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Abstract  Variable Sampling Plans play a vital role in product control measures through inspection of incoming lots. In 
the sampling plan literature, the measurable quality characteristic is assumed to be normally distributed. But in few 
circumstances the assumption are being violated due to target deviation of the process. To off-set the disadvantages, variable 
sampling plans are developed for a non-normal process. In this paper sampling plans are designed and developed for a heavy 
tailed production process by utilizing Lomax distribution. Since skewness and kurtosis contributes more to this distribution, 
sampling plans are designed based on such measures. The parameters of the sampling plans are determined once the heavy 
tail measures skewness and kurtosis are known. The Lomax variable sampling plans are designed through AQL & LQL and 
also with minimum angle technique. Tables are constructed for easy selection of Lomax variable sampling plans.  
Keywords  Variable sampling plans, Non normal process, Lomax distribution, Heavy tailed, Minimum angle 

 

1. Introduction 
In acceptance sampling generally a sample is drawn from 

a lot for inspection, and in most of the cases the population 
follows a normal distribution. But this need not necessarily 
be true, so there could also be non-normal populations in the 
production process. In industries for variable quality 
characteristics the sample units may be measured on a 
continuous scale. This paper focuses specifically on Variable 
sampling plans based on non -normal process for a heavy 
tailed population. Here the methodology involved to deal 
with non -normal process has been identified from Zimmer 
and Burr [1]. The main objective of this paper is that for a 
heavy tailed non normal distribution such as Lomax 
distribution, if the skewness and kurtosis of the distribution 
is determined then the corresponding sampling parameters n 
and k can be obtained. Another objective is that when the 
angle is minimized, then the abstract OC curve tends to ideal 
OC curve. Hence by using skewness and kurtosis as a new 
approach this paper has been developed. Many authors have 
contributed towards variable sampling plans and non-normal 
distributions. Lomax [2] has introduced this distribution in 
the analysis of business failure data. Bander Al-Zahrani and 
Mashail Al-Harbi [3] considered the estimation problem of 
the probability S = P(Y < X) for Lomax distribution based on 
general  progressive  censored data. Artur J. Lemonte and  
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Gauss M. Cordeiro [4] proposed a new five-parameter 
continuous distribution, called McDonald Lomax 
distribution that extends the Lomax distribution and some 
other distributions. Bassiouny, Abdo and Shahen [5] 
proposed a new generalization of Lomax distribution called 
Exponential Lomax distribution. Takagi [6] designed 
unknown-sigma sampling plans based on non-normal 
distributions such as Gamma, Weibull and Burr distributions. 
Devaarul [7] developed mixed samplings plans and 
minimum tangent angle sampling plans. Devaarul and 
Jemmy Joyce [8] have developed reliability sampling plans 
based on minimum angle technique. Soundararajan & 
Christina [9] have developed Single sampling variables 
plans based on the minimum angle. Jemmy Joyce, Devaarul 
and Rebecca Edna [10] proposed mixed sampling plans 
based on the tangent angle, AQL and LQL. Owen [11] 
presented one-sided specifications for variable sampling 
plans based on normal distribution. 

Variable sampling plans are generally preferred over 
attribute sampling plans for the reduction in the size of the 
samples. The parameters of variable sampling plans, namely 
n and k are obtained with respect to the distribution used. 
Here the variable sampling plan for non-normal process is 
determined. The underlying distribution in this study is 
Lomax distribution. This distribution is a heavy tailed 
distribution. Moreover a heavy tailed distribution has a large 
and a positive kurtosis.  

In this paper contribution has been made in developing 
variable sampling plans for non-normal production process. 
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One of the heavy tailed, Lomax distribution, has been used 
for designing purpose. The efficiency measures for the 
Lomax variable sampling plans such as operating 
characteristic function, ASN and AOQ have been provided 
for the first time. Tables are constructed to facilitate easy 
selection of the sampling plans. 

