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Abstract In this paper, we develop and introduce the concept of reverse reneging in queuing theory. We study a finite
capacity, single-server Markovian queuing model with reverse reneging. The queuing model developed in this paper is a new
advancement in the theory of queues. The steady-state solution of the model is obtained and different measures of
performance are derived. Finally, the sensitivity analysis of the model is performed.
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1. Introduction

Managing and ensuring sustainable growth in business is
a challenging task due to highly uncertain economic
environment. Customers’ behaviour is one of the most
uncertain aspects of business. Customer impatience is one
of such behaviours. A customer may get impatient due to
delay in service, lack of facilities or else and decides to
leave the facility before completion of service. This
behaviour leads to the loss in revenue as well as the loss in
goodwill of the company. Hence customer impatience
(reneging) is a threat to any business. Keeping this in mind,
researchers across the world study various stochastic
queuing models with reneging (classical reneging).
Classical reneging is a function of system size. It increases
with the increase in system size and vice-versa. The notion
of customer impatience appears in queuing theory in the
work of (Haight, 1957). He studies M/M/1 queue with
balking in which there is a greatest queue length at which
the arrival will not balk. (Haight, 1959) studies a queue with
reneging in which he studies the problem like how to make
rational decision while waiting in the queue, the probable
effect of this decision etc. (Ancker and Gafarian, 1963a)
study M/M/1/N queuing system with balking and reneging
and derive its steady-state solution. (Ancker and Gafarian,
1963Db) obtain results for a pure balking system by setting
the reneging parameter equal to zero. (Rao, 1965) study a
queuing process of type M/G/1 where units balk as well as
renege. For further studies on balking and reneging one may
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refer (Rao, 1967), (Robert,1979), (Baccelli et al., 1984),
(Gupta, 1995), (Bae and Kim, 2010), (Manoharan and Jose,
2011), (Liau, 2011), (Kapodistria, 2011), (Choudhury and
Medhi, 2011), (Kumar, 2012), (Kumar and Sharma, 2012),
(Kumar, 2013), (Kumar et al., 2014) and (Laxmi and
Jyothsna, 2015).

But when it comes to sensitive businesses like investment,
selecting a restaurant for dinner, selecting a service station
or choosing a saloon, level of impatience of customers
depends upon the amount of trust they show with particular
firm. Customers are willing to spend more time with high
level of patience with the firms having a large consumers’
base. For instance, if someone is planning to dine out, he is
willing to wait for much longer in order to get access to a
well-known restaurant. It is also obvious that well-known
brands have a large customers’ base. Hence, a large
customers’ base also works as a trust factor for a customer
and the patience level of the customer is high in such cases.
This behaviour is referred to as reverse reneging, according
to which, higher system size results in high patience and
vice-versa.

Owing to this practically valid aspect, we develop a
single server stochastic queuing model with reverse
reneging in this paper.

Notations

1/ = Mean inter-arrival time

1/u = Mean service time

1/m = Mean reneging time

Ls = Expected system size

W; = Average waiting time in the system

W, = Average waiting time in the queue

L, = Average length of the queue

P, = Probability of n customers in the system

P, = Probability of zero customers in the system
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2. Model Assumptions

1. The arrivals to the queuing system occur one by one in
accordance with a Poisson process with mean rate A.
The inter-arrival times are independently, identically
and exponentially distributed with parameter A.

2. There is a single-server and the customers are serviced
one by one. The service times are independently,
identically and exponentially distributed  with
parameter .

. The capacity of the system is finite, say N.

4. The customers are served in order of their arrival, i.e.

the queue discipline is First-Come, First-Served.

5. In reverse reneging, the impatience (reneging) is more
if there is less number of customers in the system and
vice-versa. The reneging times are independently,
identically, and exponentially distributed with
parameter 7. Reverse reneging occurs with rate
{N—(n—1)}n, where N, n and 1/n are the system
capacity, number of customers in the system, and the
reneging times, respectively.

w

3. Stochastic Model Formulation

Using Markov chain theory the steady-state equations of
the model can be written as:

O0=—-ARy + (u+ N7)R ; n=0 Q)
0=AP, —(A+u+Nn)B +{u+(N-1)n}P,;n=1 (2)
O=/1F’n71—[/1+,u+{N—(n—l)n}]Pn;ZSnSN_l )
+{u+(N-mn}kP 4

0=APy_, —[u+7n]Py n=N 4

We have introduced the reverse reneging by constructing
the rate function {N—(n—1)}n where N, n and 1/n are the
system capacity, number of customers in the system, and
the reneging times, respectively. Accordingly, the equations
(1) to (4) are written.

