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Abstract Some notations in permutation topological spaces is given in this paper and some new permutation spaces like
(PSS), (PIS), (PHS), (B—T,), (B—T,), (EPTS), (IEPTS), (DEPTS), (E(B)—T,). (E(B)-T,). (E(H)-T,).
permutation homogeneous space, E (/) -connected space, E(/3) -disconnected space and others are introduced and

discussed. The aim of this work is to introduce and study new classes of the topological groups they are called permutation
topological groups, extension permutation topological groups, permutation homogeneous topological group, Lindelof

permutation topological group, E (/) -connected group, E (/) -disconnected topological group, (EPTG), (IEPTG),
(DEPTG), (E(B)—T, group), (E(B)—T, group), (E(B)—T, group) and others. Moreover, several examples are
given to illustrate the concepts introduced in this paper.

Keywords Permutation topological space, Symmetric group, Cycle type, Permutation homogeneous, 8 —Connectedness,

Permutation topological groups

1. Introduction
Let B be a permutation in symmetric group S with
n

letter . The support of /3, is the set {i € Q|B(I) =i}
where Q={L2,..,n} and F is not identity in g - S0
n

we say S and ; are disjoint cycles iff supp(f)N

supp(4A) =¢ [10]. There are many applications on
permutations, in recent years they are used to solve equations
(see [8-11]). Permutation topological space (Q,tnﬂ is one
of the more interesting applications was first introduced by
Shuker [7] in 2014, where each [ — set in the permutation
space () is either open or closed. That means it's not
necessary any subset A={b,,b,,...,b.} of Q in
(Q,t7)is S —set. Therefore in this paper we will solve

this problem in section three by give more definitions and
notations of permutation space and hence we can deal with

any subset A={b,b,,....b} of Q in (Qt’) as

B —set. Thatmeans wecanput A=pn”. However
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ng{,ii}icif) where A, (1<i<c(f)) disjoint cycles of

B also we denote to its cycle by 7=(bb,...b) and

hence in this paper after we give some new definition we will
consider that all the notations and definitions are hold except

it is not necessary every /[ —set in the permutation space
Q is either open [ —set or closed [ — set. In another
direction, new construction is called similar £ — set with
some notations are recalled that is required to be [ — set for

any subset of Q.

A topological group is a set that has both an algebraic
structure and a topological structure. Further, many notations
of topological group are discussed by many researchers (see

[1-6]).

In section four and five, some new permutation spaces like
(PSS), (PIS), (PHS), (B —T,), (B —T,), (EPTS), (IEPTS),

(DEPTS), (E(B)-T,). (E(B) —T,), (E(B)-T,),
permutation homogeneous space, E (/) -connected space,
E (/) -disconnected space and others are introduced and

discussed. Further, in this paper many interesting properties
and examples of permutation topological groups and
extension permutation topological groups will be explored.
Also, the notations of permutation homogeneous topological

group, Lindelof permutation topological group, E(f)
-connected group, E (/) -disconnected topological group,
(EPTG), (IEPTG), (DEPTG), ( E(B)-T, group),
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(E(B)—T, group), (E(B)—T, group) and others are

defined and illustrated. In other words, separation axioms,
connectedness and related properties of permutation
topological groups and of extension permutation topological
groups are discussed.

2. Preliminaries

In this section we recall the basic definition and
information which are needed in our work.

Definition 2.1 [11]
A partition «a is a sequence of nonnegative integers

o0

(a,@,,...) with ap >a, >... and Y a;<o. The
i=1

length 1(ex) and the size |cx| of « are defined as

I() =Max{i € N;o; #0} and |a|=) a; We set
i=1

a Fn ={a partition ;|(x| =n}for n€ N . An element
of & |n iscalled a partition of n.

Remark 2.2 [15]

We only write the non zero components of a partition.
Choose any S €S, and write it as y;7,....7 5 - With
y; disjoint cycles of length ¢; and (/) is the number

of disjoint cycle factors including the 1-cycle of /. Since
disjoint cycles commute, we can assume that
Q20 2.2 0y Therefore a = (ay, .., 0 )

is a partition of n and each ¢; is called part of & .

Definition 2.3 [8]

We call the partition & =a(f) =
(a1 (B): 2 (B),-r () (B)) the cycle type of /3.

Definition 2.4 [14]

Suppose first that S € S, —{e}. Then supp(p), the
support of S , is the set {ie Q|p(i) =1} where
Q={,2,...,n}.Sowesay S and A are disjoint cycles
iff supp(8)Nsupp(1) =¢.

Definition 2.5 [7]

Suppose [ is permutation in symmetric group Sn on
the set Q={2,..,n} and the cycle type of S is
a(f)=(a,,ay,....0y) » then B composite of
Ry
A= (bli,b;,...,bjli) , 1<i<c(p). For any k —cycle
A=(,b,,...b) in §,

pairwise disjoint cycles where

we define f— set as

Extension Permutation Spaces with Separation Axioms in Topological Groups

I ={b,,b,,...,b, } and is called [ —set of cycle 4.
So the pf— sets of {ﬂi}fif) are defined by
(G ={0l.b}....b} }1<i<c(B)}.

Remark 2.6 [7]

For any k —cycle A=(b,b,,..., b)) in S, we put
|&| =k, Further, suppose that A7 and /If are 3 —sets
in Q, where ‘ﬂ,i ‘ = o and ‘ij‘ =v. We will give some

definitions needed in this work.
Definition 2.7 [7]

Wecall A7 and ] aredisjoint f—setsin €, ifand

o . v .
only if > by =>"b! and there exists 1<d <o, for
k=L k=1

each 1<r <o suchthat b} #b/.

Definition 2.8 [7]

We call A/ and )ff are equal S —sets in Q, if and
only if for each 1<d <o there exists 1<r <o such
that b} =h/ .

Definition 2.9 [7]

We call A7 is contained in i’f and denoted by A7 &

I
B ; i
A7 ifandonly if > by <> bl .
k=1 k=1

Definition 2.10 [7]

We define the operations A and v on [ —setsin Q
as followers:

Wi ibf( < ibkj
k=1 k=1

o . v .

WA=l A b Y
k=1 k=1

APit A =af =2F

o,if iiﬂ&/ljﬁ are disjoint

o . v i

it Y b > )
k=1 k=1

B it bl <3

and ﬂiﬁ\/ﬂ“]ﬁ: /1j,lf kZ:bk <|(Z:bk
=1 =1

AP if Aﬂz,ljﬁzﬂﬁ

Q,if 4 & A{ are disjoint
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Remarks 2.11 [7]

1. The intersection of A7 and ljﬁ is A2 A /"Lf.

2. Theunionof A/ and A} is A/ v A/.

3. The complement of A/ is Q— A7 .

4. The intersection and union of @and A/ are ¢ and
A7 respectively.

5. The intersection and union of () and ﬂiﬂ are /1iﬁ

and Q), respectively.
Definition 2.12 [7]

Let B be permutation in symmetric group S, ,and f
composite of pairwise disjoint cycles {4 }filﬁ ) , Where
|ﬂi|= a; ,1<i<c(p), then (Q,t7) is a permutation
topological space where Q={L2,..,n} and t’ is a
collection of S —sets of the family {4 }icif) union €2

and empty set.
Definition 2.13 [7]

If 2% et? is B —setin the space Q, then Q— 2"
is called closed S — set in the space €2, and /17 is
smallest closed f —set containing or equal A7 and any
L —set ¥ &Q iscalled closed 3 — set iff W=

Definition 2.14 [7]

The set (17)° = Q-Q- 27 s called the interior of
the [ —set A7 inthe permutation space 2.

