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Abstract

In the present article, we have proposed a modified class of ratio and product type estimators of population

mean using auxiliary information in two-phase sampling. The expressions for the Bias and Mean Squared Error of the
proposed estimators have been obtained up to the first order of approximation. An efficiency comparison has been made with
some of the other ratio and product estimators of population mean under two- phase sampling. A numerical study is also
carried out to evaluate the performance of proposed and existing ratio and product estimators. It has been shown that the

proposed estimators have smaller mean squared errors.
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1. Introduction

It is well known that to estimate any parameter, a suitable
estimator is the corresponding statistic. Thus for estimating
population mean, sample mean is the most appropriate
estimator. Although it is unbiased, it has a large amount of
variation. Therefore we seek an estimator which may be
biased but has smaller man squared error as compared to
sample mean. This is achieved through the use of an
auxiliary variable that has strong positive or negative
correlation with the study variable. When there is strong
positive correlation between the study variable and the
auxiliary variable and the line of regression passes through
origin, then the ratio type estimators are used for improved
estimation of population mean. Product type estimators are
used when there is strong negative correlation. The
regression type estimators are used for the improved
estimation of population mean when the line of regression
does not pass through the origin.

Cochran [2] utilized the positively correlated auxiliary
variable and for the first time proposed the usual ratio
estimator of population mean of the study variable. Later
Robson [10] and Murthy [7] proposed the traditional product
estimator independently, wusing negatively correlated
auxiliary variable. Srivenkataramana [13] was the first to
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propose the dual to ratio type estimator for improved
estimation of population mean of the study variable. Bahl
and Tuteja [1] were the first to propose the exponential type
ratio and product estimators of population mean using
auxiliary information. In all of the estimators discussed

above, the mean X of the auxiliary variable is assumed

known. When mean X of auxiliary variable is not known,
two-phase or double sampling, suggested by Neyman [9], is
used. Kumar and Bahl [6] were the first to propose dual to
ratio estimator of population mean in two-phase sampling.
Singh and Choudhury [11] proposed the dual to product
estimator of population mean in two-phase sampling.
Exponential type ratio and product estimators of population
mean in two-phase sampling have also been studied by Singh
and Vishwakarma [12]. Corresponding dual estimators in
two-phase sampling have been studies by Kalita and Singh
[4]. Our main motivation in this study is to improve further
the estimators by Kalita and Singh [4].

Let the finite population consist of N distinct and
identifiable units under study. A random sample of size n is
drawn using simple random sampling without replacement

N N
(SRSWOR) technique. Let Y_:lZYi and X :iz X;
N3 N
respectively be the population means of the study and the

19 1
auxiliary variables, and Y :—z Yi and X :—ZXi
n* n 4
i=1 i=1

be the respective sample means. When X is not known,
double sampling or two-phase sampling is used to estimate
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the population mean of the study variable y. Under double
sampling scheme the following procedure is used for the
selection of the required sample:

Case I: A large sample S’ ofsize n' (n’ < N) is drawn

from the population by SRSWOR and the observations are
taken only on the auxiliary variable x to estimate the

population mean X of the auxiliary variable.
Case Il: A sample S of size N (n<N) is drawn

either from S’ or directly from the population of size N
to observe both the study variable and the auxiliary variable.
The most suitable estimator for the population mean is the
corresponding sample mean given by
to = y
The variance of T, up to the first order of approximation,
is given by

1.2)

V(ty)=rY°CJ 1.2)
where,
1 1 S 1 -
;/:H—N, Cy:YTy and Siz—_lZ(yi—Y)Z.
i=1

Cochran [2] proposed the classical ratio type estimator of
population mean utilizing the auxiliary information under
simple random sampling as

(1.3)

Kumar and Bahl [6] proposed the usual ratio estimator of
population mean in two- phase sampling as

%
th=y| 2>
i y[YJ
n

where X; = —'Z X; is an unbiased estimator of population
i=1

mean X of the auxiliary variable based on the sample S’

of size n'.