2. Formulation of the Sampling Plans 
Let the random variable, ‘x’ is said to follow Lomax 

distribution. 
The probability density function (pdf) is defined as: 
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The cumulative distribution function (cdf) of Lomax 
distribution is given by, 
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where λ is the scale parameter and α is the shape parameter.  
Let, 
n = sample size 
x = sample mean 
σ = standard deviation 
U = upper specification limit 
K = acceptance constant 
λ = scale parameter 
α = shape parameter 
M = Mean of Lomax distribution 
S = Standard deviation of Lomax distribution 
β1 = Skewness 
β2 = Kurtosis 
p = proportion nonconforming 
Pa(p) = probability of acceptance 
tanθ = angle of the tangent 

2.1. Measures of the Lomax Distribution  

The various measures of the heavy tailed Lomax 
distribution are expressed as follows: 

 

2.1.1. Mean 

The mean of Lomax distribution is denoted by M  
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2.1.2. Variance 

The variance of Lomax distribution is denoted by S2  
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2.1.3. Skewness 

The skewness of Lomax distribution is denoted by β1  
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2.1.4. Kurtosis 

The kurtosis of Lomax distribution is denoted by β2  
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2.2. Operating Procedure of the Lomax Variable 
Sampling Plans 

Step 1: The scale parameter λ and shape parameter α of 
Lomax distribution are determined using past experience in 
the production process. 

Step 2: Draw a random sample of n items say x1, x2, 
x3 …..xn from a lot of size N. 

Step 3: Determine the Skewness (β1) and Kurtosis (β2) 
from the observed data. 

Step 4: Now obtain the corresponding mean M and 
standard deviation S. 

Step 5: If Ukx ≤+ σ , accept the lot or otherwise reject 
it. (where x  is the sample mean and σ is known).  

Step 6: In case of unknown σ, if UkSx ≤+ , accept the 
lot or otherwise reject it.  
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2.3. Flow Diagram for Lomax Variable Sampling Plans 

 

 

2.4. Measures of the Lomax Variable Sampling Plans 

2.4.1. Operating Characteristic Function 

The probability of accepting the lot of a sampling plan is 
given by the Operating Characteristic (OC) function.  

Let X follows Lomax distribution with parameters (α,λ). 
The Lot will be accepted if the sample mean 

[ ]σkUx −≤  
The probability of acceptance of the lot is defined as 
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The mean and variance of the Lomax distribution is given 
by 
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Hence Standard deviation ( )
n
SxV =       (10) 

2.4.2. Average Sample Number (ASN) 

The Average Sample Number of this sampling plan is 
n.(i.e.,) E(n) = n. 

Draw a sample of 
size n   

Determine β1 and β2 from 
the observed data 

Find the corresponding mean 
and standard deviation 

If 
 Ukx ≤+ σ  

Reject the lot Accept the lot 

YES NO 
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2.4.3. Average Outgoing Quality (AOQ) 

The Average Outgoing Quality is given by 

AOQ = ( ) 

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N
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3. Designing Lomax VSP Indexed 
through AQL and LQL  

3.1. Lomax VSP for Known Standard Deviation  

This study is limited to heavy tailed Lomax distribution 
and to single specification limit only. Here the variable 
single sampling plans are developed based on the upper 
specification limit. The operating procedure for these plans 
for known standard σ is given in section 2.2. According to 
the need of the industries similar sampling plans can be 
developed with Lower speciciation limit.  

Let Fx(x;μ,σ) be the underlying distribution function of x 
with mean μ and variance σ2 that is it gives the probability 
that X≤x. the acceptable quality level, AQL = p1, is defined 
by, 

AQL = p1 = 1-Fx(U;μ1,σ) = P(X>U|μ = μ1)   (13) 
Where μ1 is the mean of the Lomax distribution, which 

results in the acceptable quality. Also: 

α = 1-Fx(U;μ1,σ/√n) = P( X >U|μ = μ1)     (14) 
where α is the Type I error, the probability of rejecting the 
acceptable quality. (The α used here should not be confused 
with the shape parameter of the Lomax distribution). The 
LQL = p2, the Limiting Quality Level, is defined by: 

LQL = p2 = 1-Fx(U;μ2,σ) = P(X>U|μ = μ2)   (15) 
Where μ2 is the mean of the Lomax distribution which 

results in rejectable quality. Also: 

1-β = 1-Fx(U;μ2,σ/√n) = P( X >U|μ = μ2)    (16) 
where β is the Type II error, the probability of accepting the 
rejectable quality. 

