
PHD, and MUSIC method in error in resolution for each 
source. The performance for the above method can be 
indicated using the table (1) 

5. Conclusions 
From the practical results that are presented in this paper, 

we conclude that the FFT method failed to locate the DOA 
for single source in the accurate direction. In addition, the 
high sidelobe level is clear and this is one of the 
disadvantages of FFT method. The high-resolution 
techniques estimated the DOA with small error compared to 
FFT method and this is one of the advantages of these 

techniques over FFT method. Also, the sidelobe levels were 
low. In two sources DOA estimation the FFT method failed 
to resolve between two sources in the specific difference 
resolution and with high sidelobe level, while the 
high-resolution techniques recognize between two sources 
with small error in resolution and low sidelobe level. 
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