(1.4)

'

The mean squared error of tg, up to the first order of
approximation, for Case-1 and Case-II respectively are,

MSE(tR), =V 2[yCj +7 CZ(1-2C)]  (15)

MSE(t8), =Y°[yCi+y" CZ-2yCC}] (L6)

where,
(1 1Y) e l_ij ***_( N )
n N n n' 7 e
C S N
_ y _ 2 1 N2
C=Pp, O TR ST Rt X)T

18 - _
Pyx = NZ(Yi =Y)(% = X) -
i=1
Singh and Choudhury [11] proposed the dual to product
estimator of population mean in two- phase sampling as

X
tg = V(TJ
X

The mean squared error of tg, up to the first order of

approximation for both the case-1 and Case-Il respectively
are,

1.7

MSE(t8), =Y2[yC’+y CZ(1+2C)] (L8)

MSE(t5) =Y ’[yCJ+y" Cf+2yCCL] (19)
Singh and Vishwakarma [12] proposed the exponential

type ratio and product estimators of population mean of
study variable in two-phase sampling respectively as,

I, = Y ex
Re =Y p[71+7]

d _o X—%
tp. = VX
pe = Y p[?%—ﬂ]

The mean squared errors of both the estimators tge and

(1.10)

(1.11)

tge, up to the first order of approximation for both the
Case-l and Case-I1 respectively are,

_ . 1
MSE(tge), =Y °[yCZ +7 Cf(Z—C)] (112)
— 1 ko
MSE(tge)u=Y2[7C§+Zy cZ-yc2c] (113)

_ Sk 1
MSE(the), =V?[rCy+7 C(+C)  (114)

_ (—
MSE (t3), =Y2[7C§+Zy C2+yC2C] (L15)

Kumar and Bahl [6] proposed the following dual to ratio
estimator of population mean under two-phase sampling as

_*(
*q | X
td =y 2—

The mean squared error of t;;d , up to the first order of
approximation for Case-1 and Case-I1 respectively are,

MSE(ts!), =Y 2[yC2+gy"C2(g-2C)] (117)

(1.16)

MSE(tz")y =V 2[yCs+9CZ(gy” -2y C)(L18)
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n
where, g =——.
n'—n
Singh and Choudhury [11] proposed the following dual to
product estimator of population mean under two-phase

sampling as,
* X
e d

The mean squared error of t;d , up to the first order of
approximation for Case-l and Case-11 respectively are,

MSE(ts"), =Y 2[yC2+gy"CZ(g+2C)] (1.20)

(1.19)

MSE(ts),, =Y 2[yCJ +9CZ (g7 +2yC)(21)

Kalita and Singh [4] proposed the following exponential
dual to ratio and exponential dual to product estimator in
two-phase sampling respectively as

_*d =

*q X " =X

tRe =Yy eXp[T_lJ (122)
X~ +X
_ %

*q  — X —X

tPe = y exp[_l—_*d} (123)
X +X

The mean squared errors of both the estimators t;% and

t;‘g, up to the first order of approximation for both the
Case-l and Case-11 respectively are,

* — *x 1

MSE(trs), =Y 2[yC2+gy ci(zg—cn (1.24)
*, — 1 *okk

MSE (tre )i =V °[7Cy +5 0% CX -7 9CiCl 129
* — *x 1

MSE(tra), =Y [y CZ +gy cx2<zg+c:)] (1.26)

* — 1 Fokck
MSE (tpg) =Y?[yC; +Zgzy Cy +70CsCl(1.27)

In the present study, we have proposed the generalized

* -1 * 1 1
B( R%)=Y|:5927/ Cf——gZ}/CE—Egy CCf}(l—a)

exponential dual to ratio and product-type estimators in
double sampling. The large sample properties have been
studied up to the first order of approximation.

2. Proposed Estimators

Using the estimators of Kalita and Singh [4], we propose
two generalized estimators of population mean as
exponential dual to ratio and exponential dual to
product-type estimators respectively, as given below:

T;% =ay+(@1- a)t;% (2a)

7pe =5 Y +(1-3)tpy (2b)

where, @ and O are the characterizing scalars which are
obtained by minimizing the mean squared errors of the
proposed estimators.

The Bias and MSE of the proposed estimators are obtained
for the following two cases.

