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Abstract  This study examines the within-group and first difference fixed effect models using panel data set. Panel data on 
GDP, inflation, trade, civil-liability and population were collected across six African countries between 1972 and 1991, the 
data is an inbuilt R data found in amelia package. Performance of these fixed effect models were compared in terms of fitness 
using R- squared and relative efficiency. Results were generated using R software. Finding shows that in the within-group 
model, trade was the only independent variable that contributes significantly to GDP but in the first difference model both 
trade and population contributed significantly to GDP. The finding also reveals that within group model had a better fit with 
an R2 of 0.77317 as compared to first difference model which reported R2 of 0.75472. The relative efficiency was determined 
to be 1.3 showing that relative to within-group model the first difference model is preferred.  
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1. Introduction 
1.1. Panel Data 

In statistics and econometrics, Panel Data or longitudinal 
data are multi-dimensional data involving measurements 
over time. Panel Data refers to a data set containing 
observations on multiple phenomena over multiple time 
periods. Thus it has two dimensions: spatial (cross sectional) 
and temporal (time series). In general, we have two panels; 
micro and macro panels. Surveying (usually a large) sample 
of individuals or household or firms or industries over 
(usually a short) period of time yields micro panel whereas 
macro panel consist of survey over (usually a large) number 
of years. 

Panel data are more informative (more variability, less 
co-linearity, more degrees of freedom) estimates are more 
efficient. It minimizes bias due to aggregation. It allows the 
study of individual’s dynamics (e.g separating age and 
cohort effect). It also allows for the control for individual’s 
unobserved heterogeneity, though it increases the 
complexity of the analysis. 

The general panel data regression model is given as  

1 1 2 2 3 3  = + + + + + +it o t t t N Nt itY X X X X eβ β β β β   (1) 
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Where i=1, 2... N stands for ith cross-sectional units 

(continues, family, friends) 
t = 1, 2,... T stands for tth period  
Yit = The dependent or response variable 

=itX  Independent variables  
β0 = regression constant 
βi = regression coefficient  

ite  = the error term and, ite ∼ ( ) ( )20, eiiD N σ  

The panel data set structure can be in long format or wide 
format. Representing panel data in long format is much more 
common than using the wide format because it serves storage 
space. This is due to the fact that wide format will have lots 
of sparse cells wasting storage space depending upon the 
relative size of space and time ie short or long panels. In a 
short panel, the number of time periods (T) is less than the 
number of cross-section (T<N) and in a long panel T>N. 

Panel data has two important models; fixed effects and 
random effect model. In this work we focused on fixed effect 
model. 

1.2. Fixed Effect Model 

In fixed effects model all the factors are being considered 
fixed. The “effect” referred to in such a model represent 
measures of the influence that different levels of the factor 
have on the dependent variable and our conclusion cannot  
be extended to similar factors that were not explicitly 
considered. Fixed effects model in panel data assumes 
differences in constant across groups or time periods. 

The fixed effect model specifies: 
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𝑌𝑌𝑖𝑖𝑖𝑖 = 𝛼𝛼𝑖𝑖 + 𝛽𝛽𝑥𝑥𝑖𝑖𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑖𝑖                (2) 
For i=1… N, t=1…T 
Where the individual l- specific effect 1 2, ... Nα α α  

measures unobserved heterogeneity that is possibly 
correlated with the regressors 

Xit = one independent variable 
Σit = errors term nd (0, δ2) 
β1 = coefficient of that one independent variable  
Fixed effect controls for all-time-invariant differences 

between the individuals, so the co-efficient of the estimated 
coefficient of the fixed effects model cannot be biased 
because of omitted time-invariant characteristics (culture, 
religion, gender, race etc). 

Panel data is said to be very informative and it estimates 
are efficient in, that it helps to reduce bias. However, 
considering of balanced and unbalanced data over the years 
scholars and researches have continued to argue as to which 
fixed effect model is the best. It is in the light of these that 
this study seeks to apply two different fixed effects models in 
a balanced data to ascertain the model efficiency and 
appropriateness.  

This research work aims at investigating the within group 
and first difference fixed effect models. The objectives 
include to determine the relative efficiency of the two 
methods and comparison of the two methods. 

2. Literature Review 
Cheng Hsiao has made significant and important 

contributions to panel econometrics, both methodologically 
and applied. His magisterial 1986 monograph is a long 
standard reference and popular graduate text. Hsiao provides 
applied examples which greatly enhance the reader’s 
understanding and intuition. He has added new chapters on 
nonlinear panel models of discrete choice and sample 
selection and included new material on the Bayesian 
treatment of estimation and more dynamic models. 

