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Abstract This paper uses Optimal Average maximin and minimax value techniques to transform multi-objective
quadratic fractional programming problems (MOQFPP) to single QFPP. An algorithm is proposed forsolvingsuch problems.
We also solved the problem by Chandra Sen. technique, mean & median techniques. The resultsfromthe latter techniquesare
obtained and compared to the result of maximin and minimax technique. This workhas been tested through severalnumerical
examples; only two of them are presented in this work. The numerical results in this paper indicate that our technique is

promising.
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1. Introduction

A quadratic fractional form is a mathematical expression
ch+leGlx

e e

prp . where G; and G, are (n Xn)

of the type

matrix of coefficients and they are symmetric matrixes. All
vectors are assumed to be column vectors unless transposed
(T),x is an m-dimensional vector of decision variables,
c,d are the n-dimensional vector of constants[10]. The
term Programming refers to the processof determining a
particular program or plan of action. So Quadratic Fractional
Programming (QFP) is one of themost important
optimization (maximization / minimization) techniques
developed in the field ofOperations Research (OR).

A new modified simplex method[9] is used to solve
special case of a quadratic fractional programming, a
solution can be obtained by a set of simultaneous equations.
However a unique solution for a set of simultaneous
equations in n-variables (x;,x, ... x,,), at least one of them
is non-zero, can be obtained if there are exactly n relations.
When the number of relations is greater than or less than n, a
unique solution cannot be exist but a number of trial
solutions can be found.

In various practical situations, the problems are seen in
which the number of relations is notequal to the number of
variables and many of the relations are in the form
ofinequalities (£ or =) to maximize or minimize a
quadratic fractional function of the variables subject to

* Corresponding author:

maher.nawkhass@gmail.com (Maher A. Nawkhass)

Published online at http://journal.sapub.org/ajor

Copyright © 2013 Scientific & Academic Publishing. All Rights Reserved

suchconditions. Such problems are known as Quadratic
Fractional Programming Problem (QFPP). Quadratic
Fractional programming problemhave attracted considerable
research and interest, since they are useful in production
planning, financial and corporative planning, health care and
hospital planning

This work develops a new model of (MOQFPP) and
suggested an algorithm to solve it, byusinga special case of
(c1Tx+a)(c2Tx+ﬁ)

(€ x+p)
where x,c¢q,¢,,C are (n X 1) column vectors, anda, 5,y
are scalars and prime (T) denoted the transpose of the
vector.A new technique optimal average of maximin &
minimax is suggestedto solve MOQFPP withseveral method
(Chandra Sen, mean, median) to compare between the
results.

In (1983), Chandra Sen[6] defined the multi-objective
linear programming problem, and suggested an approach to
construct multi-objective function under the limitation that
the optimum values of individual problems are greater than
zero.This technique use to solve MOLPP[7] and M OF PP[ 5]
and apply the same technique to solve MOQFPP.

Mean, median methods is used to transforms multi -
objective to one combined objective function and solve it by
previous ways, In (1997) a reference direction approach to
multiple objective quadratic-linear programming, that
studied by GuangYuan Yu and Pekka Korhonen[2],
proposes an interactive procedure for solving multiple
criteria problems with one quadratic objective, several linear
objectives, and a set of linear constraints. The procedure is
based on the use of reference directions and weighted
sums.[4] Sulaiman and Sadiq (2006) studied the multi -
objective function by solving the multi - objective

objective function for (QFPP)as a form
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programming problem, using mean and median value.(2006),
Salwa and Emad Abass[8] studied and Construct
mathematical models for solving multi-objective linear
programming (MOLP) problem. Huey-Kuo Chen and Huey
- Wen Chou[3] (1996) proposed a fuzzy approach, which
induces some methodologies as special cases, for solving the
multiple objective linear programming problem. Sulaiman &
Abulrahim (2013) studied the transformation technique to
solve multi-objective linear fractional programming problem
[5]. (2008) Sulaiman and Hamadameen studied optimal
transformation technique to solve multi-objective linear
programming problem (M OLPP)[7].

In this article, we aim to solve a multi objective quadratic
fractional programming problem by optimal average of
maximin & minimax (OAxn) which is reported in section
(5.3) to minimizes cost and maximizes profit, Irrespective of
the number objectives with less computational burden,
Computer applications for the algorithm will been discussed
by solving numerical examples.