Case |: When the second phase sample of size N is a

subsample of the first phase sample of size Nn"'.
Case II: When the second phase sample of size N is

drawn independently of the first phase sample of size n'.
Case |

To study the large sample properties of the proposed class
of estimators, we define

y=Y(l+g), X=X (1+e) and % =X (1+e,) such
that E(ey) = E(e) = E(e,)=0 and E(ed)=yC2,
E(ef)=7C{ . E(e5)=7 Cf ., E(e®)=7CCf

* * 1 1

N
C
* 1 1 ok * 1 1 y
= ——— i = —_ =| —— — ,C: _—
! [”1 NJ A (” ”J onXCx
n
and g = .
m—n

The expression for the bias of proposed estimator up to the
first order of approximation is,

3 (2a.1)

The mean squared error of proposed estimator up to the first order of approximation is,

* — Hok 1 az Hok o > Hok
MSE(TR%):Y2{7C§+97/ Cf(zg—cj+77 9°Cy -7 9°Ci+ay QCCXZ} (2a.2)

The optimum value of the characterizing scalar o
maxima-minima as,

is obtained by minimizing MSE in (2a.2) using the method of
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ay"gCi-y"gCE+2"CC =0, a:%:g% (2a.3)
X

Where A=C%(g—2C) and B=C}.
The value of the bias of the proposed estimator, for this optimum value of @ in (2a.3) is given by,

* 1 A
B(TR%) Y{ng Cz——g 7C2——9 “ce }(1—(3—8} (2a.4)

Minimum value of the MSE of the proposed estimator is obtained by putting the optimum value of @ in (2a.7) and thus
the minimum MSE is given as,

*, —_ *k 1 *x A2
MSE(TR%)zYZ{yC§+gy cf(zg—cj—y E} (2a.5)

Similarly, the Bias and MSE of proposed product type estimator in equation (2b), the minimum value of bias of the
proposed estimator is obtained by putting optimum value of O as,

* — 3 l *k 1 ** D
B(ree) =V, 0%7 i~ 0% Ci+ 507 CCA-5) @.1)

Minimum value of the MSE of the proposed estimator is obtained by putting the optimum value of & and thus the
minimum MSE is given as,

*, — *k *k D2
MSE (p8) =V 2[y C2 + gy cﬁ(%w)—y ol (2b.2)

Where D = Cf(g +2C) and B= Cf.
Case 11
To study the large sample properties of the proposed class of estimators, we define
Y=Y (l+e), X=X (1+e)) and X =X (1+e,) suchthat E(ey)=E(e;) =E(e,) =0 and E(ed)=yC2,

E(ef)=7Cy, E(e5)=7 Cg, E(ege) =7 CCy, E(ege2) =0, E(e16,)=0, = (l_i)

N
* 1 1 Hk * 1 1 Fohk * Cy
=l == | =y-V =l oo =\y+7 |C=py—==and g=
/4 [nl N] Y o=r-7 (n nJ 4 (7 7/) Pyx C, 9 n—n

Similarly, Bias and MSE of proposed estimators in equation (2a) and (2b), The minimum value of bias and MSE of the
proposed estimator is obtained by putting optimum values of characterizing scalars @ and O are respectively as,

sd\_v|Ll 2 a2 1 of A
B(rRe)—Y[gg y CX+EgCX(y/ +7C)}(l gBj (2a.11)
*d\ _ g AZ
MSE () =Y 2 7/C2+—7 Cc2-gycci- (2a.12)
4 4B
Where A=gy***Cf—27CCf and B=7/***Cf
3
B(rpe) = Y[ngy CF+-9CE(r +7C)}(1——) (203
*d\ _ 2 2, g 2 , D?
MSE(rnd)=Y?| yC ™c2ygyccio— 2b.4
(zpe) rCy+ 7 97 1B (2b.4)

where D = gwaf + ZyCCf and B= yme
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3. Efficiency Comparison

Case-1

a. Comparison of proposed exponential ratio type
estimator with other estimators:

From (1.2) and (2a.10), we have
MSEin (T;%) =V (tp) <0 If,
A? (3.1)
C =-C)<—
gy ( ) 1B
From (1.5) and (2a.10), we have

MSE pin (7re) =V (t) <0 I,

. g2 A2
Ci[—-C(g-2)-1]<— 3.2
r G -Cle-2-l]<z 62
From (1.12) and (2a.10), we have
MSEmin (T;%) -V (tlge) <0 1f,
2 2
ok A
29 _cg-n-H<2 (33
r G -Clo-D-gl< 5 63
From (1.17) and (2a.10), we have
MSEpmin (7e) -V (t") < OI,
A2
2 3C—— <— 3.4
g7 Cil 9l<7g (3.4)
From (1.24) and (2a.10), we have
«d «gy A
MSEmin (Tre) =V (tre) = T <0 (@35)

b. Comparison of proposed exponential product type
estimator with other estimators:

From (1.2) and (2b.2), we have
MSEpin (7pe) =V (tg) <0 If,
o A2

c2@ o)< 3.6
g7 (4 ) 4B (3.6)
From (1.8) and (2b.2), we have
MSEin (T;;(é )-V (tg) <0 I,