When Cheng Hsiao’s first edition of panel data was 
published, there were 29 studies listing the words “panel data 
or longitudinal data” according to social science citation 
index. By 2003, there were 580 and in 2004 there were 687 
and by 2005, there were 773 studies. 

Clark (2003) through psychological evidence from panel 
data, investigated unemployment as a social norm in the 
labour market status. He used panel data to test for social 
norms in labour market status. The unemployed well-being 
was shown to be strongly positively correlated with 
reference group unemployment. 

Panel date showed that those whose well-being fell the 
most on entering unemployment are less likely to remain 
unemployed. These findings suggest a psychological 
explanation of both unemployment polarization and 
hysteresis based on the utility effect of a changing 
employment norm in the reference group. 

Mehdi and Fillipini (2003) examined the regulation and 
measurement of cost efficiency using panel data models. 
They examined the application of different parameter 
methods to measure cost efficiency of electricity distributes 
utilities. The cost frontier model was estimated using four 
methods; Ordinary least square, Fixed effects, Random 
effects and Maximum likelihood Estimation. These methods 
were applied to a sample of 59 distribution utilities in 
Switzerland. Results point to some advantages of fixed 
effects model in the estimation of cost function 
characteristics. The results also suggested that bench making 
methods can be used as a control instrument in order to 
narrow the information gap between the regulator and 
regulated companies. Bench making methods are methods 
hereby all comparisons are made in relation to a particular 
category. 

Hsiao et al (2007) propose limited information test to 
check for selection issues in addition to testing for sample 
selection, a number of studies have addressed the issue of 
treatment of unbalanced panels in the presence of selection 
bias. 

Nwakuya and Ijomah (2017) in their study investigated 
the fixed effect model versus the random effect model, using 
an economic panel data set in the analysis the fixed effect 
model was found to be most appropriate. 

3. Method of Data Analysis 
3.1. Fixed Effects Model Approach 

The fixed effects model approach depends on the different 
parameter assumptions we make about the constant and 
regression co-efficient of the models. The fixed effect model 
has many models, but for this work we focused on two of the 
models namely within group and first difference models. The 
data for this work is a secondary data gotten from R inbuilt 
data set, it is called Africa. The fixed effect models are 
designed to study the causes of changes within an entity. A 
time-invariant characteristics cannot cause such a change 
because it is a constant for each individual. An assumption of 
fixed effect model is that those time invariant characteristics 
should not be correlated with other individual characteristics. 

3.2. Within Group Fixed Effect Model 

One of the models of fixed effect is the least square 
dummy variable model, it’s the simplest method of isolating 
individual or time specific effect in a regression model, 
Nwakuya & Ijomah (2017), but its drawback is that, it is not 
feasible when the number of explanatory variable is large. To 
estimate fixed effect model with large number of individuals 
the within group fixed effect model is adopted. The within 
group fixed effect model eliminates the fixed effect, by 
expressing the values of the dependent and explanatory 
variables for each observation as deviations from their 
respective mean values, Gujarati and Porter (2009). 
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Given equation (1), 

1 1 , 1, , .= + + + + = it i t k kt ity x x U t Tα β β  
averaging the observation across time using the 

assumption on time-invariant parameter. 

. 1 1. . .= + + + +i i k k iy x xα β β µ         (3) 

Where . 1. 1 .
1 1 1

1 1 1, ,
= = =

= = =∑ ∑ ∑
T T T

i it t k kt
t t t

y y x x x x
T T T

 

and .
1

1

=
= ∑

T

i it
tT

µ µ  

Now subtract equation (5) from (4). 

( ) ( ) ( )
( ) ( )

. 1 1 1.

. .

− = − + − +

+ − + −

it i i i t

k kt k it i

y y x x

x x

α α β

β µ µ
 

Let ( ) ( ). 1 1 1., , .= − = −  it it i t t kty y y x x x x  

( ) ( ). .,= − = −kt k it it ix x µ µ µ  

Hence, the equation becomes  

1= + + +   
it it k kt iky x xβ β µ       (4) 

In matrix form 
= +  y xβ µ       (5) 

Equation 5 above is known as the within transformed 
model, it has eliminated the unobservable across-group 
differences. The within-group fixed effect model estimate of 
β is known as the within estimator, and is given as: 

( )
11

1
ˆ ˆ ˆ .−  ′ ′= =    



FE FE FE
kx x x yβ β β        (6) 

The within estimator’s explanatory value is derived from 
the co-movements of y around its individual-specific mean 
with x around its individual-specific mean. The estimator 
basically borders about how the variations around those 
mean values are correlated, Wooldridge (2006). 