The equations (1) to (4) are solved iteratively to obtain

n A
Ph=|II = Pol<n<N
r=lu+{N -r -1z

N
Using condition of normality ZO Pn =1we get
n=|

-1

St
— |1+
0 n=1|r=t £ +{N —r -1

4. Measures of Performance

In this section we present some measures of performance.
These are helpful in the study and implementation of the
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queuing model under consideration. First we obtain the
expression for expected size, then by using Little’s formula
we derive other measures.

1. Expected System Size

N
n=0

N n y)
Ls=>2n|l [l ——— P0
n=0 | r=lu+{N-r-1n

2. Expected waiting time of a customer in the system

N n ¥
Ws==3 n| [[ —————|P,
An=0 |r=lu+{N-r-1y

3. Expected waiting time of a customer in the queue

N n A 1

Wy== 3 n| [[ —————|Fy——

An=0 [r=lu+{N-r-1y u
4. Expected queue length
N n

Lg= X n| I1 S PO—i

n=0 | r=lu+{N-r-1}n H

5. Sensitivity Analysis of the Model

In this section, we perform sensitivity analysis of model.
We study the changes in measures of performance with
respect to the parameters 1, A, and W numerically. We select
the arbitrary values of n, A, W, and N. The values are chosen
only for performing the numerical analysis.

Table 1. Variation in Ls, Lg, Ws, and Wq w. r. t. n Here & =2, p =3, N=10

n L Ly W, W,
0.10 8.0372 6.3705 1.6074 1.2741
0.11 7.9715 6.3048 1.5943 1.2610
0.12 7.9025 6.2359 1.5805 1.2472
013 7.8302 6.1636 1.5660 1.2327
0.14 7.7545 6.0878 1.5509 1.2176
0.15 7.6753 6.0086 1.5351 1.2017
0.16 7.5925 5.9258 1.5185 1.1852
0.17 7.5061 5.8395 1.5012 1.1679
0.18 7.4162 5.7495 1.4832 1.1499
0.19 7.3226 5.6559 1.4645 11312
0.20 7.2253 55587 1.4451 11117

From Table-1, we can see that as the reneging parameter is
increased, the average system size as well as the average
waiting time in the system decreases. Similar is the case with
average queue length and the average waiting time in the
queue. Table-2 shows the variation in performance measures
with respect to mean arrival rate. As we increase the mean
arrival rate (1), all the measures show an increasing trend.
This can be attributed to the fact that increase in arrival flow
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leads to the increase in number of customers in the system.
From table-3 one can see that with the increase in service rate
all the performance measures show a decreasing trend.
Increasing service rate leads to decrease in queue length and
thus the lower waiting times.

Thus one can visualize the functioning of the model under
investigation.

Table 2. Variation in Ls, Lg, Ws, and Wg w. r. t. A Here n =0.10, p =3,
N=10

A L L, W, W,
15 0.6336 0.1336 0.4224 0.0891
2.0 1.1136 0.4469 05568 0.2235
25 1.9498 1.1165 0.7799 0.4466
3.0 3.2681 22681 1.0894 0.7560
35 4.8692 3.7025 1.3912 1.0579
4.0 6.3096 49762 15774 1.2441
45 7.3528 5.8528 1.6340 1.3006
5.0 8.0372 6.3705 1.6074 1.2741
5.5 8.4797 6.6464 15418 1.2084
6.0 8.7737 6.7737 1.4623 1.1289
6.5 8.9773 6.8107 13811 1.0478

Table 3. Variation in Ls, Lg, Ws, and Wq w. r. t. g Here A =2, 1 =0.10,
N=10

n L Lq W, W,

1.0 9.6969 4.6969 1.9394 0.9394
15 9.4813 6.1480 1.8963 1.2296
2.0 9.1727 6.6727 1.8345 1.3345
25 8.7136 6.7136 1.7427 1.3427
3.0 8.0372 6.3705 1.6074 1.2741
35 7.1161 5.6876 1.4232 1.1375
4.0 6.0203 4.7703 1.2041 0.9541
45 4.9054 3.7943 0.9811 0.7589
5.0 3.9185 2.9185 0.7837 0.5837

6. Conclusions

In this paper the concept of reverse reneging is introduced
in queuing theory. A single server finite capacity Markovian
queuing model with reverse reneging is studied and the
steady-state solution of the model is obtained. Various
measures of performance are derived. Sensitivity analysis of
the model is performed.
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