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Abstract

In this paper, we studied a series system consisting of single unit. The system is subjected to three types of

failures. Type I failure is minor in which the systemis imperfectly repaired. TypelIl failure is major in which the entire system
is replaced. Type III failure is called a partial failure in which the system works in reduced capacity and is perfectly repaired.
Failure and repair time are assumed exponential. We developed the explicit expressions for mean time to system failure
(MTSF), steady-state availability, busy period and profit function using Kolmogorov forward equations method. Special
cases are studied to determine the impact of various system parameters on MTSF, busy period, steady-state availability and

profit function.
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1. Introduction

Reliability is a wvital factor in ensuring system
effectiveness, productivity, product quality and generated
profit. Efforts have been made to optimize the system
reliability which tremendous impact on profit generated.
Studies on availability and profit generated fromthe system
using are becoming more and richer day by day due to the
fact that numbers of researchers in the field of system
reliability are making huge contributions. Availability and
profit are good evaluations of a system’s performance.
Expected profit is an important factor in economic
evaluation of repairable systems. Expected profits have been
obtained for different systems. Hajeeh[1] deals with
availability of a system with different repair options. Long
term performance of the system is investigated. Three
special cases are derived to see the impact of imperfect repair,
minimal repair or replacement at failure on system
availability. Yusufef a/[2] obtained the availability and cost
of a deterioration system. El-Damcese[3] analyzed the
reliability availability of warm standby system with time
varying failure and repair rates. Yusuf and Hussaini[4]
obtained the reliability and availability characteristics of
2-out-of-3 system under a perfect repair condition.
Expressions for steady-state availability and profit have been
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obtained. Bhardwaj and Chander[8], analyzed reliability
models for 2-out-of-3 redundant system subject to
conditional arrival time of the server. Chander and Bhardwaj
[9] present reliability and economic analysis of 2-out-of-3
redundant system with priority to repair and Bhardwaj and
Malik[10] studied MTSF and cost effectiveness of
2-out-0f-3 cold standby system with probability o f repair and
inspection. Wang and kuo[ll] studied the cost and
probabilistic analysis of series system with mixed standby
components while Wang et al[12] studied cost benefit
analysis of series systems with warm standby components
involving general repair time where the server is not subject
to breakdowns. The failure time and repair time are assumed
to have exponential distribution. Measures of system
effectiveness such MTSF, steady-state availability, busy
period and profit function are obtained. Yusuf and Bala[14]
studied the evaluation of MTSF of 2-out-of-4 warm standby
system attended by repair machines and repair men. Yusuf
and Hussaini[15] studied the modeling of a redundant system
with big and three small dissimilar units where various
measures of system effectiveness have been obtained.

1.1. Objectives

In the present paper, we considered a series system and
derived its  corresponding  mathematical  models.
Furthermore, we study reliability characteristics of system
availability and profit generated model involving three types
of failures using Kolmogorov forward equations method.
The contribution of this paper is twofold. The first is to
obtain explicit expression for availability, busy period and
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profit for the two configurations. The second is to capture the
effect of both failure and repair rates on the measures of
system effectiveness like availability and profit based on
assumed numerical values given to the system parameters.

2. Methodology

2.1. Description of the System and Notations

2.1.1. Description of the System

In this paper, we considerasingle series systemexposes to
three types of failures. Type I failure ,31 occurred to system

when new, at this junction an imperfect repair ¢, is doneto

the system. From there the system continue to operate in a
reduced capacity until type Il a non repairable occurred. The

entire system is replaced ( &, ) at the occurrence of type I1
failure ﬂz. The system can also transit to partial type III
failure state with rate ﬂ3 and the system is perfectly

repaired ( ;).

2.1.2. Notations
So : The System’s initial (new) state
S,
S2 : The Systemis working in a reduced capacity
S,
S4 : The Systemis under partial failure

: The Systemis under imperfect repair

: The Systemis under non repairable failure

«,: Replacement rate

Q. : Perfect repair rate

2

B, : Type I failure rate
P

2.2. Models For mul ati on

: Type I failure rate

: Type I1I failure rate

Let P(t) betheprobability row vectorattime 7, then the
initial conditions for this problem are as follows:

P(0) =[P,(0), B(0), 2(0), P,(0), P, (0)] =
[1,0,0,0,0]

we obtain the following system of differential equations:

% =~(B + B+ BYR (0 + &R (1) + &, P (1)
% =—a,R(1)+ BP0+ BB (1)

‘”Z;t(t) =~(f,+ B + BB+ &, P (1) + R (1)
% — —a,P(1)+ BBy (1) + B, P, (1) + B, P, (1)

% =—Qa; + B,)B, )+ BB, (1) + BB (1) (1)

