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Abstract An elegant and powerful technique is Homotopy Perturbation Method (HPM) to solve linear and nonlinear
partial differential equations. Using the initial conditions this method provides an analytical or exact solutions. In this article,
we shall be applied this method to get most accurate solution of a highly non-linear partial differential equation which is
Reaction-Diffusion-Convection Problem. This article confirms the power, simplicity and efficiency of the method compared
with the exact solution. This article also confirmed that this method is suitable method for solving any types of partial
differential equations. A graphical representation of the result has been shown which provides the most accurate physical
situation and accuracy of the solution. The HPM allows to find the solution of the nonlinear partial differential equations
which will be calculated in the form of a series with easily computable components. From the calculation and its graphical

representation it is clear that how the solution of the equation and its behavior depends on the initial conditions.

Keywords Homotopy perturbation method, Approximate solution, Exact solution, Nonlinear

Reaction-Diffusion-Convection problem

1. Introduction

The homotopy perturbation method introduced first by the
Chinese researcher Dr. Ji-Huan HE [1-5] for solving
differential and integral equations, linear and nonlinear has
been the subject of extensive analytical and numerical
studies. Recently this method became popular and
acceptable as an elegant tool in the hands of researchers
because of its simplicity and give rise highly effective
solutions of complicated problems in many diverse areas of
science and technology. Many physical problems can be
described by mathematical models that involve partial
differential equations. In other words, a mathematical model
is a simplified description of physical reality. The behavior
of each model is governed by the input data for the particular
problem: the boundary or initial conditions, the coefficient
functions of the partial differential equation and the forcing
function. This input data cause the solution of the model
problem to possess highly localized properties in space in
time or in both. Thus the investigation of the exact or
approximate solution helps us to understand the means of
these mathematical models and the real physical significance
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can be understood from the graphical representation of the
solution. The aim of this article is to apply the Homotopy
Perturbation Method (HPM) to obtain an approximate
solution of a highly nonlinear partial differential equation
-Reaction-Diffusion-Convection  Problem with initial
condition.

The perturbation technique is one of the analytical
methods to solve non-linear differential equations. This
technique is widely used by engineers to solve some
practical problems. Most often we obtain many interesting
and important results by using this technique. However,
the perturbation methods have their own limitations. Firstly,
all perturbation techniques are based on small or large
parameters so that at least one unknown must be expressed in
a series of small parameters. But unfortunately, not every
non-linear differential equation has such a small parameter.
Mostly, the simplified linear equations have different
properties from the original non-linear differential equation
and sometimes some initial or boundary conditions are
superfluous for the simplified linear equations. As a result,
the corresponding initial approximations are perhaps far
from exact. Clearly, these limitations of perturbations
techniques come from the small parameter assumption. So it
seems necessary to develop a kind of new non-linear
analytical method which does not require small parameters
at all. Ji- Huan He has described a non-linear analytical
technique which does not require small parameters and thus
can be applied to solve non-linear problems without small or
large parameters. This technique is based on homotopy
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which is an important part of topology. Using one interesting
property of homotopy, one can transform any non-linear
problem into an infinite number of linear problems, no

matter whether or not there exists a small or large parameter.

The HPM is applied to Volterra’s integro-differetial equation
[5], nonlinear oscillators [6], bifurcation of nonlinear
problems [7], bifurcation of delay- differential equations [8],
nonlinear wave equations [4] and to other fields [9-15]. The
HPM vyields a very rapid convergence of the solution series
in most cases, usually only a few iterations leading to most
accurate solutions. Thus He’s HPM is a universal one which
can be solve many kinds of linear and nonlinear dynamical
systems.

This article is organized as follows. In section 2 illustrate
the HPM introduced by He [1, 2]. In section 3 applied HPM
to a highly nonlinear partial differential equation with initial
condition for obtaining analytical solution which is most
accurate. In section 4 the graphical representation of solution
has also been displayed. We have also compared this
analytical solution with the exact solution. Graphical and
numerical results are discussed in section 5. Finally in
section 6 the conclusion is provided.