2. Quadratic Programming

If the optimization problem assumes the form

max.z (ormin. z) = a + CTx + x7 Gx

<
Ax(Z) b
x= 0

Where A = (a;;)pxn > matrix of coefficients, Vi =
1,2,..,mand =1,2,...,n ,
b = (by,by, ...,b,)T

(c1,€ s )’

and G = (g;j)nxn 18 a positive definite or positive
semi-definite symmetric square matrix, moreover the
constraints are linear and the objective function is quadratic.
Such optimization problem is said to be a quadratic
programming (QP) problem.[1]

subject to:

x=(x1,%p.,x,) , CT=

3. Mathematical Form of QFPP

The mathematical form ofthis type of problems is given as
follows:

(cTx+6+ %xTGx)
CTx+y)

max.z =

Subject to:

e
=
ey

VI IAN IV

=
o

Where Gis (n X n) matrix of coefficients with G is
symmetric matrixes. All vectors are assumed to be column
vectors unless transposed(T). Wherex is an n-dimensional
vector of decision variables, ¢,C is the n-dimensional
vector of constants, b is n -dimensional vector of
constants.y,§ are scalars.

In this work the problem that has objective function is
tried to be solved has thefollowing form:

(c;"x+a)(c,"x + B)
(CTx+7y)

max.z =

Subject to:
>

<

X=0
A is m X n matrix ,all vectors are assumed to be column
vectors unless transposed (T). where x is an n-dimensional
vector of decision variables, c¢;,c,, C are the n-dimensional
vector of constants, b is n-dimensional vector of constants,
a,f.y are scalars.[9]

Ax b

3.1. Solving QFPP by the Following Method

A new Modified Simplex Method is used to solve the
numerical exampleto apply simplex process, first we find
AkY, Ak, from the coefficient of numerator and
denominator of objective function respectively, by using the
following formula:

Ak =cpx;—c;,  i=12 j=12.,m+n

Ak = Cpx; — Cyj

7t =cgixp+a,zf =cpxg+ Bz, =Chxp+y

Zy=1z{7{, Z, = 7,

A&y = z20kY + 2} AkY

Ny

Ale = Akzj

Z=2,/7,

In this approach we define the formula to find 4; from
Z1,Z,,A8,; and AS,; as follows:

Aj= Z,A8,; — Z1AS,;. For more detail see[9] p. 3756.

j=12,...m+n

3.2. Algorithm for Solving QFPP by New Modified
Simplex Method

An algorithmto solve QFPP by Modified Simplex Method
is presented in reference[9] p.3756 and p. 3757.

4. Multi-Objective Quadratic Fractional
Programming Problem

Multi-Objective functions are the ratio of two objective
functions thathave quadratic objective function in numerator
and linear objective function in denominator, this is said to
be MOQFPP then can be defined:
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(c11"x+an) (e "x+61)

Max.Z, =
(€1 x+1’1)
Max.Z, = (c12 X+0¢2)(sz "x+82)
(2T x4y2)

Max. Z — (Clr x+0‘r)(52r x+ﬁr) (41)
(=3 X+y,-)

Min.Z,,, = (c1r41 x+ar+1)(c2,+1 T +By41)

(Cra1" x+7r41)

Min. Z = (Cls x+‘7‘s)(C25 x+B5)

(CS x+Ys)
Subject to:

Ax =b (4.2)
x>0 (4.3)

Where b is m —dimensional vector of constants, x is
n —dimensional vector of decision variables, A is am X
n matrix of constants, r is number of objective functions to
be maximized, s is the number of objective functions to be
maximized and minimized and (s —r) is the number of
objective functions that is minimized. A is m X n matrix, all
vectors are assumed to be column vectors unless transposed
(T). ¢y, €35, C; where i=1,...,s are the n-dimensional vector
of constants, «;, B;,y; where i=1,...,s are scalars.

3. Solving MOQFPP by Using the
Following Technique

5.1. Chandra Sen. Technique

The same approach which was taken by Sen. (1983)[6] is
followed here to formulate the constraint objective function
for the MOQFPP. Suppose we obtain a single value
corresponding to each of the objective functions of the
MOQFPP of equation (4.1).They are being optimized
individually subject to the constraints (4.2) and (4.3) as
follows:

Max.Z, = ¢4
Max.Z, = ¢,
Max.Z, = ¢, (5.1.1)

Min. Zr+1 =QPr41

Min.Z, = @,

Where @4,¢,,...,¢, are values of the objective
functions, which each objective function in 4.1 solved by
section 3.3, the level of the decision variable may not
necessarily be the same for all optimal solutions in presence
of conflicts among objectives. But we require the common
set ofdecision variables to be the best compromising optimal
solution that we can determine for the common set of the

decision variables from the following combined objective

function, which formulate the MOQFPP given in following
equation.