2 2

- A
2 ic(g-2)-11< >
/4 x[4+ (9-2) ]<4B

3.7

From (1.14) and (2b.2), we have
MSEin (TP(:) -V (tge) <0 If,

2

V4 Cx[4 +C(g-

D-Fl<pn 6

From (1.20) and (2b.2), we have

MSE in (p8) =V (t5°) < OIf,

A2
9y C& [3C——g]<—B (3.9)
From (1.24) and (2a.9), we have
A2
MSE i (TRe) -V (tPe =--—<0 (10
4B
Case-l11
c. Comparison of proposed exponential ratio type
estimator
From (1.2) and (2a.12), we have
MSE in (re) =V (to) <0 If,
2 2
D
c2l9 ™ _gyc <= 311
X { 4 Y gy } 4B (3.11)
From (1.5) and (2a.12), we have
MSE i (T;%) -V (tg{) <01,
2 D2
——l +yC 2) |<— (312
o )+7C(g-2) 5 ©12
From (1.12) and (2a.12), we have
MSE min (T;%) -V (tlge) <01,
C2| L _(g2-1)-yC(g+]) |<= (13
x{4(g )-7C(g )} s B
From (1.17) and (2a.12), we have
MSE i (T;%) -V (t;d ) <OIf,
3y A?
C 2_3yC — 3.14
x{ g 4 g:l < 4B (3.14)
From (1.24) and (2a.12), we have
A2
MSE i (TRe) -V (tRe) ~ 1B <0 (19

d. Comparison of proposed exponential product type
estimator

From (1.2) and (2b.2), we have
MSE i (T;g) =V (tp) <0 If,

2 2
Cf l:gTym+gyc:l<D—

5 (3.16)

From (1.8) and (2b.2), we have
MSEin (T;;g) -V (tg) <O01If,
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) 92 D2
Ci[—+C(g-2)-1]<— (3.17)
y Gl 2 (9-2)-1] B
From (1.14) and (2b.2), we have
MSEmin (T;g) -V (tge) <0,
C2|L—(g?-1+yC(g+]) |<— (@1
x|: 2 (97 Dy (9”}45 (3.18)
From (1.20) and (2b.2), we have
MSEmin (T;g) -V (t;;d) <01f,
I D?
CZ| 2L _g%+3)Cg|<— (319
x{ 2 g /4 g} 1B (3.19)
From (1.24) and (2a.9), we have
. « D?
MSE in (7 )~V (tp) = —45 <0 G0

4. Numerical Study

To examine the performances of the proposed and existing
estimators of population mean in two-phase sampling
scheme, we have considered the following four populations:

Population I: Source: Murthy [8]
Y = Output, X =Number of workers

N =280, n=16 =230 Y=518264 py=
0.9150, C, =0.3542, C, =0.9484

Population II: Source: Kadilar and Cingi [5]

N = 200, n =50, n = 175, Y =500, Pyx = 0.90,
C, =25 C, =2

Population I11: Source: Johnston [3]

Y = Mean January temperature, X = Date of
flowering of a particular summer species (number of days

from January 1)
N=10, n=2 n =5 Y =42, Pyx =-0.73, Cy =

0.1303, C, =0.0458

Population 1V: Source: Johnston [3]

Y = Percentage of hives affected by disease, X = Date
of flowering of a particular summer species (number of days
from January 1)

N=10, n=2 m=5 Y =52 p,=-094, C,=

0.1562, C, =0.0458

Table-1 and Table-2 below present the mean squared
errors of different ratio type and product type estimators
respectively for both the cases.

5. Conclusions

In the present manuscript we have proposed two
exponential ratio and exponential product type class of
estimators. The biases and the mean squared errors of both
the estimators have been obtained up to the first order of
approximation. The optimum values of the characterizing
scalars which minimize the corresponding mean squared
errors have been obtained and corresponding minimum mean
squared errors of these estimators have been obtained. The
various conditions under which both the estimators perform
better than the other ratio and product type estimators under
two-phase sampling scheme have been given. A numerical
study is also carried out to evaluate the performances of
various ratio and product estimators along with the proposed
estimators under two-phase sampling using four populations.
In the first two populations, the study variable and the
auxiliary variable are positively correlated. There is negative
correlation in the other two populations. From Table-1 and
Table-2, we see that the mean squared error of the proposed

estimators rR% and rp% respectively are smaller than the

other estimators discussed here. Hence the proposed
estimators may be preferred over the existing estimators.