2. Homotopy Perturbation Method

To achieve our goal, we have illustrated the basic idea of
HPM to apply in a highly non-linear partial differential
equations. Let us consider the following nonlinear
differential equation of the form [1-15]

AU -f(N=0,reQ Q)
with the boundary conditions:
B(u,owon) =0, rerl, 2)

where A is a general differential operator, B is a
boundary operator, f(r) is a known analytical function and
I' is the boundary of the domain €. In general one can

divide the operator A into two parts: linear and non- linear.
That means

A=L+N
where L is a linear operator and N is a non-linear
operator.
Hence, equation (1) can be rewritten as

LW +NUu)-fn =0, reQ 3)

By the homotopy perturbation technique [1, 2], He
construct a homotopy H: w(r,p):Qx[0,1] >R which

satisfies:
HVv, p)=(1-p) [L(v) - L(ug)]+p[AM -] =0,p [0,1],re Q, (4)
Or
H(v, p)=L(v) —L(ug) +pL(ug) +PIN(V) -f()] =0 (5)

where reQ, pe[0,1] isan embedding parameter, ug is
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an initial approximation which satisfies the boundary
conditions. Obviously, from equations (4) and (5) we have:

H(v,0) =L(v) -L(ug)=0 (6)

H(,1) = L(u) + N(u) -f(r) =0 @)

The changing process of p from zero to unity is just that

of v(r,p) from uO(r) to u(r) . In topology, this is called

deformation and L(v) - L(uy) and L(u) +N(u)-f(r) are

called homotopic. According to the HPM, we can first use

the embedding parameter p as a small parameter and

assume that the solution of equations (6) and (7) can be
written as a power series in p

v=v0+pvl+p2v2+... (8)

Setting p=1 results in the approximate solution of
equation (1):

u=limp_>1v:v0+v1+v2+.... 9)

The combination of the perturbation method and the
homotopy method is called the homotopy perturbation
method (HPM), which has eliminated the limitations of the
traditional perturbation methods. On the other hand, this
technique can have full advantage of the traditional
perturbation techniques. The series (9) is convergent for
most cases. However, the convergent rate depends on the
nonlinear operator A(V) :

1- The second derivative of N(v) with respect to v

must be small because the parameter may be
relatively large, i.e. p—1.

2- The norm of L~XoN/ov must be smaller than one
so that the series converges.

3. Application

Let us consider the Reaction-Diffusion-Convection

Problem [13]

2
a—U:G—u+(u—u2)(u—10_3) (10)
ot 8x2
with the initial condition :
ux,0) = % (1+ tanh(x)) (11)

The exact solution of the problem (10) is given us
1 J2 _
U ) == {1+ tah(x + = (210 Sor (12)

In order to solve equation (10) using homotopy-
perturbation method, the homotopy perturbation technique
can be constructed as follows:
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ou ou 2
ov o°v _
HW,p) = —-—2+p—2 - p[= + (v-vA)v-107)] (13)
ot ot ot oX
=0

Suppose the solution of (10) has the form
& i

Substituting (14) into equation (13)

__0_
ot ot
auo o2 (v0 + le + v2p2 + )
p(-—=) +p( 5 )

ot oX

and comparing the coefficient of terms with identical powers
of p, leads to:

ov ou
po : —0——0:0 (15)
ot
N, auy 8%v
1. M 0 0 -3y2 3 10-3
pr —=——+ +(1+10" 2§ —vy -10" v 16
= a2 0~ Vo o (16)
2. Y2 62"1 3 2 3
T —E =+ (14107 )2y, —3vp Ty -107 0y (17)
ot ox
3. vy Ay (14107 3W2 + 2v v,) - 3v,v,2
A +(1+ VS 4+ 2VAV,) —3VAaV
2 -3
—3vO vy -10 v,
and so on.

Solving equation (15) and using the initial condition we
get

Vg = % (1+ tanh(x)) (19)

Again using the value of u; and Vo We can find the

solution of v; and similarly for other’s v;’s.