When the underlying distribution is normal in variable 
sampling plans, it is necessary to determine the standard 
normal variate Z* in order to find the parameters n and k. 
Similarly for non-normal distribution it is necessary to 
determine Kp

* for determining the parameters. Hence the 
mean and variance of non-normal Lomax distribution is used 
for obtaining the standard deviate Kp

* 
Now to relocate and scale the Lomax distribution to 

Fx(U;μ1,σ) the following transformation is necessary: 

σ
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S

MX L −
            (17) 

Then p1 can be defined in terms of 
1pX  using equation 
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Thus 
1pK∗  is a standardized value of XL, (where L stands 

for Lomax distribution) for which the upper tail area is p1, 
and p2 can be similarly defined in terms of 

2pX : 

 p2 = 1-Fx( 2pX ; M, S) = 21 pX α
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Where 

σ
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S
−

 = 2pK∗       (21) 

Thus 
2pK∗  is a standardised value of XL (where L stands 

for Lomax distribution) for which the upper tail area is p2. 
Now the values of n and k have to be determined. And the 
procedure for determining n and k can be obtained from 
Zimmer and Burr [1],  
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Table 1.  Skewness and Kurtosis for Lomax Distribution for the Known, α 

Shape Parameter 

( )α ′  

Skewness 

( )1β  

Kurtosis 

( )2β  

0.005 2.0304 3.2207 

0.0075 2.0459 3.3355 

0.01 2.0615 3.4534 

0.0125 2.0774 3.5745 

0.015 2.0935 3.6989 

0.0175 2.1098 3.8269 

0.02 2.1264 3.9584 

0.0225 2.1431 4.0936 

0.025 2.1601 4.2327 

0.0275 2.1773 4.3758 

0.03 2.1948 4.5232 

0.0325 2.2125 4.6748 

0.035 2.2304 4.8311 

0.0375 2.2486 4.9920 

0.04 2.2671 5.1578 
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and K = 2 1p pK K K K
K K

α β

α β

∗ ∗ +
 

+  
 

= 2 1

( )
p pK X K X M

S K K S
α β

α β

 +
− 

+  
     (23) 

when α=β, Kα=Kβ then we have K = ( )2 1
1
2 p pK K∗ ∗+   (24) 

The skewness (β1) and kurtosis (β2) for Lomax distribution 
for the various values of shape parameter α are given in 
Table 1. It can be noted that the skewness and kurtosis of the 
Lomax distribution is based only on the shape parameter α. 
The corresponding mean M and the standard deviation S of 
the Lomax distribution are also presented in Table 2. The 
upper values in the Table 2 are mean values of the Lomax 
distribution and the lower values are standard deviation 
values corresponding to the various levels of λ and α.    
The parameters 1λ λ′ =  and 1α α′ = are used for 
tabulation. Table 3 consists of the sampling plan parameters 
n and k values of Lomax distribution for various levels of 
skewness (β1) and kurtosis (β2). The upper values in the 
Table 3 are the n values and the lower values are k values.  

3.2. Construction of Tables 

Table 1 & 2: 
i)  The scale parameter λ and the shape parameter α are 

chosen at fixed intervals. 
ii)  Corresponding to different values of α, the skewness 

(β1) and the kurtosis (β2) are obtained using the 
equations (5) and (6) and hence the values of α′ , β1 
and β2 are presented in Table 1. 

iii)  For the different levels of α′  and λ′ , the values of 
mean (M) and standard deviation (S) are obtained 
using equation (3) and (4). 

iv)  The values of α′ , λ′ , M and S are presented in 
Table 2.  

v)  The upper value in the body of the Table 2 is the mean 
value (M) and lower value is the standard deviation 
value (S). 

