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Abstract

Catastrophe modeling has been playing a pivot role in the situations prone to disasters. But the study of recovery

from catastrophic destruction is also important as any catastrophized system cannot function normally without its re-
pair/recovery. To this end, a single server queuing system with catastrophic and restorative effects has been developed. The
arrivals to the queuing system occur in correlated batches of variable size. The service times are exponentially distributed.
The stochastic queuing model has been made. The time-dependent solution of the model has been obtained using probability
generating function technique. The probability generation function of the system size has been obtained in Laplace transform
form. Some queuing models have been derived as particular cases of this model.
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1. Introduction

Queuing models have been used in the design and per-
formance evaluation of computer-communication networks.
Particularly, in broadband networks, the cell traffic gener-
ated is correlated in nature[1]. Solo[2] also studied some
queuing models with correlated arrival process in broadband
communication networks. Adas[3] surveyed and examined
traffic models that are currently used in the literature. He
discussed some traditional short-range and non-traditional
long-range dependent traffic models in broadband networks.
Jain and Kumar[4-7] studied some queuing models for
broadband networks subject to catastrophes (i.e. attack of
viruses, noise bursts tec.). Jain and Kumar[8] introduced the
concept of restoration in catastrophic queues. According to
them, any system suffering from catastrophe will always
require some sort of time to function in a normal way, which
is taken as restoration time. During the process of restoration,
no arrival is allowed to the system. Kumar[9,10] studied
correlated input queuing models with catastrophic and re-
storative effects for cell traffic generated by broadband ser-
vices. Di Crescenzo et al[11] studied a double ended queuing
model with catastrophes and repair and obtained the transient
and steady-state solutions. Tarabia[12] performed the tran-
sient and steady-state analysis of an M/M/1queue with
balking, catastrophes, server failures and repairs using the
generating function and direct approach. Park et al[13]
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studied the GI/Geo/1 queue with catastrophes and obtained
the steady state solution. Thangaraj and Vanitha[14] studied
an M/M/1queue with catastrophes and obtained the transient
solution using continued fractions. Bohm[15] discussed
various queuing systems with total disasters.

In this paper, we incorporate the effect of catastrophe and
restoration in the correlated batch arrival queue arising in
Broadband Communication Networks. We consider a single
server catastrophic-cum-restorative queuing model with
correlated batch arrivals and exponential service. We derive
the transient solution of the model under investigation.

This paper has been organized as follows: In section 2, we
formulate the stochastic queuing model. In section 3, we
obtain the transient solution of the model. The paper has
been concluded in section 4.

2. Formulation of the Stochastic
Queuing Model

The queuing model under investigation is based on the
following assumptions:

(1) The customers arrive at a service facility in batches,
the size of the batch being a random variable with Prob. (size

of the batch is j) = ¢;.j=1,2,3,... 2,¢; =1
=1
(2) The arrival of a batch can occur only at the transition
marks to, t;, t,...where 0, = t, — t,;, r = 1,2,3,...are random
variables with P [0,<x] =1 —exp (-Ax); A>0,r=1,2,...
The arrival and no arrival of a batch at two consecutive
transition marks t.;,t; r=1,2,3,...are governed by the fol-
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lowing transition probability matrix:

arrival ofabatch  Tot,  no arrival of a batch
arrival of a batch P, P, where
From t P11+P1o=1
no arrival of a batch | P o P and po1+Poo-1

Thus, the arrivals of batches at two consecutive transition
marks are correlated.

(3) The queue discipline is first-come-first-served.

(4) The capacity of the system is infinite.

(5) There is a single server and the service is accomplished
one by one. The service time distribution is exponential with
parameter L.

(6) When the system is not empty, the catastrophes occur
at the service facility according to a Poisson process of rate &.
The catastrophes annihilate all the customers in the system
instantaneously.

(7) The restoration times are independently, identically
and exponentially distributed with parameter 7.

(8) Let the time be reckoned from the instant when the
service channel is idle and a transition with no arrival has just
occurred, so that Q (0(0)=1

Define,

P, o(t) = the probability that at time t, the queue length (the
number of customers waiting excluding those being served)
is equal to n, the service channel is not idle and no arrival of a
batch has occurred at the previous transition mark.