Zi

Max.Z = ZL 1| _Zf=r+1m

,S. Subject to constraints (4.2)

(5.1.2)

Where ¢; #0,i =1,2,...

and (4.3), the optimum value of the objective
functionsg;, i = 1,2, ...,s may be positive or negative. And
Z; when i=1,...,r represents the max.z objective functions

and when i= r+1 ,...,s min.z objective function in (4.1).
Finally solve equation (5.1.2) with same constraint (4.2) and
(4.3) by section 3.2.

5.2. Mean and Median Modified Approach

We formulate the combined objective function as follows
to determine the common set of decision variables,to solving
the MOQFPP by modified approach (using mean and median
value),[ 7], 5].

_ 4 ys 4
Max.Z = Zl =lmean (MV;) i=r+1mean (MU;) G20
Subject to the same constraints (4.2), (4.3);
Where MV;=lg; |, foralli = 1,2, ...,7;
MU, =l forall i = r+1,r +2,...,s
_yr __Zi s 4
Max.Z = Zizlmean MV) i= r+1mean (MUy) (52.2)

Subject to the same constraints (4.2), (4.3);
Where MV,=lg, |, forall i =1,2,..,7
U =lol foralli=r+1,r+2,..,s

5.3. Optimal Average of Maximin & Minimax (OAxn)
Techniques

We will define some definitions related with the Optimal
Average (OAxn) techniques and introduce an algorithm for
it.

Definitionl: let y,=min { MV.}, where MV,= lgp,| , and
@, is the maximum value of Z;, forall i =1,2,...7.

Definition 2: let y,=max { MU;}, where MU,= lo,| ,
and ¢; is the minimum value of Z;, forall i = r + 1,7 +
2,...,S.

Definition 3: We denote the optimal average of maximin
&minimax (OAxn), as follows:

OAxn (y 1+ 1y, 1)/2 ,  where Vi
definition(j), for all j=1,2 respectively

defined by

5.3.1. The Algorithm

The following algorithm is to obtain the optimal average
of maximin & minimax for the multiobjective quadratic
fractional programming problem and can be summarized as
follows:-

Stepl: Write the standard form of the problem, by
introducing slack and artificial variables to constraints, and
write starting Simp lex table.

Step2: Calculate the A; by the following formula A;=
Z24¢1/—-271A£27, then write it in the starting Simp lex table.

Step3: Find the solution of first objective problem by
using Simplex process.
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Step4: Check the solution for feasibility in step3, if it is
feasible then go to step5, otherwise use dual Simplex method
to remove infeasibility.

StepS: Check the solution for optimality if all A;= 0,
then go to step6, otherwise back to step3.

Step6: Assign a name to the optimum value of the
maximum objective function Z; say ¢V, where Vi=
i=1,2,...,r. and assign a name to the optimum value of the
minimum objective function Z; say ¢@U; where Vi=
r+1L,r+2,..,s.

Step7: Repeat process from the step 3; fori=2,...,s to be
include all the objective problem.

Step8: Select y;, = min{¢@V,}, Vi=12, ..,y =
max { oU; }, Vi=r+1r+2,..,5s then calculate,
OAxn= (ly; | + Iy, 1) /2,

Step9: Optimize the combined objective function order
the same constrains

(4.2),(4.3) as: Max.Z = (XI_1Z;-2X5_,11Z;)/ OAxn,
(5.3.1.1)

5.3.2. Program Notation

The following notations, which are used in computer
program, aredefined as follows:

@V, = The value of objective function which is to be
maximized.

@U;= The value of objective function which is to be
minimized.

MV=lpV,| ; Vi=i=1,2,...r.

MU=loU;| ; Vi=r + 1, + 2, ..., s.

95

Max.Z = (SM-SN) /OA xn.

6. Numerical Examples

We solved several numerical examples, but only two of
themare presented in this work.

Example 1:
Max.z, = 2xy+x, + 1)(2% +%, +2)
(3% +3x, + 3)
Max.7, = (6x14+3%x; + 3)(4x; + 2x, + 4)
(2xq + 2%, + 2)
Max.Z, = (8x;+4x, + 4)(6x; + 3%, + 6)
(5%; + 5%, +5)
Min.Z, = (10x; +5x, + 5)(—8x; — 4x, — 8)
(7x1 + 7%, +7)
Min. 2, = (—4x;—2x, — 2)(6x; + 3%, + 6)
(6x; + 6%, + 6)
Min. 7, = (=2x%;—x, — 1)(4x;, + 2x, + 4)
(9%; +9x, +9)
Subject to:

X1+ 2x,<4
3x;+x, <6
X1,X, =0
Solution: After finding the value of each of individual
objective functions by an algorithm of section (3.2) the
results are as below in table 1:

SM=XT_, Z..
SN=X¢_,1Z;.
Table 1. Results of example (1)
i Z; Xi @i MVflz(_le,I:l - Vi = y—lflllz,kpj-]lll, ) S.
1 333 (2,0 333 333
2 30 (2,0 30 30
3 24 (2,0 24 24
4 -28.571 (20) -28.571 28.571
5 -10 (2,0 -10 10
6 -222 (2,0 -222 222

(5.3.1.1) in section (5.3.1) is utilized insolving example (1) to find MOQFPP by usingoptimalaverage of maximin

&minimax techniques:

OA xn= (|y1| + |y2 |)/2 =

(16X1 +8X2 +8)(43X1 +215X2 +43)
(30x; +30x,+30)

SN = Zf=r+1zi:

And SM =7 _, Z,=

and

[3.33]+|—2.22] = 2775

(—80x1—40 x5 —40) (77.1x1+38.55x 2 +77.1)

Then Max.Z = (SM-SN)/OAxn,
(16x, +8x, + 8)(43x, + 21.5x, +43)

(378x1+378x2+378)

Max.Z =
ax.2=( (30x, + 30x, + 30)

Then write the objective functions as following.

(—80x,—40 x, —40) (77.1x; + 38.55%, + 77.1)

2.775
(378x, + 378x, + 378) )/
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(24x,+12x, +12) (73.666 x| +36.833x, +73.666) AD

Max.Z =
(125x,+125x%,+125)

Subject to given constraint
X1+2x,< 4
3x1+x,<6
xX1,X,20
Now (A1) issolved by algorithm (3.2),then the optimal solution is found as follow
Max.Z=35359x, =2, x, = 0.

When (5.1.2) in section (5.1) is used tosolve example (1), to find MOQFPP by Chandra Sen. technique:

We have Max.Z = XI_ 1|Z HE) |Z ,the combined objective quadratic fractional function is
(4x,+2x, + 2)(6%; + 3%, +6) (=6%,—3%x, —3)(2x; +x, +2)
Max.Z = -
X, + 90X, + x; +10x, +
(5%, + 5%, +5) (10x, + 10x, + 10)
Then
10x1+5x2+5) (6x1+3x2+6
Max.7 = (10x1+5x2 +5) (6x1+3x2+6) B1)
(10x1+10x2+10)

Therefore. After solving (Bl)by given a subjectwiththe same constraints as before, we find
Max.Z=15,x; = 2, x, = 0.

When (5.2.1) and (5.2.2) in section (5.2) are used to solve example (1) to find MOQFPP by using mean and median
respectively:

First when we solve the example by using mean modified approach (5.2.1)

Then the combined objective quadratic fractional function is
(6x,43x, +3)(2x; + %, +2)  (=6x,—-3 %, —3)(2x; +x, + 2)

G + %+ 1 (10x, + 10x, + 10)
(8x1+4x2+4)(16x1+8x2+16)
(10x1+10x2+10)

Therefore. After solving Max.Zby given a subjectwith the same constraints as before, we find

Max.Z= 32,X1 = 2, Xy = 0.

Max.Z =

Then Max.Z =

Second when we solve the example by using medianmodified approach (5.2.2)
Then the combined objective quadratic fractional function is
(0.46x,+0.23%, + 0.23)(2x; +x, +2) (=50x,—25 x, — 25)(32.56x; + 16.28x, + 32.56)

Max.Z = -
x; +% +1) (1000%, + 1000x, + 1000)
60x1+30x2+30)(42.46x1+21.23x,+42.46
Then Max.Z =( x1+30x2 +30)( 1 =2 )
(1000x1+1000x,+1000)

Therefore. After solving Max.Zby given a subjectwith the same constraints as before, we find
Max.Z=6.369,x; = 2, x, = 0 when using median modified approach

Example 2:

(3X1+3X2 +2)(2x4 + 3%, + 3)

Max.Z,
(5%; + 5%, +5)

(6x1+6%x, +4)(6x; + 9%, +9)

Max.Z, =
(6% + 6%, + 6)

(12x, +12x, + 8)(4x, + 6%, + 6)

Max.Z; =
(8x; +8x, +8)

(9%;+9x, + 6)(8x; + 12x, + 12)

Max.Z, =
(7% + 7%, +7)

(15x;+15x, + 10)(—12x; — 18x, — 18)

Min.ZS =
(3% + 3%, + 3)

(—21xy—21x, — 28)(10x; + 15x, + 15)