Table 3: 
i)  The parameters of Lomax distribution namely α and 

λ are assumed to be known. 
ii)  The AQL and LQL values are chosen from the 

production process.  
iii)  The corresponding values of skewness (β1) and the 

kurtosis (β2) are obtained using the equations (5) and 
(6) 

iv)  Also the corresponding values of mean M and 
standard deviation S are obtained using equation (3) 
and (4) 

v)  The values of Xp1 and Xp2 are determined using the 
equations (18) and (20). 

vi)  The values of Kα and Kβ for α=β=0.10 are found. 

vii)  The values of 
1pK∗  and 

2pK∗  are obtained using 

equations (19) and (21). 
viii)  And hence the sample size n and variable constant k 

are obtained using equations (22) and (23) for 
known standard deviation. 

ix)  The values of n and k are presented in Table 3 along 
with corresponding values of α′ , λ′ , p1, p2, β1 and 
β2. 

x)  The upper value in the body of the Table 3 is n and 
the lower value is the corresponding k. 

Table 4: 
i)  The values of p1 and p2 are fixed 
ii)  The corresponding values of skewness (β1) and the 

kurtosis (β2) are obtained using the equations (5) and 
(6) 

iii)  Also the corresponding values of mean M and 
standard deviation S are obtained using equation (3) 
and (4) 

iv)  The values of n and k are obtained using equations 
(22) and (23) for known standard deviation. 

v)  The values of n′  and k′  are obtained using 
equations (25) and (26) for known standard 
deviation. 

vi)  The values of tanθ are obtained using the equation 
(27). 

Example 1: 
The dimension and its variations in a production process 

follows heavy tailed Lomax distribution. The production 
process turns out skewness = 2.0774 and kurtosis = 3.5745. 
Determine variable sampling plans when AQL = 7% and 
LQL = 10% with corresponding probability of acceptance  
90% and 10% respectively.  

Solution:  
It is given that the production process turns out Skewness 

= 2.0774 and Kurtosis = 3.5745. The distribution is 
positively skewed. 

Hence if p1=0.07 and p2 = 0.10 and α = β= 0.10, from 
Table 1, α′ =0.0125 and if λ′ =0.015, then α=80 and 
λ=66.67. 

From Table 2, the corresponding mean M = 0.8439 and the 
standard deviation S = 0.8546. 

Using these measurements n and k values are determined 
as follows:  

Letting FX(x) in (1) be 0.93 and 0.90 corresponding to p1 
and p2 and solving for Xp1 and Xp2, we get: 

Xp1 = 66.67[(0.07)-0.0125-1] = 2.2534 
Xp2 = 66.67[(0.10)-0.0125-1] = 1.9468 
Kα = Kβ = 1.282 

( )( ) 2

3066.0
564.28546.0





=n  = (7.1468)2 = 51.0768 ≈ 51 

( )( ) ( )( )
( )( ) 








−

+
=

8546.0
8439.0

564.28546.0
2534.2282.19468.1282.1k   

= 1.4677 
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3.3. Lomax VSP for Unknown Standard Deviation 

The operating procedure for these plans for unknown 
standard σ is given in section 2.2. When the standard 
deviation is not known then an alternate formula for finding 
the parameters n and k is given by 

1 2

2
22

2 p p

K KKn
K K

α β
∗ ∗

 ++  ′ =
 − 

         (25) 

and           2 1p pK K K K
k

K K
α β

α β

∗ ∗+
′ =

+
          (26) 

Hence it can be observed that whenever the skewness and 
kurtosis of a Lomax distribution is determined, the 
corresponding parameters of the Lomax Variable sample 
plans could be easily found. The procedure given in this 
paper facilitates easy selection of the plans through the tables 
provided. The tables can be extended further for various 
producer and consumer risks.  

4. Designing the Sampling Plans with 
Minimum Angle Method 

Another objective is that when the angle is minimized, 
then the abstract OC curve tends to ideal OC curve which 
leads to best sampling plans. In minimum angle technique 
generally a portion of the abstract OC curve is compared 
with the ideal OC curve. The approach of minimum angle 
method by considering the tangent of the angle between the 
lines joining the points (AQL, 1-α) & (LQL, β) is shown in 
Figure 1.  