3.3. First Difference Fixed Effect Model 

The first difference estimator wipes our time invariant 
variables using the repeated observations over time, Bruce E. 
H. (2016). First difference estimator is also an approach for 
addressing the problem of omitted variables in a panel data 
analysis. 

From equation (1), we have: 

1 1 , 1, , .= + + + + = it i t k kt ity x x t Tα β β µ  
Lagging equation (1) one period, we have; 

𝑦𝑦𝑖𝑖𝑖𝑖−1 = 𝛼𝛼𝑖𝑖 + 𝛽𝛽1𝑥𝑥𝑖𝑖𝑖𝑖−1 + ⋯+ 𝛽𝛽𝑘𝑘𝑥𝑥𝑘𝑘𝑘𝑘−1 + 𝜇𝜇𝑖𝑖𝑖𝑖−1, t=2,…,T  (7) 
Subtraction equation (7) from equation (1), we have; 

1 1 .∇ = ∇ + + ∇ +∇it t k kt ity x xβ β µ       (8) 

Where 1 1 1 1 1, ,− −∇ = − ∇ = −it it it t t ty y y x x x  

     1 1, .− −∇ = − ∇ =kt kt kt it itx x x µ µ  

The first difference transformation eliminates the 
unobserved effect of the parameters and also causes the loose 
of the first time period for each cross section and we have 
T-1 time periods for each cross section, rather than T, 
Wooldridge (2001). 

The β estimate for the first difference model in matrix 
form is given by: 

𝛽𝛽 = (∆𝑋𝑋′∆𝑋𝑋)−′∆𝑋𝑋′∆𝑌𝑌              (9) 

3.4. Relative Efficiency 

The relative efficiency of two procedures is the ration of 
their efficiencies. It is usually a comparison made between a 
procedure and a notional procedure (say one with less 
variance). 

Given two unbiased estimators 𝜃𝜃1𝑎𝑎𝑎𝑎𝑎𝑎 𝜃𝜃2, the efficiency 
of 𝜃𝜃1 relative to 𝜃𝜃2 is given by; 

𝑅𝑅𝑅𝑅�𝜃𝜃�1, 𝜃𝜃�2� = 𝑉𝑉𝑉𝑉𝑉𝑉 (𝜃𝜃2)
𝑉𝑉𝑉𝑉𝑉𝑉 (𝜃𝜃1)

               (10) 

This can be used to decide which of the two models will be 
preferred relative to the other. Given equation (10), Lebanon 
(2006), stated that if relative efficiency is greater than one i.e 
𝑉𝑉𝑉𝑉𝑉𝑉 (𝜃𝜃2)
𝑉𝑉𝑉𝑉𝑉𝑉 (𝜃𝜃1)

> 1, then 𝜃𝜃1 is preferred but if 𝑉𝑉𝑉𝑉𝑉𝑉 (𝜃𝜃2)
𝑉𝑉𝑉𝑉𝑉𝑉 (𝜃𝜃1)

< 1 then 𝜃𝜃2 
is preferred. 

4. Results and Discussions 
The result of the fixed effects based on first difference and 

within- group models are presented here. The results 
includes; descriptive statistics, parameter estimates for both 
models and results of the comparison based on their relative 
efficiency. Table 4.1 presents summary of the descriptive 
statistics for the research variables (GDP, inflation, trade, 
civlib and population). Result reveals that among the 
variables, Inflation reveals highest kurtosis as compared to 
the other variables. 

Table 4.3 shows results from within- group model, with 
R-squared of 0.77317 which implies that 77.317% of the 
variation in GDP across the selected countries was explained 
by Inflation, trade, Civil-liability. The parameter estimated 
in table 4.5 indicates, while table (4.2) shows results from 
first difference model with R-squared of 0.75472 meaning 
that the model accounted for 75.472% of the variation in 
GDP, its parameter estimates indicates that as inflation and 
civiliability increases, GDP decreases while as trade and 
population increases, there is an improvement in GDP. Test 
for autocorrelation using Watson test showed no evidence of 
autocorrelation.  