The differential equations in (1) above is transformed into
matrix as

P'=TP (2
@, : Imperfect repair rate where

_(ﬁl + 182 + ﬂ3) 0 0 a, s

ﬁl -, IBI 0 0

T = 0 o —(B+p+p) O ay

5 0 5 —Q, B,

L B 0 B 0 -QCa+p,)]
2.2.1. Availability and Busy Period Modeling

For the availability case of Fig. 1 wusing the initial condition in section 3 for this system,

P(0) =[£,(0), £(0), £,(0), 5(0), £,(0)] =[1,0,0,0,0]

The system of differential equations in (1) for the systemabove can be expressed in matrix formas:

_Po’(t)_ __(ﬁ1 + ﬂz + ﬂ3) 0

Pl,(t) ﬂl -

B |= 0 a, —~(f
F(1) b, 0
RAGIIN] P 0

0 a, a; R ()]
B 0 0 R ()
+4+5) 0 o P (1)
B, —, B, P (1)
ﬂ3 0 —(20{3 + :82 )_ _BI (t)_
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Let V' be the time to failure of the system. The steady-state availability is given by

A, = F,(0) + P,(0) + +F,(0) 3)
In steady state, the derivatives of state probabilities become zero, thus (2) becomes
TP(%0) =0 )
which in matrix form is
(BB +B) O 0 a o [RO] [0]
ﬂl - 181 0 0 P1 (1) 0
0 a ~B+p+B) O a | B®|=|0
B 0 B -, B P (1) 0
L 133 0 183 0 _(2a3 + :Bz )_ _P4 (t)_ _0_
using the normalizing condition
£ (20) + B (0) + B () + B (0) + £, () =1 (5)
we substitute (5) in the last row of (4) following[5,6,7]. The resulting matrix is
(BBt B) O 0 a, o ][RO] [0]
ﬂl - ﬂl 0 0| A () 0
0 o, —(B+B+pF) 0 o B@)]|=|0
B, 0 e —a, p, || K@) 0
I 1 1 1 11 lre] (1]
N,
AV (oo) = F

1

N, = (@, QBB +20: 5, + .y + Bofs + By + 20, By) + vy (i By = B 5) (2 B, B, — . B s
Ra,a,f - 2a,a,B +a,f; + B, +a, B, By + 20,0, B, + oy, By + 2a,0,0) + 2,0, (2 B+ )
Qe By —an i By + 2000, 5] — 20,0, 3 + 30, BB — . B B3 — 20,0, B, + 3y, 3, B, + 30, B, B, By
a,0.8,, -, B.B,Ss + 30,0, BB, + 204050, B, — 20,04 B, By + By + 20, B, By + a8, + ey, fBy
a0, BB, + 2., B, By + o BB + 2,08, + 2a,0,0 B + aa, BY)

D, =Qa,BB, —a, BB, +2a,a, B — 20,08 + o, f; + oo, B, +a, BB +2a,a. B, + aya, By +2aa,at,)
Qa, BB, — BB, + 2,0, B = 20,0, 80 +3a, BB —a, B, — 2,083, + 3,0, B, B, + 30, B, B, B

RaaB B, —a, BB S +3a,a, BB, + 2a,0,0, = 2a,a, B8, + a, By + 20,85 By + 2a,a B + B
2a,a, 5,5, + 2,0, B, B, + . B B + 2a,a,a, B, + 2a,a,a, B, + a0, Br)

The steady-state busy period is given by

B, = F(0) + P, () + P,(0) + F, () (6)
BeR) = R0+ (o) + P(e) + B () = -

1

Nz =0, (_ﬂlﬂZ + Ot3ﬂ3 )(2a1ﬂ1ﬁ2 - azﬁlﬁz + 2a1a2ﬂ1 - 2052053131 + alﬂzz + ala2ﬂ2 + alﬂ2ﬂ3
oo f, + oo, fy +2aa,05) + (a0, B (B, + 2a5) + o, B, 25, + B, + 205 + ) + o, 2 B + )
Qo f B, - a2ﬂ12ﬂ2 + 20‘10‘21312 - 20‘20‘3ﬂ12 + 30‘1ﬂ11322 - azﬂlﬁzz —2a,0,8 B, + 3,0, B, B, + 304 B, B, B
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2o,058, B, — B BBy + 30,05, B By + 20,0 3, — 20,0 BBy + a4 B + 20, B3 By + 2,0, 55
2
+ala2ﬂ2 +2a1a2ﬂ2ﬁ3 +2a1a3ﬂ2ﬁ3 +alﬁ2ﬂ32 +2a1a2a3ﬂ2 +2ala2a3ﬂ3 +ala2ﬂ32)

2.2.2. Profit Modeling

A [

B

Figure 1. Transition diagram ofthe system

The system is under corrective maintenance (repair) at failure as can be observed in states 1,3 and 4. From Fig. 1 the
repairman is busy performing corrective maintenance action to the systemat failure in states 1, 3 and 4. The expected profit
per unit time incurred to the system in the steady-state is given by:

PF(OO) = CoAT (OO) - C1B(oo) (7

2.2.3. Mean time to System Failure Modeling
It is difficult to evaluate the transient solutions, hence we follow El-said[5], Haggag[6, 13], and Wang[9], the procedure to
develop the explicit expression for MTSF is to delete the rows and columns of an absorbing state in matrix 7 and take the

transpose to produce a new matrix, say (J . The expected time to reach an absorbing state is obtained from

1
- N
E[TP(O)%P(absorbmg):I = MTSF = P(O)(—Q ]) 1= 33 (8)
1 2

Where
_(ﬂ1 + 182 + :83) 0 183
0= 0 (B + 5+ 5) B
ay ay —(2a; + p,)

N, = (BB, +200B,+ B, + 20, + B iy + ) B Sy + 2008, + BBy + 20 + ) + ot By (B By + 20

+ BBy + 208, + )+ By(B] By + 20087 + 2.5y +4anB By + 2B BBy + 201 B, B + By + 2018,

+28, By + 20, BBy + o By
D, =(B.By+20:8, + Bo By + 20, B, + By )] B+ 200 B + 2.5 +4au BBy + 2B, B B,

+20, 8B, + ﬁ; + 20531822 + 2ﬂ22ﬂ3 +20,8, B, + ﬂzﬂsz)

3. Results
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Figure Number Parameter/Range Relationship
2 0<a, <1 Relationship between ¢t; and availability
3 0<a, <1 Relationship between €7, and availability
4 0< ﬂz <1 Relationship between ﬂz and availability
5 0< ﬁ3 <1 Relationship between ﬂS and availability
6 0< ,33 <1 Relationship between ﬂ3 and profit
7 0< ﬂz <1 Relationship between ﬂz and profit
8 0< a, <1 Relationship between (¢, andprofit
9 0< (o8 <1 Relationship between ﬁl and MT SF
10 0< ﬁl <1 Relationship between (¢, and availability
11 0< a, <1 Relationship between (¢, and busy period
12 0< a, <1 Relationship between (X, and busy period
13 0< ,32 <1 Relationship between ﬂ2 and busy period
14 0< ﬂ3 <1 Relationship between ﬁ3 and busy period

4. Discussion and Conclusions

4.1. Discussion

In this section, we numerically obtained the results for
system availability and profit function for all the developed
models. For the models analysis, the following set of
parameters values are fixed throughout the simulations for
consistency:

. =02, =04, 3,=05, =03,
o, =0.8 for Figures 2 and 11

2. =02, =04, 5,=05, =03,
o, = 0.4 for Figures 3 and 12

3. =02, B,=05,=02, a,=0.05,
o, =0.004 for Figures 4and 13

4 B =02, 8,=05,a =02, a =005,
a, =0.004 for Figures 5and 14

5. B=02.8,=05, 8,=05.a=02,
a, =005 . @ =0004 ., C,=100,000 ,
C, =10,000 for Figures 6,7,8 and 9

6. f,=02,8 =02, B =0.0003, o, =04
for Fig. 10

The impact of &, on systemavailability and busy period

of repairman can be observed in Figures 2,9 and 11. From
this Figures 2 and 9, it is evident that the availability and

profit increases as ¢, increases while from Fig. 11 busy

period decreases with increase in ¢, . Similar results can be

observed in Figures 3, 8 and 12 of availability, profit and
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busy period with respect to &, . Fromthese Figures 3 and 8,
the availability and profit increases as ¢, increase while

from Fig. 12 busy period decreases with increase in «, .
Results of availability, pro fit and busy period with respect to

ﬂ3 are given in Figures 5, 6 and 13. It is evident fromthese

Figures that as ﬂ3 increases, the availability and profit
decreases while busy period increases. Figures 4,7 and 14
reveal the effect of ﬂz on availability, profit and busy

period. The results obtained in these figures reveal similar to
those of Figures 5, 6 and 13 that availability and profit

decreases with increase in ,32 while busy period increases
with increase in /3, .Figure 10 shows that the mean time to

system failure decreases with increase in failure rate f3, .
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4.2. Conclusions

In this paper, we considered a system exposes to three
types of failures to study the availability, generated profit
and mean time to system failure. Explicit expressions of
mean time to system failure, busy period, steady-state
availability and profit function were derived. We performed
numerical investigation to see the effect of failure and repair
rates on the system availability, busy period, mean time to
system failure and generated profit. It is evident from the
results obtained that repair rate increase the system
availability, mean time to system failure and profit generated
and decreases the busy period while failure rate decreases the
system availability, mean time to system failure and
generated profit and increases the busy period of repairman.
It is evident from that the results obtained from this paper

make a tremendous effect on measure of system

effectiveness studied.
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