MinZ, =
(4% +4x, +4)

(—18x,—18x, — 12)(14x; + 21x, + 21)

Min.Z, =

(6x; + 6%, + 6)
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Subject to:
X1 +4x, <4
2x;+x, <2
X1,X, =0
Solution: After finding the value of each of individual objective functions by an algorithm of section (3.2) the results as
below in table 2:

Table 2. Results of example (2)

) p MV =TV Vi = MU=ToU]|

l i X; Pi 1,2, ..,1. Vi=r+1,r+2,..,s.
1 3466 (*/7.8/) 3466 3466

2 17.377 (*/7.8/) 17.377 17.377

3 17.378 */7:.5/7) 17.378 17.378

4 29.79 (*/7.8/) 29.79 29.79

5 -173.792 */7.2/7) -173.792 173792

6 -200.444 (*/7.8/) -200.444 200 444

7 -121 */2.8/-) -121 121

(5.3.1.1) in section (5.3.1) is used tosolve the example (2) to find MOQFPP by usingoptimalaverage of maximin
&minimax techniques:

Max.Z
(24x,4+24x, +16) (34.25x; + 51.375x, + 51.375)  (—15x%;—15x, — 10)(10.3x, + 15.45x, + 15.45) /62557
B (35x; + 35x, + 35) B (x; +%, + 1) )/62.
Then write the objective functions as following.
Max.7 = (36x4 +36x, +24) (39.5x, +39.5x, +59.25) (BI)

(500x; +500 x,+500)
Subject to
Xq + 4-x2 <4
2x;+x, <2
xX,X,=20
Now solving (B1) by algorithm (3.2) we get the optimal solution as follows.

Max.Z=8237% =, %, =~.
When (5.1.2) in section (5.1)is used to solve example (2),to find MOQFPP by usingChandra Sen. Technique:
(12x; +12x, + 8)(11.5%;, + 17.25%, +17.25)  (—27x, —27 x, — 18)(17.554%, + 26.331x, + 26.331)

Max.Z = _
“ (100x, + 100x, + 100) (500%, + 500, + 500)
45x,+45x,+30) (25.866x; +38.799x, +38.977
Then we have. Max.Z = (45%, +45x5 +30) 1 %2 )
(500, +500x, +500)

Therefore. After solving Max.Zby given a subjectwith the same constraints as before, we find
Max.Z=6.742,% =7, X, =2.

When (5.2.1) and (5.2.2) in section (5.2) are used to solve example (2) to find MOQFPP by using mean and median
respectively :

First when we solve the example by using mean modified approach (5.2.1)

Then the combined objective quadratic fractional function is
(12x; +12x, + 8)(11.5x, + 17.25%, + 17.25) (=12x,—12 x, — 8)(12.874x, + 19.311x, + 19.311)

Max.Z =
ax (100x, + 100x, + 100) (165.295x, + 165.295%, + 165.295)
Then Max.7 = (24xa+24,+16) (1925 x, +28875 x,+28 875)
(200, +200x, +200)

Therefore. After solving Max.Zby given a subjectwith the same constraints as before, we find
6

Max.7Z=6.6905%, ==, %, = 2.

Second when we solve the examp le by using median modified approach (5.2.2)
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Then the combined objective quadratic fractional function is
(—12x,-12 x, — 8)(12.874x; + 19.311x, + 19.311)

(9%, +9x%, + 6)(6%; + 9%, + 9)
Max.Z = -

(40x, + 40x, + 40)

(173.792x, + 173.792x, + 173.792)

(241 +24x, +16) (11.75%; +17.625x,+17.625)

Then Max.Z =
(100)(1 +100x, +100)

Therefore. After solving Max. Zby given a subjectwith the same constraints as before, we find
4 6
Max.Z=8.1677,x; = o X =C

7. Comparison of the Numerical Results

Now, we are going to comparethe numerical results which
are obtained of the examples above. The comparison is
presented in in table 3 below

The table 3 shows the results whichsolved by optimal
Average approach was better than theResults which solved
by other approaches.

Table 3. Comparison between results ofthe numerical techniques

Examples Example 1 Example 2
Chandra Sen. Technique 15 6.742
Mean Technique 32 6.6905
Median T echnique 6.369 8.1677
Optimal Average of Maximin
& Minimax Techniques 35359 8237

8. Conclusions

In This work, we have defined and discussed a number of
techniques,the comparisons of these methods are based on
the value of the objective function. After solving the
numerical examples, we found that max.z which obtained
by our technique is better than other techniques (Chandra
Sen.,Mean&Median).
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