Remarks 2.15 [7]

1. Wecall x belongto B—set A ={b,,b,,....b,}

iff X =D, for some je{L2,...k}.

2. The condition X € Q—Q — A# means that

X & Q— A7 Therefore, X is an interior point of
L —set A7 if and only if there is an open /3 — set

/1? containing X and such that
2 A@Q-2)=¢.

3. If A and /’Lf are disjoint S —sets in €0, then
neither A7 & A nor A7 & A7

Remark 2.16 [7]

Any map between two permutation topological spaces is
called permutation map.

Definition 2.17 [7]
Let B, w1 and O be three permutations in symmetric
group S, and let &:(Q,t7) — (Q,t*) be a function,

where for each 8 —set A” ={b, ,b,,....b }, the image

B
of A under & iscalled g —setand defined by the rule

() ={o(0 ), 6(®,), ...60)} . I

direction, let n* ={a,,a,,...,a,} be p— set, the

another

inverse image of n* under & is called S — set and
defined by the rule & 1(n*)={5 1(a),5 *(ap),

...,5’l(ar)}. The usual properties relating images and

inverse images of subsets of complements, unions, and
intersections also hold for permutation sets.

Definition 2.18 [7]

Given permutation topological spaces (Q,tnﬂ ) and
Q'ty) S (Qt]) —> (Q,t4) s
permutation continuous if the inverse image under & of

a function

any open g —set in t/' is an open S —set in tf (i.e
SHA*) et? whenever A et?).

Lemma 2.19 [7]

The identity permutation €= (1) in symmetric group S_
iS a permutation continuous on a permutation space
Q7).

Lemma 2.20 [7]

A composition of permutation continuous functions is
permutation continuous.

Remark 2.21 [7]
A base for a permutation topological space (Q,tnﬂ) isa
sub-collection D of t/ such that each member A” of t”

can be writtenas 17 = v ﬂf’ , where each Aiﬂ belongs to
iel

D . Further, the subbase M of tf such that each proper
open B —set A7 of t” can be written as a union of finite

intersections of elements of M . In another word, the family
of open [ — sets consisting of all finite intersections of

elements of M , together with the set Q, forms D. Let
{(& ,tfl )}ic be the collection of permutation topological

spaces. Then subbase for the product permutation topology

i 1 i i i
(HQi,.l;Iltnf) isgivenby M ={r; (ﬂkﬂ)lﬂk’g etrf,

icl i

iel,k=12,.., c(£")} so that a base can be taken to be
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d i i
D:{_Alni—l(z,,/?‘)u_/?’ et’licl, deN}.
j= j j i
Definition 2.22 [7]

Let (Q; ,tlﬂi ) be permutation topological space for each

i
index i e | . The product permutation topology t=T1t/

iel

on the set Q= _1_|[Qi is the coarsest permutation topology
le

on Q making all the projection mappings 7; : €2 — €2,
permutation continuous.
Lemma 2.23 [7]

If the spaces €2,€),,... are permutation topological
spaces, then €2, x€2, x... have a countable base.
Remark 2.24

If P is an algebraic (a topological) property, we say
that the topological group G has property P, if the
group (G,e) (the topological space (G, 7)) has property
P.

Definition 2.25 [13]

Let (G,e)beagroup, F and K be subsets of G, we
let FK and F™' denote FK ={f ek|f e F k eK}
and F*={f"|feF}. The subset F is called

symmetricif F ' =F .
Definition 2.26 [7]
(Permutation subspaces):

Suppose (€,t7) permutation space, A & Q and
T/ =27 A2, for each proper 2/ et’ then
{{bli,b;,...,biik},if A? & Aare not disjo int

T/ =
¢, if ¥ &Alare disjoint

Let R={T.”|T.” nonempty open S —set}. For each
T/e® , et b= Max {o.b..b}

m=Max{b.;T.” € R} . Suppose Z |Ti|:s , and
i T/ eR

and

t=mMm-—s, then we have this set B={b,,b,,...,.0,} has
Tlﬁe*ﬁ
Q'={1, 2,...,m}. Here we used normal intersection ([))

exactly T points where where

between pairwise sets to find the set B . Foreach T,” e R
we have T :(b‘,b;,__,,biik) is i, —cycle in S, . Then

Extension Permutation Spaces with Separation Axioms in Topological Groups

{{Ti}Tiﬁ R s {(br)}tr:l} are disjoint cycles decomposition
of new permutation in symmetric group S, induced by
AP say ;/1/3 .

Definition 2.27 [7]

Let (Q,tnﬁ ) be a permutation space and AP &Q, then

we denote to permutation subspace of (Q,t,'f) by
' yﬂﬂ yﬂﬁ ' p t
(Qt, ) where t},  ={Q', ¢, {T; }TiﬁeiR O oy -

and Q'={L2,..,m}.
Definition 2.28 [7]

( B — Connectedness): Let (Q,tnﬂ) be permutation
topological The S -

Y ={/11ﬂ}ie| is said to be a # — decomposition of the set
Q={,2,..,n} if Q=v Aiﬁ and if the members ﬂiﬁ of
il

space. collection  of sets

Y areall nonempty and {4; }ic, pairwise disjoint cycles
in S, . Then ¥ is called [ — decomposition of Q we

also say that Q) has been [ — decomposed into the [ —
sets of W . Assume the permutation topological space
(Q,t7) has been f3— decomposed into two open S —

sets ﬂkﬂ and lf . In this form the permutation space is
called /3 — disconnected.

Definition 2.29 [7]

A permutation space €2 and its topology are both said to
be [ — connected if € cannot be [ — decomposed into

two open [ —sets. A 5 — subset AP of Q is said to be

[ — connected whenever the permutation subspace
P s

@t ) is ;/i — connected, and A’ is said to be
. . . 2 .

S — disconnected if Q) is 7/’1 — decomposed into two

WP
open y~ —sets.

3. New Notations in Permutation
Topological Space
Let (Q,t”) be permutation topological space. Each

L — set in the permutation space € is either open or
closed. Therefore in this paper we will deal with any subset
A={b,,b,,....b.} of Q in (Q,t/)as B—set. That

means we can put A=7”. However 7 ez{ﬂi}lcif) where
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A (1<i<c(pB)) disjoint cycles of S also we denote to

its cycle by 77 = (b, b, ...b,) and hence in this paper after

we give some new definition we consider that all the
notations and definitions are hold except it is not necessary

every 5 —set in the permutation space (2 is either open
L —setorclosed S — set.