P ., 1(t) = the probability that at time t , the queue length is
equal to n, the service channel is not idle and an arrival of a
batch has occurred at the previous transition mark.

Qo, o(t) = the probability that at time t, the queue length is
equal to 0 without the occurrence of catastrophe, the service
channel is idle and no arrival of a batch has occurred at the
previous transition mark .

Co, o(t) =the probability that at time t, the queue length is
equal to 0 with the occurrence of catastrophe, the service
channel is idle and no arrival of a batch has occurred at the
previous transition mark .

Qo, 1(t) = the probability that at time t , the queue length is
equal to 0 without the occurrence of catastrophe ,the service
channel is idle and an arrival of a batch has occurred at the
previous transition mark .

Co, 1(t) = the probability that at time t , the queue length is
equal to 0 with the occurrence of catastrophe ,the service
channel is idle and an arrival of a batch has occurred at the
previous transition mark .

R , (t) = the probability that at time t, the queue length is
equal to n.

3. Transient Solution of the Model

The equations governing the model are: -
R,(t) =P, o(t) + Py y(t); n=1,2,3...... 1)
R (1) = Poo(t) + Po,1(t) + Qoo(t) + Qo.1(t) ()

0,0 (0) = =2 Qo () + 1B () )
+;L[p00Q0,0 @)+ P10, @1+ n7C.0 @)

% CO,O(t) = - 77C0,o @ + é[‘g P, (t):| (4)

%Qo,l () = =20y, (1) + 11 Py (1) + 17C o2 ) )

L o= NCo D+ [Zw P,z,l(t)} ©)
% Poo(t) = - (A ++8) Poo(t) + pPy (1)
2 puo Poo() +pi0 Pos®] ()
)= - (S EP) WP o0
+ AL poo Pno(t)+pio Pra()] n=1,2.3,... (8)
a0 = - (OO + PO

+ AL poi Qoo(t) + P11 Qoi(H) ] )

d
Z Ppi(t) = - AHptE)Py, 1 (D) +uPy1,1 (D)
+ A ZC_,- [ PoiP n o( t P11 Poji(t)n=1,2,3,... (10)
j=1
Define, the Laplace Transform of f(t) by
)= [e™ frrydt (11)
0
Taking L.T.’s of (1) to(8) ,we have
Ry(s) =Po(s) + Proa(s); n=1,23,...  (12)
R*o(S) = P*o,o(s) + P*O,I(S) + Q*O,O(S) + Q*o,l(S) (13)
(S+7»)Q*0,0(s)—1 =u P:O,O(S) + Al poo Q*o,o(s)
Tp10Q 01(8) 1+ 7C 0.0(s) (14)
(s +1)C00(s) =& _"iw P:,o (s)_ (15)
(stM)Q 01(8) =u P o 1()t C70n(s)  (16)
(s+mCoi(s) =&[$p: )] (D
(stA +utE) I:*o,o(s): HP*I,B(S)
+ M poo P o,0(s) P10 P 0,1(8)] (18)

(sHAHUFE)P N o(5) = UP oy o(8)+ AL Poo P 1o(8)+Pio P a(8)];

n=1,2,3,... (19)
(sFA+p+E) Po(5) = HP"11(5)
+ AL po1 Q 0,0(8) T P11 Q 0,1(8) ] (20)

n
(SHAHHE) P'oi(8) = Py i(8)F A D
Jj=1

[ Poi P njo(X, $)Fpi Proju(x, s);n=1,2,3,...  (21)
Define, the following probability generating functions by
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P*, (5,00) = S5 P () <1701 22)

n=0

RoGs0= STaR;(s) (23)

Multiplying (18) and (19) by appropriate powers of o and
adding, we have

(h-Dapoo)P ofs,c)=hopio P71(s,00- 1P oo(s)  (24)
Similarly (20) and (21) give
(h-haCle)pir) P'1(5,00 = Aa C(01) poy Pofs.t)
-1 P gi(s) +ha[por Qoo(s) TP Qoi(8)]  (25)
Where
h=(stA+pt+€)o-p (26)
(26.1)

