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Abstract  Inventory management p lays a crucial role in  managing production processes as well as the supply chains. 
The study of inventory systems with perishable products has a special significance as it influences the cost and revenue of a 
firm. Product replacement policies act like safeguards to the retailers (firms) dealing with the business of perishable prod-
ucts. The quantitative analysis of p roduct replacement policies facilitates the decision making in  the management of pe-
rishable inventory systems. In this paper, the cost-profit analysis of a single server, finite capacity Markovian queueing 
model with reneging and retention of reneged customers has been performed to study quantitatively the effect of product 
replacement policies (provided on perished products) on the cost and profit of the retailer. Some important measures of 
performance are also obtained for the detailed analysis of the model. Through this study, it has been observed that as the 
percentage of product replacement on perished products increases, the total expected cost of the retailer decreases and total 
expected profit increases. 
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1. Introduction 
Queuing theory possesses its applications in a wide variety 

of areas. Particu larly, it has played a significant role in  in-
ventory management. Queuing systems can be used for de-
scribing some types of perishable inventory systems as there 
is an analogy between queuing systems with reneging and 
perishable inventory systems. The on hand inventory can be 
considered as a queue, the demand completion as completion 
of service, the products coming in the form of rep lenishment 
as arrivals to the queuing  system, and the life t ime of a 
product as the impatience (reneging) t ime. There is a  con-
siderable literature related to the modelling of perishable 
inventory systems using queuing systems with impatient 
customers. Customer reneging and product perishing are 
similar phenomena. A customer whose patience time ex-
pires leaves the queue and, likewise, a p roduct made to 
stock whose lifetime exp ires is removed from the inventory. 

The first study of queuing with impatient customers ap-
pears to be that of Barrer[1]. He generalizes the standard 
M/M/1 queuing system to the case of impatient customers. 

He considers both the cases when the customers leave the  
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system if service has not begin by a certain time, m (say) and 
where customer leaves the system if service is not completed 
by time m. The latter assumption is more appropriate for 
describing perishable inventories. William[14] makes a 
queuing model for an inventory problem. He derives the 
results for lost sales to the total demand in inventory systems 
using Markovian queuing setup. Sasieni[10] applies double 
queues and impatient customers to study inventory systems 
with perishable items. Nahmias[8] presents some queuing 
models for controlling perishable inventory. Graves and 
Keilson[2] model the production/ inventory problem as an 
M/M/1 queuing model. They apply  the compensation 
method for minimizing the system costs consisting of setup 
costs, inventory holding costs and back order costs. Nah-
mias[9] presents a review on perishable inventory theory. In 
this paper, he reviews relevant literature on the problem of 
determining suitable ordering policies for both fixed life 
perishable inventory and inventory subject to continuous 
exponential decay. Graves[3] applies queuing theory to 
continuous perishable inventory systems. He obtains the 
steady-state distribution of the system inventory.  

Manuel et al.[7] study a stochastic perishable inventory 
system with random supply quantity. In this paper, they 
model the situation in which not all the items are useable and 
the supply may contain a fraction of defected items. They 
derive the limiting d istribution of inventory level. Goswami 
et al.[4] consider the problem of determin ing the optimal 
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retailer’s rep lenishment decisions for deteriorat ing items 
under two levels of trade-credit policy with in  the economic 
production quantity framework. They investigate the re-
tailer’s inventory system for deteriorat ing items as a cost 
minimizat ion problem to determine the retailer’s optimal 
inventory policy. Shukla et al.[11] study an order level in-
ventory model with three component demand rate for a 
newly launched deteriorating item. Teimoury et  al.[13] apply 
queuing models for performance evaluation analysis in 
multi-product mult i-echelon manufacturing supply chain 
network with batch ordering. According to Karaesmen and 
Deniz[5], in 2004, 22% of the unsalable costs incurred by 
distributors of consumer packaged goods are due to expired 
products, and 5.8% of all components of blood processed 
for transfusion are outdated. As a result, there is a continued 
need for understanding such systems and investigating the 
impact of the finiteness of product lifetimes on production 
and inventory control decisions. Shukla et al.[12] perform 
simulation of inventory policy for product with price and 
time dependent demand for deteriorating items. They study 
the effect of different parameters on optimal policy with 
simulation. 