Definition 3.1
Let 27 ={b,b,,....b} and n” ={a,,a,,...,a,}
be two subset of ). Then, we call A# and 77/j are
r 1%
similar 8 —setsin Q, ifand only if » b, = > a, and
k=1 k=1
one of them contains at least two points say bi,bj el
such that b, € 77” and b, en’.
Definition 3.2

Let A ={b,,b,,...,b} and 7’ ={a,, a,,...,a,}
be similar B —setsin Q and A = Max{Max{r7” — w},

Max{¥’ — w}} where @ ={b,,b,,...,b.}N
{a,,a,,...,a,}. Then ¥ &5’ if Aepn’ and
NP APit aen?
n? EA i Ae A’ Also, P AdF = =
nﬂ,ifAe/lﬂ

Plit Aep?

and nﬂviﬂzn' °n

APif Aedf

Definition 3.3

For any A* ={b,b,,...,b,} and n? ={a,a,...,8,}
two subset of €.

Then, 7/ An’ =
r 1]

ALt IO b <Y a) Or
k=1 k=1

(A” &n”are similar and A e;”)]

r v
7’ (b > > &) Or
k=1 k=1
(A” &nare similarand A € 17)]
N PUYR
o, if [A7 &n” are disjoint]

and ¥ v’ =

AP if [(Zr:bk >iak) or

k=1 k=1
(AP &nPare similar and A € 17)]
r L
n? it (Db <D a)or
k=1 k=1
(A# &nPare similarand A e”)]
pl it (27 =n” =]
Q,if [A* &n” are disjoint]

Remark 3.4

In permutation topological space (Q,tnﬁ ) any subset
Ac Qsuchthat A& Qandis called an open [ — set iff
A° = A. Also, itis called closed B —setiff A=A.

4. Permutation Topological Group

Definition 4.1

Let (Q,rnﬁ) be a permutation topological space. Then
(Q,77) is called Permutation Single Space (PSS) if and
only if each proper open [ — set is a singleton.

Definition 4.2

Let (©,77)be a permutation topological space. Then
(Q,77) is called Permutation Indiscrete Space (PIS) if
and only if each open [ —set is trivial [ — set.

Definition 4.3

Given permutation topological spaces (Q,t”) and
(@t , a S () > (@ t4) s
permutation open map if the image under ¢ of any open

function

B—setin t” isanopen z—setin t*.

Lemma 4.4

Let (Q,7”) be a permutation topological space. Then
(Q,77) is permutation single space (PSS) if and only if
c(B)=n.

Proof:

Suppose that (€2,7”) is a (PSS). Then each proper open
P— set is a That
Vo AcQ&Aectf = A={h}, for some b, € Q.
Let c(B)=k =n, then K<n (since 1<c(B)<n),

singleton. means,
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k
and hence = A4,...4, . However, Y a;=n, where
i=1
alf)=(a,0,,...) , o = |/1i| , A<i<k) .
Then ¢ =|ﬂ,i| >1 for some (1<i<K). This implies
that /”tiﬂ contains more one element, but this contradiction

since /”tiﬁ is an open S —set and each open [ —set is
singleton. Therefore we consider that ¢(£) =n.

Conversely, if c¢(f)=n Then we consider
n

that S =AA,...A, . However, Y a;=n , where
i=1

a(f)=(a, ... @) . o =|A4] ., @A<i<n).
Then ¢; = |/1i| =1 for all (1<i<n). This implies that
iiﬂ contains only one element for each (L<1i<n), but
o/ =L |1<i<n} U{g,Q}. Thus each proper open
3 —setis asingleton and hence (2,77) is (PSS).

Lemma 4.5

Let (Q,7”) be a permutation topological space. Then
(Q,7”) is permutation indiscrete space (PIS) if and only if
c(B)=1.

Proof:

Suppose that (€2,7”)is a (PIS). Then each open /3 —
setis trivial S —setand hence 7/ ={@, }. This implies
that Vg=A &Aer/= A=Q
p=0O b, Db,...0) , where
c(B)=1.

Conversely, if ¢(f)=1 . Then we consider that
B=2=(b,b,b,..b)and hence ¥ ={2’}U{p,O3},
but {}=Q. Then 7/ ={#,Q} and this implies that
(Q,77) is (P19).

Definition 4.6 [12]

(Multiplication Permutation Map)

Hence

a(f)=(n) . Then

Let 6, and &, be two permutations in symmetric group
S,.Then &, and &, are two permutation maps from €

onto Q. Further, 0, %0, :Q2xQ —>QxQ is a product
map of permutation maps where

(6, x6,) (%)) = (6.(X), 5, (V) V(X,y)  eQxQ . In
another side, the map &, X, isapermutationin S, xS
as this form

Extension Permutation Spaces with Separation Axioms in Topological Groups

5 vs _( (11) 1,2)
2 (6,.0,6,0) (6,),6,(2)) -
(dn) (21) (i, )

(6:(), 6, (n)) (6,(2), 6, (1) -~ (6,(1), 5, (1))

(n,n)
(6,(n). 5, (n))j'
Now, let *:QxQ —> Q) be a binary operation on )
and (6,x0,) :QxQ—>Q be a map defined by

(0,%x8,) (X, ¥)) = 61(X) *35,(y), V(X Y) eQxQ.

Then the permutation map (&, x&,)" from permutation

space  (QxQ,t7/ xt?) into (Q,z7 ) for any
permutation B in symmetric group S, is called
multiplication permutation map. Further, it is called

multiplication permutation continuous iff the inverse image
under (&, x35,)" of any open S —set in tf is an open

. . w1
BxP— set in tPxt/ (e (5,x6,) (F)e
t/ <t/ whenever 2f e t’).

Example: 4.7 Suppose that #=(512 43) and o, =
0, =(1) are permutations in symmetric group Sn with
Nn=>5,andlet *:QAxQ—Q be abinary operation on Q

Xx+y-1 if x+y-1<n,
where  *(X,y) = Y . g
(x+y-1)—n, if x+y-1>n.
V(X,Y) eQxQ. We consider that the multiplication
permutation map (& x J,)" : (QxQ,té} xtf) —)(Q,T5ﬂ) )

where (6, x5,)"((X,¥)) =X*Y,V(X,y) eQxQ s
a multiplication permutation continuous map.
Remark 4.8
By above example we consider the following:
(1)-Forany S eSS, if ¢c(B)=1.Thenthereisa
multiplication permutation continuous map

(0, %5)" :QxQ — € from permutation space
(QxQ,tnﬂ xtnﬂ) into (Q,rf) satisfies
(6,x6,) (% ¥)) = x*Y, V(X y) eQxQ.
(2)-For any n >1, the mathematical system (Q2,*)is a
commutative group.
(4)-Forany n>1 and (X,Yy) in QxQ,the
multiplication permutation map such that:
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(6,%6,) (% Y)) =

(0, x8,) (x 7, y)), if 2x=20r n+2
(6, x8,) (%, y™), if 2y=20r n+2
(0, x8,) (x™,y™M), if 2x=20r n+2)
&(2y=2o0r n+2)
(5)-Forany N >1, there is an inversion permutation map
p:Q—>Q suchthat p(X)=x", VxeQ.