Table 4.4 and 4.5 shows the variance covariance matrix 
for within-group and first difference models respectively. 
The comparison was done in terms of fitness and relative 
efficiency. 
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Table 4.1.  Summary of the Descriptive Statistics for the Variables 

Statistic GDP Inflation Trade Civilib Population 

Mean 1058.4 12.753 62.60 0.2889 5746428 

Median 1035.500 8.725 59.59 0.1667 5853565 
Maximum 2723.00 127.890 134.110 0.6667 11825390 
Minimum 376 24.35 24.35 0.000 1332490 

Std. Deviation 594.99 19.0409 28.347 0.1765 2517553 
Skewness 1.0236 4.009522 0.2122 0.58265 0.0472704 
Kurtosis 3.5634 18.89266 2.65542 -0.502265 -0.498125 

Table 4.2.  Results from first difference fixed effect Model 

Coefficients: 

               Estimate            Std. Error         t-value          Pr(>|t|)     
infl           -7.2763e+00        1.6835e+00        -4.3220         3.943e-05 *** 
trade          2.0484e+01         1.6123e+00       12.7046         < 2.2e-16 *** 
civlib         -4.8809e+02        1.5944e+02        -3.0612         0.002898 **  
population     1.1297e-05         1.1889e-05         0.9502         0.344537     
Signif. codes:   0 ‘***’            0.001 ‘**’         0.01 ‘*’        0.05 ‘.’ 0.1 ‘ ’ 1 
 
Total Sum of Squares:               52582000 
Residual Sum of Squares:            12917000 
R-Squared:      0.75472 
Adj. R-Squared: 0.74664 
F-statistic: 69.8609 on 4 and 91 DF, p-value: < 2.22e-16 

Table 4.3.  Results from within group 

Coefficients: 

               Estimate            Std. Error         t-value           Pr(>|t|)     
infl            -7.6873e+00      1.5771e+00       -4.8742         4.604e-06 *** 
trade           1.9405e+01       1.4624e+00       13.2695         < 2.2e-16 *** 
civlib          -6.0985e+02       1.8212e+02       -3.3486         0.001183 **  
population     -6.4019e-06        1.6091e-05       -0.3979         0.691665     
--- 
Signif. codes:    0 ‘***’          0.001 ‘**’          0.01 ‘*’        0.05 ‘.’ 0.1 ‘ ’ 1 
 
Total Sum of Squares:             38912000 
Residual Sum of Squares:          8826200 
R-Squared:      0.77317 
Adj. R-Squared: 0.71584 
F-statistic: 77.5466 on 4 and 91 DF, p-value: < 2.22e-16 

Table 4.4.  Variance covariance matrix of within group 

                   infl                 trade                civlib              population 
infl              2.487368e+00      -3.404148e-01        -1.306344e+01      -2.601914e-06 
trade            -3.404148e-01       2.138573e+00        -5.332265e+01      1.427281e-05 
civlib           -1.306344e+01      -5.332265e+01         3.316783e+04     -8.574123e-04 
population      -2.601914e-06       1.427281e-05          -8.574123e-04      2.589160e-10 

Table 4.5.  Variance covariance matrix of first difference 

                 infl                   trade               civlib               population 
infl             2.834283e+00        -2.655275e-01      6.275196e+01       -2.887184e-06 
trade           -2.655275e-01         2.599604e+00     -2.838158e+00        1.151649e-05 
civlib           6.275196e+01        -2.838158e+00      2.542268e+04       -6.294245e-04 
population      -2.887184e-06         1.151649e-05     -6.294245e-04         1.413436e-10 
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The total variance is the sum of the diagonal matrix, and 
we have that for within group the total variance ie       
V(𝜃𝜃2)= 33172.46 and total variance for first difference ie 
V(𝜃𝜃1)=25428.114. 

Therefore; 
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 = 1.3 in terms of relative 

efficiency the first difference is preferred. 

5. Conclusions 
This research work has compared the performance of first 

difference model and within group model in a panel data 
based on relative efficiency. The result has shown that the 
within-group model had a better fit, in terms of the explained 
percentage of variation of the GDP by the predictor variables 
considered in this work, but we went further to compare the 
models based on the quality of their estimators. The 
comparison indicated that even though the within-group had 
a better model fit the first difference model is a more 
preferred model in terms of the quality of their estimators. 
This research work has been able to show that a model with a 
better model fit does not necessarily give better estimators. 
All analysis were done in R. 
R codes: 

#calculating kurtosis, standard deviation and skewness 
>skewness(africa$population) 
>kurtosis(africa$population) 
>sd(africa$population) 
#above is repeated for every predictor 
# first difference model 
>fd3<- plm (gdp_pc ~ infl + trade + civlib + population – 
1,data=Africa,model=’fd’) 
# within-group model 
>fd2<-plm(gdp_pc~infl+trade+civlib+population-1,data=
africa,model="within") 
#variance covariance for within-group  
Vcov(fd3) 
#trace of variance covariance matrix = total variance for 
within-group 
trm2<-sum(diag(vcov(fd3))) 
#variance covariance for first difference  
Vcov(fd2) 

#trace of variance covariance matrix = total variance for 
first difference 
trm1<-sum(diag(vcov(fd2))) 
#Relative efficiency 
trm2/trm1 
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