The researchers in the interdisciplinary fields are con-
stantly working towards formulation of product replacement 
strategies. The prevalence of decay, spoilage or exp iry of an 
item in  any perishable inventory system is really harmful and 
causes significant profit losses to such systems. In perishable 
inventory systems, the items become worthless when either 
their date of use exp ires or they are broken up or they lack 
specific requirements. In  business transactions, the compa-
nies provide some safeguards to their customers (retailers) in 
the form of product replacements. The worthless items in 
perishable inventory systems may be regarded as impatient 
(reneged) customers. The product replacement schemes of a 
particular company ensure the replacement of defective 
items by non-defective ones to some extent or complete 
replacement. This type of replacement of items can be re-
garded as retention of reneged customers. Moreover fin ite 
number of items can be stored in the inventory of any retailer. 
For instance, in packaged food business, the packaged food 
items like burgers, pizzas, cheese’s sandwiches, hotdog’s etc. 
may get perished due to the expiry of their date of use, ex-
posure to moisture and heat, improper packaging and the use 
of low quality raw materials. Usually the companies provide 
product replacement schemes to the retailers involved in 
such business as safeguards in order to maintain healthy 
retailer-supplier relationship. Through this paper one can 
study the long run effects of the d ifferent product replace-
ment schemes on the retailer’s profit. Recently, Kumar and 
Sharma[6] study a finite capacity, single server, Markovian 
queuing model with balking and retention of reneged cus-
tomers, and obtained steady-state solution.  

In this paper, the cost-profit analysis of a single-server, 
fin ite capacity Markovian queuing model with reneging and 
retention of reneged customers has been performed to  study 
the effect of the percentage of product replacement (provided 
on the perished products) associated with d ifferent product 

replacement policies on the total expected profit  of the re-
tailer.  

Rest of the paper has been arranged as follows. In section 
2, the model has been described. Section 3 deals with the 
steady-state solution. In section 4, the cost-profit analysis has 
been performed. The paper has been concluded in section 5. 

2. Model Description  
The arrivals of items (customers) to the inventory (queue) 

occur in a Poisson stream one by one with an average arrival 
rate λ. The inter-arrival times (the inter-arrival times of in-
coming products to the retailer’s inventory) are independ-
ently, identically  and exponentially d istributed with pa-
rameter λ. There is only one server (retailer) and service 
times (the times at which the sale of a product from inventory 
takes place) are exponentially distributed with parameter μ. 
The items are sold in order of their arrival to the inventory i.e. 
the queue discipline is first–come, first- served (FCFS). The 
capacity of the system is taken as finite (say𝑁𝑁) as the re-
tailer’s inventory can store a finite number of items in it. 
Each item (customer) upon arriving into the inventory 
(queue) may become worthless if it is not sold before its 
expiry  date (i.e. reneged). The exp iry  (reneging) times of 
items follow exponential distribution with parameter𝜉𝜉. An 
outdated item may be replaced by a new item ( i. e. retained) 
by the supplier (company) to the retailer with some prob-
ability, say, q in the form of its product replacement policy 
and may not be replaced with probability 1-q (= p). 

3. Steady-state Solution of the Model 
Define, 𝑃𝑃𝑛𝑛 (𝑡𝑡) = the probability that there are 𝑛𝑛 customer 

in the system, that is, 𝑛𝑛 − 1  in the queue and one in service.  
The differential-difference equations of the model are:    

𝑑𝑑𝑃𝑃0(𝑡𝑡)

dt
= −𝜆𝜆𝑃𝑃0 (𝑡𝑡) + 𝜇𝜇𝑃𝑃1(𝑡𝑡)                    (1) 

𝑑𝑑𝑑𝑑𝑛𝑛 (𝑡𝑡)

𝑑𝑑𝑑𝑑
= − [𝜆𝜆+ 𝜇𝜇 + (𝑛𝑛 − 1)𝜉𝜉𝜉𝜉]𝑃𝑃𝑛𝑛 (𝑡𝑡)     

+ (𝜇𝜇 + 𝑛𝑛𝑛𝑛𝑛𝑛)𝑃𝑃𝑛𝑛+1(𝑡𝑡) + 

                          𝜆𝜆𝑃𝑃𝑛𝑛 −1(𝑡𝑡)  ; 1 ≤ 𝑛𝑛 ≤ 𝑁𝑁 − 1                (2) 
𝑑𝑑𝑃𝑃𝑁𝑁 (𝑡𝑡 )
𝑑𝑑𝑑𝑑

= 𝜆𝜆𝑃𝑃𝑁𝑁−1(𝑡𝑡) − [𝜇𝜇 + (𝑁𝑁 − 1)𝜉𝜉𝜉𝜉]𝑃𝑃𝑁𝑁(𝑡𝑡)  ; 𝑛𝑛 = 𝑁𝑁    (3) 

In steady state, lim𝑡𝑡⟶∞ 𝑃𝑃𝑛𝑛 (𝑡𝑡) = 𝑃𝑃𝑛𝑛   and therefore, 
 𝑑𝑑𝑑𝑑𝑛𝑛 (𝑡𝑡)