Where p:[ 1 2 ... Jwith
pQ) p2) ... p(n)
(x) = X, if x=1,
PO ns2-xif x=1.

Lemma 4.9
For any even positive integer N >3, the commutative
group (2,*) has proper symmetric subgroup.

Proof:
n
Let f =n—§+1, then 1< f <n for any even

positive integer N >3 . This implies that the set
F ={1, f} is a proper subset of Q. New, to prove that

(F,*) is a symmetric subgroup of (€2,*) it is enough to
showthat f * f =1 F . That means (F,*) isagroup
with the following table:

* 1 f
1 1 f
f f 1

Since f+f —1=(n—2+1)+(n—2+1)—1

n
=2(n—5+1)—1 =2n— n+2-1= n+1>n. Then
fef=(f+f-)-n=1 and hence F*'={, f}=F .
Therefore (F,*) is a proper symmetric subgroup of (£2,%).
Lemma 4.10

For any even positive integer N >3, the commutative
group (Q2,*) has proper normal subgroup.

Proof:
By lemma (4.9) we consider that (F,*) is a proper
subgroup of (€2,*), where

F={1f} and f :n—2+1. Now, we need to

show that (F,*) is a normal. In other words, we want to
prove that X+ f xx ' e F,forany feF, xeQ.It

189

is clear if 1=f eForl=xeQ, then x=fxx =1
or feF . Also, if 1#feF & 1#xeQ, we have

xt-n+2—x and f=n—g+1. Then x* f*xx T eF.
Since f+x*'-1= n—%+1+n+2—x—1:n+(2+2—x).

Then we consider that frxt=

n+(Qr2-x),if n+Cr2-x)<n,
n2 n2 put g="f*x".
(§+2—x), if n+(§+2—x)>n.

N+t if neCe2-x<n,
Therefore, we getx+g-1= n2 n2
(§+1), if n+(E+2—x)>n.

Thus, x+g—1:n+(g+1)>n orx+ 9 —l=(g+l)<n,
for any even positive integer n > 3. This implies that

AL, if x+g-1<n,
r21 Then
(E+1)' if x+g-1>n.

X f *x‘1=(2+1)=n—g+1= f eF . Hence (F,*)

is a proper normal subgroup of (€2,%*) .

Definition 4.11

Let (©,7”) be a permutation topological space and
(Q,*) be a group. Then we say that (Q,*,7”)is a
permutation topological group (PTG) if q(X,y) = X*y
and p(X)=Xx" the multiplication permutation map
g:QxQ—Q is multiplication permutation continuous
map and P : €2 — € the inversion permutation map is
permutation continuous map.

Example 4.12

Let #=(4215623) be a permutation in symmetric
group S, . Then (Q,7f) is permutation topological
space, where Q={1,2,3,4,5,6} and 7{ ={¢,Q}. Also,
let (Q,®) be agroup with the following table:

Table (1)
. 1| 2] 3| 4|5 |6
1 1] 23| 4] 56
2 2 | 3| 4|5 |6 |1
3 3| 4|5 |6 | 1|2
4 4 |5 |6 | 1] 2|3
5 5 16 | 1] 2|34
6 6 | 1| 2] 3| 4|5
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It is clear that (Q,rf) is an indiscrete permutation
space. Thus (X, Y) = X ey ismultiplication permutation
continuous map and p(X) = X" is inversion permutation
continuous map, VX,y €€ . Then (Q,O,rﬁﬂ) is a
permutation topological group.

Lemma 4.13

Let T:(Q,z/) — (Q,7/) be a permutation function.
Then,

(@ TI' is a permutation continuous and permutation

open map, if (Q,77) is (PIS).

(b) I' is a permutation continuous and permutation

open map, if (Q,77) is (PSS).

Proof:

(@) Let (Q,77)be a (PIS). Then each open /3 —set is
trivial S — set and hence 77 ={4,Q} . It is clear
I'(@)=¢ and T (g)=¢ . Also, T(Q)=Q and
' (Q) =Q (since each permutation map is bijection).

Then T is a permutation continuous and permutation open
map

(b) Let (©,7/”) be (PSS). Then each proper open /3 —
set is a singleton. This implies that,
Vo2’ &Q &V et/ we have I ={a}, for

some @ € Q. In another side, if T'(A”) is not singleton

for some proper open 3 —set A’ . That means thismap I’

send one point to more than one point and hence I is not
permutation, but this contradiction. Therefore, for any open

f— st A in Q we consider that
Qif ¥=Q
r(A’)=| ¢, if A =¢  for some a,be Q. Also,
{b}, if V¥ ={a}
Qif ¥ =Q
by similarity we consider that ') =| ¢if ¥=¢
{o}, if A ={a}

forsome a,b € Q. Thus T'(A’) and T (A”)are open

P — sets. Then I' is a permutation continuous and
permutation open map.

Definition 4.14

Let I":Q — € be a permutation function, then T" is
called a permutation homeomorphism if it has the following
properties:

(1)-T"is a bijection,

(2)-T" is permutation continuous,

(3)-1! is permutation continuous (T" is permutation

Extension Permutation Spaces with Separation Axioms in Topological Groups

open map).
Definition 4.15
A permutation topological space (Q,7/) is called a

permutation homogeneous space (PHS), if for any
X,y € Q there exists a permutation homeomorphism

I':Q—Q suchthat I'(x) =Y.

Example 4.16

Let f =e€ be an identity permutation in symmetric
Then (Q,7¢) is permutation topological
0={,2,3456,7,89  and
o ={{i}11< j<BU{p. O} . 1t is clear that (Q,z/)

group S, .
space, where

is (PSS). Define I':Q—>Q as follows: for any
X, if t=y,
X,yeQ, let I'(t)=| vy,if t=x, Vte Q. Therefore
t, Otherwise.
12 .0 x1 x x+t1...y-1y y+1 ... 9

F:
We g8t T TNy 2 L xly x#la. yd x yil .. 9

iS a permutation in symmetric group 89 and such that
[(X)=Yy . Moreover, T':(Q,z) > (Q,zf) is a
bijection map (since each permutation is bijection). Also, I"
is a permutation continuous and permutation open since
(Q,7f) is (PSS). Then (Q,7) is a permutation
homogeneous.

Definition 4.17

A permutation topological group (,e,7”) is called a

permutation homogeneous topological group, if its
permutation space is a permutation homogeneous.

Remark 4.18

Let (Q,*,7”) be a permutation topological group, and
keQ, DefineT': Q—>Q, T'(r)=kr (I'(r)=rk),
VreQ . Then the map ri—=>kr (ri—>rk) is a
permutation homeomorphism. Also, define T':Q—>Q ,
r(r):[ notre

n+2-r,if r=1.