2
tsech x(499 — 3500 tanhx)

vy = (20)
4000
2 5
t sech x{-6986000 cosh x+ 3493000 cosh 3 x
v +145000999 sinh x-12499001 sinh 3x} (21)
2 =
32000000
and

t3 sech / x (501997988008 coshx - 357283501499 cosh3 x
+18462501499 cosh5 X -15393069930000 sinhx
_ +28419405595005sinh3 x - 45489510500 sinh5 x)

V3
384000000000
(22)
and so on.
Therefore the approximate solution is given by
uix,t)=v=

VO +V,+Vo +V3+ .................................................

Hence

2
sech x(499 — 3500 tanh x)

u, t) = 1 (1+ tanh(x)) +t
2 4000

2 5
t sech x{-6986000cosh x +3493000cosh 3 x
+145000999sinh x - 12499001sinh 3x}

+
32000000

t3 sech 7x (501997988008 cosh x - 357283501499 cosh 3 x
+18462501499 cosh 5 x -15393069930000 sinh x
+ 2841940559500 sinh 3 x - 45489510500 sinh 5 x)

" 384000000000

(23)
which is the approximate solution of equation (10).

4. Graphical Representation of above
Equation
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Figure 5.

uExact(X- 007)
meeasas UV|M(X, 0.07)

Figure 6. The combined curves of Exact solution, the approximate
solution (VIM) for a fixed value of t =.07 and for the range of the

variable X € (—8,8) respectively

Table 1. Comparison of approximate and exact solution for the value of t
=.03 of equation (23)

Error
1.84169 x 107
1.86274 x 107
1.88336 x 10
1.90353 x 107
1.92323 x 107
1.94245 x 10
1.96118 x 107
1.9794 x 107
1.99711 x 10
2.01428 x 107

Exact
5.4111 x 10
5.46072 x 107
551024 x 10"
5.55967 x 107
5.60899 x 10
5.65818 x 10
5.70725 x 107
5.75618 x 107
5.80496 x 10
5.85359 x 107

X Approximate
.04 5.22693 x 107
.05 5.27444 x 107
.06 5.32191 x 10
.07 5.36932 x 107
.08 5.41666 x 107
.09 5.46394 x 10
.10 5.51113 x 107
A1 5.55824 x 107
12 5.60525 x 10
13 5.65216 x 107

5. Result and Discussion of the Solution
of Equation (10)

The computed results are presented graphically to observe
the behaviour of the solution (23). The figures are drawn for
different wide and short range of the variables x and t. From
all figures we have seen that the curves are oscillated nearer
to zero i.e. approximately in the range of x € (-2,2). The

corresponding two dimensional graphs are seen by figures
(1a), (1b), (2a), (2b), (3a), (3b) and (4a) (4b) for a fixed value
of t specifically for the ending range of t and with the

different ranges of variable x. In case of t e (-8,8) and
X € (-8,8) the absolute errors of the problem is displayed in

figure 5. In figure 6 we have plotted the combined curves of
exact solution, the approximate solution for a fixed value of
t =.07 andfor x € (-8,8) respectively. From this figure it

is clear that approximate solutions and exact solution are
found in good agreement. From the table, we have seen the
comparison result of approximate and exact solution for
various X €[.04,.13] and a fixed value t=.03. Here we
observed that the errors are very significant. The results
provides very strong evidence that is the homotopy
perturbation technique easy to get approximate solution of
nonlinear equation. It is to be note that four terms only were
used in evaluating the approximate solutions.

6. Conclusions

He’s Homotopy perturbation method suggested in this
article is an efficient method for obtaining the most accurate
solution of a highly nonlinear partial differential equation
with initial condition. Therefore, this method is a powerful
mathematical technique to solve the wide classes of
nonlinear partial differential equations in the form of
analytical expressions. The HPM has got many important
advantages and it does not require small parameters in the
equation, so that the limitations of the traditional
perturbations can be eliminated. Also the calculations in the
HPM are simple and straightforward. The reliability of the
method and the reduction in the size of the computational
domain gives this method a wider applicability.
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