𝑑𝑑𝑑𝑑
= 0 as 𝑡𝑡 ⟶ ∞ and hence, the solution of equations 

(1) to (3) g ives:  
𝑃𝑃𝑛𝑛 = ∏ 𝜆𝜆

𝜇𝜇+(𝑘𝑘−1)𝜉𝜉𝜉𝜉
𝑃𝑃0    ; 1 ≤ 𝑛𝑛 ≤ 𝑁𝑁 − 1𝑛𝑛

𝑘𝑘=1     (4) 

Also for 𝑛𝑛 = 𝑁𝑁  we get 
    𝑃𝑃𝑁𝑁 = ∏ 𝜆𝜆

𝜇𝜇+(𝑘𝑘−1)𝜉𝜉𝜉𝜉
𝑃𝑃0

𝑁𝑁
𝑘𝑘=1             (5) 

Using the normalizat ion condition, ∑ 𝑃𝑃𝑛𝑛 = 1𝑁𝑁
𝑛𝑛=0 , we get 

    𝑃𝑃0 = 1
�1 +∑ ∏ 𝜆𝜆

𝜇𝜇+(𝑘𝑘−1)𝜉𝜉𝜉𝜉
𝑛𝑛
𝑘𝑘=1

𝑁𝑁
𝑛𝑛=1 �

               (6) 



 American Journal of Operational Research 2012, 2(4): 27-30 29 
 

 

Measures of Performance: 
(i) Expected System Size (𝑳𝑳𝒔𝒔 ) 

In the inventory case, this will be expected number of 
products in the inventory. 

𝐿𝐿𝑠𝑠 = �𝑛𝑛𝑃𝑃𝑛𝑛

𝑁𝑁

𝑛𝑛=0

 

𝐿𝐿𝑠𝑠 = ∑ 𝑛𝑛 �∏ 𝜆𝜆
𝜇𝜇+(𝑘𝑘−1 )𝜉𝜉𝜉𝜉

𝑛𝑛
𝑘𝑘=1 �𝑃𝑃0

𝑁𝑁
𝑛𝑛=1    

 (ii) The Expected Number of Customers Served  
𝐄𝐄(𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂  𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒)  

The expected number of customers served (demand com-
pletions) is given by: 

E(Customer  Served) = μ ∑ nPn
N
n=1   

= µ �𝑛𝑛��
𝜆𝜆

𝜇𝜇 + (𝑘𝑘 − 1)𝜉𝜉𝜉𝜉

𝑛𝑛

𝑘𝑘=1

�𝑃𝑃0

𝑁𝑁

𝑛𝑛=1

 

(iii) Rate of Abandonment, 𝐑𝐑𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚  
The average rate at which the customers (units in inven-

tory) abandon (perish) is given by: 

Raband = λ� Pn

N

n=0

− E(Customer  Served)

= λ − µ �𝑛𝑛��
𝜆𝜆

𝜇𝜇 + (𝑘𝑘 − 1)𝜉𝜉𝜉𝜉

𝑛𝑛

𝑘𝑘=1

�𝑃𝑃0

𝑁𝑁

𝑛𝑛=1

 

(iv) Expected number of waiting customers, who 
actually wait, 𝐄𝐄(𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀  𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂.𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖  ) 

The actual number of units that remain in the inventory for 
their sale is given by:  

E(Actual  Cust. Waiting ) =
∑ (n − 1)Pn

N
n=2
∑ Pn

N
n =2

=
∑ (n − 1) �∏ λ

μ + (k − 1)ξp
n
k =1 � P0

N
n=2

∑ �∏ 𝜆𝜆
𝜇𝜇 + (𝑘𝑘 − 1)𝜉𝜉𝜉𝜉    𝑛𝑛

𝑘𝑘=1 �P0
N
n=2

 

Where P0 has been given in (6). 

4. Cost-Profit Analysis of the Model 
In this section the cost-profit analysis of the model has 

been carried out. Total expected cost, total expected revenue 
and total expected profit of the queuing system have been 
computed. For given values of different parameters (λ, µ etc.) 
the numerical results have been computed using MS-Excel. 
Various quantities of interest involved have been exp lained 
below:  
1
λ

= mean inter  arrival time  
1
μ

= mean service time 

λlost = rate  at which customer  would be lost 
PN = probability  that  the system is full  
Ls = expected  number  of customer in the  system 
Rr = Average  Rate of reneging   
Cs = cost per  service per unit time 

Ch = holding cost per customer per  unit time 
Cl = cost associated to each  lost customer per unit time 
Cr = cost associated to each reneged   
          customer per unit time 
R =  earned  revenue  by providing service 
          to each customer  
TEC =  total  expected  cost 
TER =  total  expected  revenue  of the system 
TEP =  total  expected  profit of the  system 
For a fin ite capacity system some customers can not join the 
system when they find that the system is full, then immedi-
ately they go elsewhere and are said to be lost from the sys-
tem with rate  λlost = number of lost customers per unit time. 
Thus, 𝜆𝜆𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = 𝜆𝜆𝑃𝑃𝑁𝑁 , where 