VreQ . Then the map

r—>rtisa permutation homeomorphism.
Lemma 4.19

Every permutation topological group is a permutation
homogeneous topological group.

Proof:
Let (Q,0,7”)be a permutation topological group, we

need to show that it's permutation space (€2,7/) is a

permutation homogeneous. That means we have to show that
for any X,yeQ there exists a permutation
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homeomorphism T":Q — Q suchthat T'(X) =y . Since
(Q,e,77) is permutation topological group. Then there is
a permutation homeomorphism such that r— rt,
VreQ and hence for any X,y e Q) there exists a
permutation homeomorphism such that I > Xr _ly ,
Vr € ). Moreover, we consider that this permutation
homeomorphism such that X+> XeX e y=Y and
y> Xey tey=X. Hence (Q0,7/)isapermutation
homogeneous topological group.

Lemma 4.20

Let (Q,*,7/) be a permutation topological group, and
D is a subset of 2. Then D is an open S —set if and
onlyif D™ isanopen [ —set.

Proof:

Sincethe map I — rtisa permutation
homeomorphism. Then the proof is obvious.

Lemma 4.21

Let (Q,*,7”) be a permutation topological group, and
ke Q. Then D is an open [ —set if and only if kD
(Dk) isanopen [ —set.

Proof:

Since the map I kr (r— rk) is a permutation
homeomorphism. Then the proof is obvious.

Theorem 4.22

A permutation topological
permutation topological group.

Proof:

group is an Lindelof

Let (Q,e,t”) be permutation topological group where
peS,, and a(ﬂ)z(al,az,...,ac(ﬂ)) , then for each
1<i<c(p) we f— set
A’ ={o],b} ,...,b;i} is a countable set, and for each base

have the proper open

D={A|ﬂ}ie| for permutation space ) we have

21'3 ﬂ.ﬁ where 5 b S bl but lﬂ is a
VvV AT = A = i 1}, i
N j k§=1 % SlJlo{k§:l K liel} j
countable set (each finite set is a countable), (see Runde,

2005), so D is a countable base, since only the union of a
countable collection of a countable sets is countable.

Therefore permutation space €2 with countable base, then
we have permutation space € is an Lindelof space (see
Bourbaki; 1989. Page 144). Hence (Q,o,tnﬁ) is an
Lindelof permutation topological group.
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Remark 4.23

If {Q,}.., is a collection of permutation topological
groups, then Q, xQ,x... is an Lindelof permutation
topological group.

Definition 4.24

Let (,7”) be a permutation topological space, and
x € Q. The S —connected componentof X in Q isthe
largest S — connected subset of €2 containing X .

Example 4.25

Let £ =(1 2) be a permutation in symmetric group
84 . Find f— connected component of 3€Q in
permutation topological space (2, z‘f) .

Solution:

tf ={Q 0412 {3 {4}, where Q= {1234}
Hence (€2, rf) is a permutation topological space, let {Lg
={8h L ={L.3h L3 ={2.3}, L, ={3.4}, Ls={1.2,3},
Le ={13,4}, L; ={2,3,4}, Lg =Q} be the family of all
subsets of ) which are contain point 3 . Then we
consider that each one of the permutation

S

L# Lg , L#
subspaces{ {(QatZ )}i7=3’ (Q,tz ) (Q ,tg ) } of

Q7)) is j,l-iﬁ _ decomposed, for all (2 <i<8) into
two open 7,/1'8 _sets {1,2} and {3} and hence {Li}?:z

are f— disconnected, where Q'={1,2,3} , tz"‘iﬂ

=t/ UL for all 3<i<8 , tZLBﬁ:tﬂ and

4

LA LA .
té/z —{Q,0.{1,2},{3}} - Further only (Q',té/l ) is

B — connected where t:};l‘lﬂ ={Q, 0. {B {2}, {3}} Hence
L= {3} is SB— connected component of 3 in
permutation topological space (€2, rf). In another side,
Q is not S — connected component of all its points and
then ) isnot £ — connected.

Definition 4.26

A permutation topological group (Q,o,tnﬁ is f-—
connected topological group iff € is [ — connected
component of all its points.

Example: 4.27 Let (Q,e,t/) be a permutation
topological group in example (4.12). Then Q is [ —
connected component of all its points and hence the
permutation topological group (Q,o,té’) is 3 — connected
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topological group.
Lemma 4.28
Let S be a permutation in symmetric group S_ . Then

the S — connected component of 1< €2 in permutation
topological space (Q,t7) is Q,if c(B) =n.

Proof:

Since ¢(f) =n, then every proper open /3 — set in
(Q,t7) is a singleton (i.e, VB et/ It eQ satisfies
B ={t}). Moreover, for any L={Lb,,....,b } -

k
L, if Db +1<t
i=L
K
{t}if t<D b+1
i=L
{4, if L={={t}
o,if L &{t}are disjoint
Now, we looking for the largest S — subset L of Q

s
contains 1 with permutation subspace (.t} ) is

subset of O, we have L AB =

B . . .
;/A — connected. Thus we first discuses L with

@t/ UL), if L=Q,
Qt7),if L=Q.
v ={L,.Q{}{2},..{n}} is a

s
collection of all non-empty open yL —sets and such that
{a}, if a<b
La{a}={a}= , by A{a}=
{a}={a}=¢ {v} ~{a} {{b},ifbb
{a}AQ={a} for any 1<a,b<n and LAQ=L.

Also, If L=Q . Then w={Q{}{2},..{n}} is a

k Y
n<Y b +1.Here ('t} )=
i=1

If L+Q . Then

. B
collection of all non-empty open }/L —sets and such that

{a}, if a<b

{b}/\{a}:{{b}’ fash {a}ArQ={a} for

any

B
1<a,b<n. Then, Q' cannot be 7/" — decomposed

. B .
into two open ]/L — sets. Because there exist no two open

B . B
}/L — sets are disjoint ;/L — sets. Also, for each

z
L'={Lb/,...,b;} B — subset of O with n>Y bl +1
i=1
we have L'C Q. Therefore, Q is the largest B—
connected subset of  containing 1. Then the f—
connected component of 1 € €2 in permutation topological
space (Q,t7) is Q.
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Definition 4.29
A permutation topological space (,t”) is said to be
LS —T, ifforany two distinct points X,y € €2, there isan

B B B
open S—set A in Q suchthat Xe A ,but yg A .
Definition 4.30
A permutation topological space (Q,tnﬁ) is said to be
L —T, if for any two distinct points X,y € Q, there are
B B B
two open f—sets A, , A, in Q such that Xe 4, ,
B B B
yeAd and Yeld, XegA,.
Example 4.31

Let (Q,Tgﬂ ) be a permutation topological space in
example (4.16), where Q={1,2,3,4, 5,6,7,8,9} and

ol ={{i}1<j<9} U{sQ} . 1t is clear that
(Q,7{) is (PSS) and hence each singleton 3 — set is an
open [ —set. Then, for any two distinct points X,y € Q,
there are two open /3 — sets Zf ={x}, /15 ={y} in
Q such that Xellﬂ , yeé/L_ﬂ ...(1) and yeﬂ,zﬂ :
X éﬂf...(z). Hence from (1) we get (Q,7{) is p-T,.
Also, from (1) and (2) we have (Q,rgﬁ) is g-T,.