Here 
( ) ( )

2 1

1 2
tan

a a

p p
P p P p

θ
−

=
−

        (27) 

Thus when the two points on the OC curve are known, the 
minimum values of tanθ can be calculated. This minimum 
angle provides a better sampling plan with good 
discriminating power. It minimizes the angle between the 
abstract and ideal OC cuves. For a minimum tanθ, the angle θ 
approaches to zero and the chord AB approaches to AC, 
hence the ideal condition is reached. This approach 
minimizes both producers and consumers risk 
simultaneously. Thus both are benefitted by choosing these 
plans. The minimum angle method of Lomax variable 
sampling plans are presented in Table 4. The parameters of 
Lomax variable sampling plans are chosen from Table 4 
corresponding to the minimum angle. 

 

Figure 1.  Minimum Tangent Angle 

Table 4.  Minimum Tangent Angle Values for the given values of n, p1, p2 and k 

1p  2p  M  S  1β
 2β  

n  k  n′  k′  ( )1aP p  ( )2aP p   

0.005 0.01 8.3333 8.6881 2.0304 3.2207 11 4.086 40 4.086 1.0000 0.9999 47.4929 

0.005 0.02 5.5556 5.7921 2.0459 3.3355 3 3.708 9 3.708 1.0000 0.9984 9.1663 

0.005 0.03 4.1667 4.3441 2.0615 3.4534 2 3.491 5 3.491 1.0000 0.9939 4.1099 

0.007 0.04 3.3333 3.4752 2.0774 3.5745 2 3.149 4 3.149 1.0000 0.9862 2.4018 

0.008 0.05 2.7778 2.8960 2.0935 3.6989 2 2.958 4 2.958 1.0000 0.9757 1.7284 

0.01 0.04 2.3810 2.4823 2.1098 3.8269 3 2.951 6 2.951 0.9999 0.9862 2.1976 

0.01 0.07 2.0833 2.1720 2.1264 3.9584 2 2.661 3 2.661 0.9999 0.9479 1.1532 

0.02 0.09 1.8519 1.9307 2.1431 4.0936 3 2.154 3 2.154 0.9984 0.9144 0.8337 

0.02 0.03 1.6667 1.7376 2.1601 4.2327 35 2.724 64 2.724 0.9984 0.9939 2.249 

0.03 0.04 1.5152 1.5797 2.1773 4.3758 72 2.356 105 2.356 0.9939 0.9862 1.3031 

0.03 0.05 1.3889 1.4480 2.1948 4.5232 23 2.239 31 2.239 0.9939 0.9757 1.0957 

0.03 0.06 1.2821 1.3366 2.2125 4.6748 13 2.145 16 2.145 0.9939 0.9627 0.9609 

0.04 0.07 1.1905 1.2412 2.2304 4.8311 20 1.914 22 1.914 0.9862 0.9479 0.7817 

0.04 0.08 1.1111 1.1584 2.2486 4.992 13 1.846 14 1.846 0.9862 0.9316 0.7325 

0.04 0.1 1.0417 1.0860 2.2671 5.1578 7 1.733 7 1.733 0.9862 0.8965 0.6685 

 

θtan



 American Journal of Mathematics and Statistics 2018, 8(1): 13-21 21 
 

 

5. Conclusions 
In variable sampling plans, although many process is 

based on normal distribution in most of the practical 
situations the process is non-normal and heavy tailed. Hence 
this article provides an insight to sampling plans based on 
non-normal Lomax distributions. Also the operating and 
designing procedures with necessary tables for easy selection 
of the sampling plans are provided. However, this study is 
limited only to heavy tailed Lomax distribution and only one 
specification limit. But this study can be extended to other 
non normal distributions and to lower specification limit also. 
It can be noted that by applying the minimum angle 
technique, there is a great reduction in the sample size. Also, 
this minimizes the risk of both the producer and consumer. 
The minimum tangent angle method helps to choose a better 
sampling plan which may tend towards an ideal situation. 
Also, it provides a better discernment of accepting good lots. 
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