PN = �
λ

μ + (k − 1)ξp
P0

N

k=1

 

Where 

𝑃𝑃0 =
1

�1 +∑ ∏ 𝜆𝜆
𝜇𝜇 + (𝑘𝑘 − 1)𝜉𝜉𝜉𝜉

𝑛𝑛
𝑘𝑘=1

𝑁𝑁
𝑛𝑛=1 �

 

We can obtain the average reneging rate 𝑅𝑅𝑟𝑟  as follows: 

Rr = �(n − 1)ξpPn     
N

n=1

 

Where  

𝑃𝑃𝑛𝑛 = �
𝜆𝜆

𝜇𝜇 + (𝑘𝑘 − 1)𝜉𝜉𝜉𝜉
𝑃𝑃0   

𝑛𝑛

𝑘𝑘=1

 

The total expected cost (TEC) of the system is: 
TEC =  Csμ +  Ch Ls  +  ClλPN  + Cr Rr  

Let R be the earned revenue for providing service to each 
customer per unit time then RLs would be total earned 
revenue for providing service to average number of cus-
tomers in the system. Also, λRPN and RRr would be the 
losses in the revenue of the system due to capacity constraint 
and reneging of customers respectively. Hence, total ex-
pected revenue (TER) of the system is given by 

TER =  RLs −  Rλ PN  − RRr 
Now, total expected profit  (TEP) of the system is defined 

as: 
TEP =  TER − TEC   

Thus, TEP =  �R – Ch  �Ls  −  (R + Cl  )λ PN  – (R +
CrRr−μCs 

Numerically, the impact of probability of retain ing the 
impatient customers (q) on  the profit obtained is shown in 
table-1. We have taken λ=2, μ=3, ξ = 0.1, N=4, Cs=18, Ch=8, 
Cr=6, and R=75. From table-1, we can see that as the prob-
ability of retain ing the reneged customers (percentage of 
product replacement on perished products) increases, the 
total expected revenue of the system increases because of the 
increase in expected system size due to customer retention, 
while the total expected cost decreases. This in turn results in 
the increase in  the total expected profit (TEP) o f the system 
with the increase in  probability of retaining the reneged 
customers. The value o f TEP is minimum when q=0 (the 
case of no product replacement) and it is maximum when 
q=1 (the case of 100% product replacement on perished 
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products). Thus, a retailer can know the variation in total 
expected profit and total expected cost with the change in 
probability of retain ing the reneged customers, q (percentage 
of product replacement on perished products) and can decide 
about the percentage of product replacement to be demanded 
from the supplier. 

Table-1.  Probability of retaining the reneged customers (q) Vs..Total 
Expected Profit  

5. Conclusions 
This paper provides a queuing perspective to study the 

perishable inventory systems with product replacement. A 
single server, finite capacity Markovian queueing model 
with reneging and retention of reneged customers is pro-
posed and steady-state solution is obtained iteratively. Some 
important measures of performances are also derived. The 
cost-profit analysis of the model is carried out and the effect 
of percentage of product replacement on the cost and profit 
of the retailer is studied. It is observed that the total expected 
profit of the retailer increases as the percentage of product 
replacement on perished products increases. This model 
provides the quantitative basis for the study of product re-
placement policies and their effect on retailer’s business. 

This model is studied from the retailer’s prospective only. 
It can be studied from the supplier’s prospective also. A 
competitive game theoretic approach can be applied to take 
into account both the supplier as well as retailer’s profit to 
obtain optimal level of product replacement to be provided 
on perished products. 

 Further, the model deals with single server only, it can be 
extended to multi-server case. This study is limited to finite 
capacity, it can further be generalized for infin ite capacity.   
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q TER TEC TEP 

0 67.86123 64.45435 3.406878 
0.05 68.52512 64.43585 4.089268 
0.1 69.19211 64.41736 4.774756 

0.15 69.86222 64.39886 5.463365 
0.2 70.53548 64.38036 6.155114 

0.25 71.21189 64.36187 6.850026 
0.3 71.8915 64.34338 7.548121 

0.35 72.57431 64.32489 8.249422 
0.4 73.26035 64.3064 8.953951 

0.45 73.94965 64.28792 9.661729 
0.5 74.64222 64.26945 10.37278 

0.55 75.3381 64.25098 11.08712 
0.6 76.0373 64.23252 11.80478 

0.65 76.73986 64.21407 12.52578 
0.7 77.44578 64.19564 13.25015 

0.75 78.15511 64.17721 13.9779 
0.8 78.86785 64.1588 14.70905 

0.85 79.58404 64.1404 15.44364 
0.9 80.30371 64.12202 16.18169 
1 81.75355 64.08531 17.66825 
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