Lemma 4.32
Let £ be a permutation in symmetric group S_ . Then

c(B)=n ifandonlyif (Q,t”) is B —T, space.
Proof:
Assume c(f)=n , then by lemma(4.4) we have
(Q,77) is a (PSS) and hence any singleton /3 — set is
open [ — set. Hence for any two distinct points X,y € Q,

there are two open [3 — sets ﬂ.lﬁ ={x}, lzﬂ ={y} in

s s s B
Q suchthat Xe A, , yegA and yeld, XeAi,.
Conversely, suppose that (Q,t”) is B —T, space and

c(B)=n . Hence c(B)=k=n, for some k<n

(since 1<c(B)<n), and hence =44, ...4, .
k

However, > a;j=n, where a(B) = (e, @, ..., &)
i=1

a, =|/1i|, (A<i<Kk). Then g =|ﬂ,i|>1 for some

(A<i<K). This implies that /Lﬁ contains more one
element. That means there are two distinct elements
X,y e A” . However, (Q,t7) is B—T, space, then
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B B
there are two open S —sets A, , A, in Q such that
g B B B
Xed , yed ad yed, , xed, .

B B B
X e supp(4, )Nsupp(4; ) = @,y e supp(4, )

Thus

ﬂsupp(ﬂ,lﬂ) # ¢ . But this contradiction since the cycles for
any pair of open /3 — sets are disjoint and hence we consider

supp(4 ) Nsupp(2”) = 4, SUpp(/lf )N
supp(2”) = 4. Then c(B) =n.

that

5. Extension Permutation Topological
Space (EPTYS)

Suppose that (Q,tr/f ) is a permutation topological space.
Now, we define new set by E(tnﬁ) ={AUB|AB etnﬁ}.
Here we used the normal union (|J ) between open /3 — sets
to generate the new topology E(t’) on Q with two
operations A and Vv (see definition 3.3). In another side,
t? ={ANB| A BeE(t/)}.

Definition 5.1

Let (Q,tf) be a permutation topological space. Then
(QE®M)) is
Topological Space (EPTS), and each A & Q is called an
Extension Permutation set and denoted by E (/) — set.

called an Extension Permutation

Example 5.2
Let f=(13)(25) be a permutation in symmetric

group S, . Hence (Q,z7) is a permutation topological

tf ={Q, oL 3}{2, 54 {4}
Q={1,2,3,4,5}. Thus (Q,E(t’)) is (EPTS), where

space, where and

E(t)) ={Q 0L 342.5{41.41. 2.3 5413, 41{2,4.5}}.

Moreover,  Q,9,{2,4,5}{1,3,4}.{L,2,3,5}.{4},{2,5},
and {1,3}areall closed E (/) — subsetof (2, for example
{1,2,3,5} and {2,4,5} are similar E(f)— sets and
{1,2,3,5} & {2,4,5} (since A=4e{2,4,5}). Further,
{4} and {L,3} are disjoint E(B)— sets, thus neither
{4} & {,3} nor {13} € {4} . In another side,
{12,35)°={1,235 , ({245)°={245 |,
{L2353={1235} . {2451={2,4.5 , {4)° ={4},
B={8 {3)° ={L.3pand L 3F={13}.

Remarks 5.3

(1) For any permutation S in symmetric group S,

(QE()))
topological space (EPTS).

(2 If A& Q is open (closed) S —set in (Q,t7),

there is extension  permutation

then A is open (closed) E(B)— set in
(Q, E(t?)). However, the converse is not true in
general.

(3) Any pair of S — subsets A,B & Q are similar
(disjoint) 8 — sets in (Q,tnﬂ) if and only if they are
similar (disjoint) E() —setsin (Q, E(t”)).

(4) Any pair of B —subsets A,B & Q are disjoint
[ —sets if and only if their complements are disjoin
S —sets or disjoin E(f) — sets.

(5) If A/BE&Q are similar S —sets in (Q,t”) or
similar E(B) — sets in (Q,E(t”)), then their
complements it is not necessary to be similar £ —
sets or similar E () — sets.

Example 5.4

Let (Q,Tf) be a permutation topological space in
example (5.2), where tsﬂ ={Q, ¢,{L,3}, {2,5},{4}} and
Q={1,2,3,4,5}. Thus (Q,E(t”)) is (EPTS), where
Et))= {2p{L31{250{4 {1235}, {L34}

{2,4,5}} . Let A={1,2,3}, B={15}, D={235}
C={1234} Q. Then A /B and their complements

are similar B —sets in (Q,t”) and similar E() — sets
in (Q,E(tf)), However, C, D are similar £ —sets in
(Q,t”) and similar E(B) - sets in (Q,E(t”)), but
their complements are neither similar S — sets nor similar

E(f) — sets.

Lemma5.5

Let (Q,tnﬂ ) be a permutation topological space. Then
(Q,t7) is (EPTS)if c(B) =1.

Proof:

Let (Q,tf) be a permutation topological space and
c(B)=1. Then (Q,t7)is (PIS) by lemma (3.5). This
that t? ={p, 0}
E(t?)={AUB|ABetl} thus E(t) ={p,0}=tF.
Then (Q,t7) is (EPTS).

implies However,
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Lemma 5.6
Let T':QQ— Q be a permutation map. Then,

(@ T:(, E(Tf)) — (2, E(rr/f)) is a permutation
continuous, if I:(Q, Tr/f) —(Q, rr/f) is
permutation continuous map.

(b) T:(QE(P) > (QE(P)) is a permutation
open, if T':(Q,z7)—(Q,77) is permutation
open map.

(c) I':(Q, E(z’nﬂ)) —(Q, E(rf)) is a permutation
homeomorphism, if T': (Q,rr'f) - (Q,z7) is
permutation homeomorphism.

Proof:

(@) Suppose that T:(Q,7P)—>(Qf) is a
permutation continuous map. Let A e E(t”), then
BUC=A€cE(t/), for some B,Cet’, but
r:( Q%) —->@z’) is a
r1e)rc)et?
and hence T }(B)Ur1(C)e E(tnﬂ)
r1BUC)=T"B)UT(C) . Then this implies
that T-Y(A)e E(tF) . Hence I':(Q,E(cF)) >

(Q, E(rnﬂ)) is a permutation continuous map.

permutation

continuous  map, thus

Since

(b) Assume T':(Q,77)—(Q,77) is a permutation
continuous map and let AeE(t/) . Then
BUC=AcE(®tY), for some B,Cet?, but
I: (Q,z'nﬂ) - (Q,z-nﬁ) is a permutation open map,
thus T'(B),I(C)et? and hence T(B)UT(C)e
E(t?). Further, since T(BUC)=T(B)UT(C).
Then this implies that T'(A)eE(tY) . Hence
F:(Q,E(rf))—)(Q,E(rf)) is a permutation

open map.
(c) By (a) and (b), it is clear the proof is obvious.