C@=> ae,
n=1
Also, (12) and (13) give
R'(s,00) = P'o(s, &) +P7y(s, 0) + Qo(8) + Qo1(8)  (27)
Solving (24) and (25) simultaneously, we have

P*i (S,(X): N; (a) ; =0,1.
D(a)

(28)

Where
No(@)=2ap [ 2o Gia (5)+ u0is(9) - B ()] (29)
—p[h=2aC(a)p, |, (s)
Ny (a)=(h —ﬂapo,o)[’ia(PmQ;,o(S) + 200y (5)) - 1, (S)} (30)
~[AuaC(e)py 1Ry (s)

D(0)= (h-Aapgo)(h-LaC(a)py -0’ A’C(a)piopor  (31)
Combining (27) and (28) we get
R'(s,0) = Qo) + Qou(s) + N(a)  (32)
D(a)
Where
N(@)=No() Ny (@)=[r+.0(p 1, poo)I[-HP 0, 5)
F2apoi1Q 0,0(8)P1Q 0,1(8)] .
—u[h+A aC(a) (por p11)] P 0,0(s) (33)

From (22) for a=1, we have

Py =3P, ) M P =3 Pl G

n=0

Substituting a=1 in (24) and using (30), we have

o _N,() and &, | B (35)
ZP =D 2P =50

Also from (15) and (17), we have

N (@D

. >, . 36
CO,O(S)ztsfnj[ZPM(S)J (36)

and
C*U’I(S)z[sfﬂj[i P*n,l(S):| (37)

Thus, substituting the values of C*o,0 (s)and C*Ogl(s) in
(14) and (16) we get two equations in four unknowns. By
Rouche’s theorem the denominator D(a) in (32) has two
zeros inside the unit circle |a| =1 .Since R'(s,) is a finite

quantity these two zeros must vanish the numerator N(o)
giving rise to two equations. Solving these two equations
together with the equations obtained by substituting the
value of C*O’O(s) and C*O’1 (s) in equations (14) and (16)

one can determine all the four unknowns viz., P*O’o(s), P*o,l(s),
Q*o,o(s), Q*O,l(s). Hence, R'(s,a) can be completely deter-
mined.

3.1. Particular Case-I

When & =0 and 1 = o (i.e. neither catastrophe nor resto-
ration occurs), from (32), (36) and (37) we have

R'(5,0) = Q00(s) + Qo (s)+ N(e) (38)
* D *
N(0) = [P0 Pon)[a-HP" (AR 00(5)
"'p11Q*0,1(S)]*lfl[h"'7L aC(a) (po1 -p11) P*O,O(S)]
D(a) = (h-Lat poo)(h-LaC(c)p11)-a’A*C()pio Por
Where
h=(stAtpo-p Coo(s)= Coi(s) =0 (39)

(38) provides the Laplace transform of the probability
generating function of the system size of a single server
queue with correlated batch input and exponential service
time distribution.

3.2. Particular Case-I1

When the arrivals occur one by one i.e. C (o) =a and 1 = oo,
from (32) we have

R(5,0)=Q 0,0 (5) +Q g1 (5) + V(@) (40)
D(x)
N(a):[h"'}ha(plofpoo)][G'HP*O,I(S)"'?ha[me*o,o(S)
+p11Q 0.1(s J-u[h+2 o (por 1) Poo(s)]
D(a)= (h-Aa poo)(h'xazpu)*az?thlo Po1
Where
h= (stAtptE)o-p Coo(s)=0  (41)
and
C', (s)=0 (42)

(40) - (42) provide the Laplace transform of the probabil-
ity generating function of the system size of a catastrophic
queuing system with correlated input which is studied by
Jain and Kumar[4].

4. Conclusions

This paper studies a correlated bulk input queuing model
with catastrophic and restorative effects. Time—dependent
solution of the model has been arrived at using probability
generating function technique. Some queuing models have
been derived as particular cases of this model. The model can
be useful in the study broadband communication traffic.
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