Table 1. Mean squared error of different ratio estimators

Estimators Case | Case Il
Pop-I PRE Pop-I1 PRE Pop-I PRE Pop-I11 PRE
7 168488.1 195.46 2343750 437.50 168488.1 244.49 2343750 440.88
73 391542.8 454.22 2036607 380.17 1054187 1529.70 2021946 380.38
*,
de 538452.2 624.64 2217464 413.93 1460110 2118.72 2211264 415.96
Vlge 103853.5 120.48 2186607 408.17 183515.9 266.29 2178929 409.88
*
ng 123381.2 143.13 2280036 425.61 255511.2 370.77 2276879 428.30
*,
TR% 86201.6 100.00 535714.3 100.00 68914.6 100.00 531605.1 100.00
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Table 2. Mean squared error of different product estimators

Estimators Case | Case Il
Pop-111 PRE Pop-1V PRE Pop-111 PRE Pop-1V PRE

7 11.9794 166.57 26.3893 296.47 11.9794 174.30 26.3893 341.15
Vg 8.4789 117.89 17.1808 193.02 7.6820 111.77 14.6784 189.76
*,

_Pd 9.3991 130.69 19.8722 223.25 8.7034 126.64 17.9519 232.08

Vge 9.9518 138.37 21.3597 239.96 9.3683 136.31 19.8249 256.29
*

ypg 10.5661 146.92 22.9417 257.74 10.1360 147.48 21.8555 282.54
*

7P(tja 7.1917 100.00 8.9011 100.00 6.8725 100.00 7.7352 100.00

Appendix

Using approximations, the proposed estimator may be written as,

xq = 1 1 1
rR‘é:Y(1+e0){a+(1—a)[1+§g(e2—el—e§+e1e2)+zgz(ele2—e§—ef)+§gz(e§+e12)j}
e =Y (1+6){1+(1-a) 1 (e —e —e2+ee )+E 2( e, —e3— 2)+1 2(e2+ 2)

Re = 0 292126124991223189261

| GolemamE e g0 (e e e )+ ol (e +e?)
=Y (L+e)

R

Retaining the terms up to the first order of approximation, we have

|1+e +%g(e()e2 —ege +6, —el—e22+ele2)+%gz(ele2—e22—ef)+%gz(e22+ef)

4y
- o So(eres e ey v )+ 202 (e e o)+ Lo (ef )|

Subtracting Y on both sides of above equation, we have

eo+%g(eoe2—eoel+e2—el—e§+ele2)+%g2(ele2—e%—ef)+%gz(e§+ef)

*d T T
TRe -Y =Y

™)
a 2 a 2 2 2\ @ 2(.2 .2
—Eg(eoez —€of +6,—6 —6 +elez)—zg (9192 & & )—gg (ez +é )
Taking expectation on both sides in above equation, we have

E(eg) + 5 0 E(eaea) - Eleot) + E(e2) ~ E(e)~ E(6) + Eeier) )+ 0% (ECesez) - E) - E(eD)

E(rre—Y)=Y +2 07 (EE)+ E(eD))- 20 (E(eren) - Eleor) + E(er) - E(e) - E() +Eeey)

~7 0 (E(ee) - E(D)~EC])) -5 0% (ECE) +ECe))

Putting the values of different expectations, we have bias of the proposed class of estimators as,
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8 8

* — 1 * 1 1
B( R%):Y[—gzj/ Cf__QZny—Egy CCf}(l—a)

Squaring on both sides of (*), simplifying and retaining the terms up to the first order of approximation, we have,

(e -7} =77

1 a2
eg+292(e§+912—29192)+792(e§+912—29192)+9(9092—eoel)

— a9 (&g —eoel)—%gz(eg +912—29192)

Taking expectations both the sides of above equation, we have the mean squared error of the proposed class of estimators
up to the first order of approximation as,

MSE (gs ) =Y?

* — Sk 1
MSE(TR%)zYZ yCZtgy cf(zg—cJ

o, 1 o(2 2y @’ (2 2y
E(ed) + 9% (E(e3) + E(e)) ~2E(ee;) )+ - 07 (E(€D) + E(e]) ~ 2E(ese;))

+9(E(eoez) ~ E(eo8y)) -0 (E(eoe) ~Eleoer)) ~ 97 (E(e) + E(ef) - 2E (esey)

4
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