Definition 5.7
A permutation topological space (€, E(tr/f )) is said to
be E(B)-Ty if for any two distinct points X,y € Q|

there is an open E(f)— set Aﬂ in Q) such that

B B
Xeld ,but ygd .
Definition 5.8
A permutation topological space (€2, E(t”)) is said to

Extension Permutation Spaces with Separation Axioms in Topological Groups

be E(f)—T, if for any two distinct points X,y € Q2 ,

there are two open E(f)— sets ;Llﬂ, ,15 in Q) such

that Xeﬁlﬂ’ ygﬂjﬂand yeﬂzﬁ,xgﬂf.

Definition 5.9

A permutation topological space (€2, E(tnﬁ)) is said to
be E(f)—T, if for any two distinct points X,y € Q2 ,

B B
there are two open disjoint E(f) —sets 4, , A, in Q

B B
suchthat X A, and ye A, .

Definition 5.10

Let (Q, E(t”)) be (EPS) and (€2,*)be a group. Then
we say that (Q,* E(z”)) is an Extension Permutation
Topological Group (EPTG) if q(X,y)=Xx*Yy and
p(X)=Xx" the multiplication permutation map
q:Q2xQ—Q is multiplication permutation continuous
map and p:Q—Q the inversion permutation map is
permutation continuous map.

Lemma 5.11

If (Q,%tF) is (PTG), then (Q,* E(zF)) is (EPTG).

Proof:

Suppose that (Q,*,tnﬂ) is (PTG). Then there are two
permutation continuous maps q: (Q,tr/f) X (Q,tf) - (Q,tr/f)
and p: (Q,tnﬁ) — (Q,tnﬁ) such that q(X,y)=Xxx*y
and p(x) = X *. By lemma (5.6) we have q:(Q,E(t?))
XQE)) > (QEW) and p:(QE)) - (QEW®)
are permutation continuous maps and hence (€, *, E(rnﬁ )
is (EPTG).

Definition 5.12

Let (Q, E(t”)) be (EPTS). Then (Q, E(t”))is called

an Indiscrete Extension Permutation Topological Space
(IEPTS) if and only if each open E(f)— set is trivial

E(f) — set.
Definition 5.13

Let (Q,E(t”)) be (EPTS). Then (Q, E(t”))is called

a discrete Extension Permutation Topological Space
(DEPTS) if and only if each E () —subset in € is open

E(f) — set.

Remark 5.14

Let (% E(z/)) be (EPTG), then (Q* E@P)) is
said to be E(B)-Ty [res. E(B)-T,, E(B)-T,)l

group iff  (QE®Y)) is E(B)-T, I[res.
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E(B)—T,, E(B) —T,)] space. Also, (Q,*,E(z?))is
said to (DEPTG) [(IEPTG)] iff (Q, E(t”)) is (DEPTS)
[(IEPTS)].

Lemma 5.15

Let (Q,E(t”)) be a permutation topological space.
Then (Q,E(t”)) is (DEPTS)ifand only if c(B) =n.

Proof:

Suppose that (€, E(tnﬂ )) is a (DEPTS). Then for each
X € QQ we have {x}& Q and hence is an open E(f) —

set [since (Q2, E(tnﬂ )) is a (DEPTS)]. That means there are
two open S —sets A and B such that {x}=AUB,
but {x} is singleton and this implies that either
{x}=A=B or {}=A=B=¢ or
{x}=B#A=¢ . That means each open singleton
E(B) —set is open S —set. Then (Q,t”) is a (PSS).
Thus by lemma (4.4) we have c(f)=n.

Conversely, if ¢(£) =n. Then by lemma (4.4) we have
(Q,t”) isa(PSS). Thus each singleton is an open /3 — set
and hence an open E(f)—set. For any E(/) — subset
A of Q and x € Awe have x e {x} & A. Therefore,
X is an interior point of A, thus X € A° and hence
A& A°, but in general A° & A. Thus A° = Aand
hence A € E(t”).Thatmeansany E(f)—subsetof Q
is open E(f3) —set. Hence (Q, E(t”)) is (DEPTS).

Lemma 5.16

(Q, E(t?)) is (DEPTS)ifand only if (€2,t”)is (PSS).

Proof:

Let (Q,E(t”)) be (DEPTS). Then by lemma (5.15) we
have c(f)=n and hence by lemma (4.4) we have
(Q,t7)is (PSS).

Conversely, if (Q,tnﬂ is (PSS), then by lemma (5.15)
and Lemma (4.4) we have (Q, E(t”)) is (DEPTS).

Lemma 5.17

Every permutation topological space (Q,7/) is
L —T, if and only if its extension (Q,E(t”)) is
E(,B) _Tl ’

Proof:

Suppose that (,7/) is S —T,. Then for any two

distinct points X,y € €, there are two open S —sets A,
B in Q suchthat xe A, yg Aand yeB,x¢B.

However, every open [ —set is open E(/3)—set. Then
(QEW) is E(B)-Ty.

Conversely, if (Q,E(t?)) is E(S)—T,. Then for any
two distinct points X, y € ), there are two open E (/) —
sets A, B in Q suchthat xe A, y¢ Aand ye B,
X ¢ B. Moreover, there are open f—set A, A,, B, and
B, such that xe A=A UA,, yeA=AUA,,
yeB=B,U B, and x¢B=B U B, . Thus
(xeA o XeA ) & (yegA and YA, ) &
(yeB, or yeB,) & (x¢B, and X ¢ B,). Hence,

there are four cases cover all probabilities which are holed as
following:

(1) xe A and ye B,

(2) xe A and y e B,

(3) XxXeA, and ye B,

(4) XxXeA, and yeB,

However, (Y& A and y¢gA,) & (X¢B, and
X ¢ B,). Then (Q,z7) is S—T, space.

Lemma 5.18

Let 1) be an identity element
permutation topological group (Q,*, E(Tr/f)) , then
(Q,*,E(rnﬂ)) is a E(B)—T, topological group if and
only if {1} is open E (/) — set.

Proof:

Let (Q*E(z”)) be a E(B)—T, group, then by
lemma (5.17) we have (Q,7”) isa B —T, and hence
c(B)=n [by lemma (4.32)]. Then (Q,z”) is a (PSS)
[by lemma (4.4)]. Hence any singleton /3 — set is open
S —set. Then {1} isopen S —setand hence {1} is open
E (/) —set[since each open S —setis open E(f) —set].

Conversely, suppose that{l} is open E(f)—set. That
means there are two open S —sets A and B such that
{8} = AUB, but {1} is singleton and this implies that
either {=A=B o {L=A#B=¢ or
{=B=A=¢ . That means each open singleton
E(f) —set is open [ —set. Then by Lemma (4.21) we
have {k} is open [ — set for any k € Q, because
k{} = {k * L ={k}is open S8 —set. Hence (Q,z7) is
(PSS) and hence C(f) =n [by lemma (4.4)]. Therefore
(Q,t”) is B—T, space [by lemma (4.32)]. Then
(Q,E(t7)) is E(B)—T, by lemma(5.17)].

in extension
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Lemma 5.19

Let (Q,e, E(tnﬁ)) be extension topological group. Then
(Qe,E(MF)) is E(B)-T, , if (QeEtF)) is
E(,B) _To ’

Proof:

Let (Q,e E(t/))be a E(B)—T, topological group,
then for any two distinct points X,y € €, there is open
E(B)—set A in Q such that Xe A and yg A .
Definel' : QQ — Q, T'(r) =kr,Vr € Q. Then the map
r—kr is a permutation homeomorphism. Put
k=x1eQ D=x'A , then T(A)=D=
{xLet|te A} is open E(B)— set in Q
1=x"exeD. Then yD is open E(f)—setin Q
suchthat y=yele yD.Thus A= yD (since y ¢ A).
Let yD= D,UD,, and A=A UA, where
A, Ay, D;,D, ezP . Now, if x e yD. This implies that
XeD; and X € Aj , for some 1<i,j<2. Thus Xe

and

and

supp(A;) Nsupp(D;) # ¢ . But this contradiction since
the cycles for any pair of open S —sets are disjoint and
hence we consider that X & yD. Then (€,e, E(tf)) is a
E(p) —T, topological group.

Lemma 3.20

If (Q,%E(cF)) is (DEPTG), then (Q,* E(z2)) is
E(S)—T, group.

Proof:

Assume  (Q* E(r”)) is (DEPTG). Then
(Q,E(z/)) is (DEPTS). Let x#y e Qbe any two
distinct points in €). Then, either (X < y) or (y < X).
Thus, if X<y= Yy x+(y—-xX)eQ . Let
A={x,y—x}, and B={y}. Hence A={x,n—x},
B={y}£ Q are two open E(B)-— sets [since
(Q,E(z7)) is (DEPTS)]. Also, X+Yy—X =y . Then
there are two open disjoint E(f)—sets A, B in Q
such that X € A and y e B. Also, if y <X we have
A={x}, and B ={y,x—y} are two open disjoint
E(f) —sets in Q such that x e A and y € B. Hence
(Qx,E(c/)) is E(B)—T, group.

Definition 5.21:

( E() —Connectedness)

Let (Q,E(tnﬂ )) be extension permutation topological

Extension Permutation Spaces with Separation Axioms in Topological Groups

space. The collection of E(fS)—sets W ={A};i, is said

to be a E(/3) —decomposition of the set Q={L2,...,n}if

Q= v A andifthe members A; of ‘¥ are all nonempty
il

and disjoint E(f)— sets. Then W is called E(f)-—

decomposition of ) we also say that €2 has been
E (/) —decomposed into the E(f) —sets of ¥ . Assume

the extension permutation topological space (€2, E(tnﬁ )) has
been E(/)—decomposed into two open E(f)—sets A

and B . In this form the permutation space is called
E(/) — disconnected. Moreover, Q and its topology
E(t”) arebothsaidtobe E(/)—connectedif € cannot
be E(8) —decomposed into two open E(/3) —sets.

Lemma 5.22

Let (Q,tf) be permutation topological space. Then
(Q,tr{”) is B — connected, if its extension space
(Q,E(tF)) is E(B)—connected.

Proof:

Suppose that (Q,E(t?)) is E(/)— connected.
Q cannot be E(f)— decomposed into two

Then
open
E (/) —sets. That means for any pair of non empty open
E(f) —sets A,B we have AAB = ¢ and hence for

any go;tA,go;tBetnﬁ we have AAB=#¢@ [since

tnﬁ c E(tf)]. Thus Q cannot be f — decomposed into
two open [3 —sets. Then (Q,t”)is [ — connected.

Definition 5.23

An  extension  permutation  topological  group
(Q,,E(t?)) is called E(/)— connected topological
group, if (Q, E(t”)) is E(f)-connected.

Lemma 5.24

If (Q,E(t”)) is (DEPTS), then (Q,E(t”)) is
E () — disconnected space.

Proof: Assume (Q, E(t7)) is (DEPTS). Then there are
two open disjoint E(f8) —sets {n} and {1,n—1}, where
M {Ln—1e Et?) [since {n}, {Ln-1} & O and
(Q,E(t7)) is (DEPTS)], {n}v{L,n-13=Q and
{MA{Ln-B=¢. Thus Q is E(f)—decomposed into
two open E (/) —sets and hence (Q,E(t?)) is E(B) -

disconnected space.
Lemma 5.25

If {1} isopen E(f)—set, where 1 Q is an identity
element in extension permutation topological group
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(Q,0,E(tF)) , then (Q,eE(F)) s
disconnected topological group.
Proof:

Assume {1}is open E(/)—set. Then by lemma (5.18)
we get (Q,e,E(t”)) isa E(B)—T, topological group
and hence by (5.17) we have (Q,z”) is B —T,. This
that c(f)=n [by lemma (4.32)]. Then
(Q,E(t”)) is (DEPTS) [by lemma (5.15)]. Hence
(Q,E(t7)) is E(pB)-— disconnected space [by lemma
(5.24)].

Example 5.26

E(p) -

implies

Let S =€ be an identity permutation in symmetric
group Sy . Then (Q,E(rg)) is (DEPTS), where Q=

{1,2,3456,789} and E(t’)={D|D&Q}. Also, let
(€2,@) be a group with the following table:

Table (2)
® (1|2 |3|4|5|6|7|81]9
1 112 |3|4|5|6]|7|8]9
2 213|4)|5|6|7]|8|9]|1
3 |3|4|5]|6|7|8[]9]|1]2
4 |4 5|67 |8|9|1|2]|3
5|5|6|7|8|9|1]2]|3]|4
6 |67 (8|9 |1|2[3|4]5
717189 1]2|3|4|5]|6
8 |89 |1]|2|3|4|5|6]|7
9 911|123 |4|5|6|7]|8

Thus g(X,y) =Xey, and P(x)=x", VX, yeQ

are permutation continuous maps. Then (Q,e, E(rg )) is

E(B)-T, group, E(B)-T, group, E(B)-T,
group and E() —disconnected group.
Remark 5.27

Finally, our new notations are given and hence these
notations of permutation topological group can be
considered a special case of topological group using
permutation in symmetric group.

6. Conclusions

In this paper, the concepts of permutation topological
groups, extension permutation topological groups,
permutation homogeneous topological group, Lindelof

permutation topological group, E (/) -connected group,
E () -disconnected topological group, (EPTG), (IEPTG),

(DEPTG), ( E(B)—T, group), ( E(B)—T, group),

(E(B)—T, group) and others are introduced. Assume
(Q,77) is permutation space and (CQ,e, f) , where
f € Q is a d-algebra (resp. BCK-algebra, BCL-algebra).

The question we are concerned with is: what is the possible
conditions we need to be (Q,z/,e, f) is permutation

n?'
topological d-algebra (resp. permutation topological

BCK-algebra, permutation topological BCL-algebra).?
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