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Abstract  Some notations in permutation topological spaces is given in this paper and some new permutation spaces like 

(PSS), (PIS), (PHS), (
0T ), (

1T ), (EPTS), (IEPTS), (DEPTS), (
0)( TE  ), (

1)( TE  ), (
2)( TE  ), 

permutation homogeneous space, )(E -connected space, )(E -disconnected space and others are introduced and 

discussed. The aim of this work is to introduce and study new classes of the topological groups they are called permutation 

topological groups, extension permutation topological groups, permutation homogeneous topological group, Lindelof 

permutation topological group, )(E -connected group, )(E -disconnected topological group, (EPTG), (IEPTG), 

(DEPTG), (
0)( TE   group), (

1)( TE   group), (
2)( TE   group) and others. Moreover, several examples are 

given to illustrate the concepts introduced in this paper. 

Keywords  Permutation topological space, Symmetric group, Cycle type, Permutation homogeneous, 𝛽 −Connectedness, 

Permutation topological groups 

 

1. Introduction  

Let   be a permutation in symmetric group 
nS

 with 

letter n . The support of  , is the set })(|{ iii    

where {1,2,..., }n  and   is not identity in 
nS

. So 

we say   and   are disjoint cycles iff supp( )

supp( )  [10]. There are many applications on 

permutations, in recent years they are used to solve equations 

(see [8-11]). Permutation topological space ( , )nt
  is one 

of the more interesting applications was first introduced by 

Shuker [7] in 2014, where each   set in the permutation 

space   is either open or closed. That means it's not 

necessary any subset },,,{ 21 rbbbA   of   in 

),( 
nt is  set. Therefore in this paper we will solve 

this problem in section three by give more definitions and 

notations of permutation space and hence we can deal with 

any subset 1 2{ , , , }rA b b b  of   in ( , )nt
 as 

 set.  That means  we can put  A  .  However  
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( )
1{ }

c
i i

    where i  (1 ( )i c   ) disjoint cycles of 

  also we denote to its cycle by 1 2( )rb b b   and 

hence in this paper after we give some new definition we will 

consider that all the notations and definitions are hold except 

it is not necessary every   set in the permutation space 

  is either open   set or closed   set. In another 

direction, new construction is called similar   set with 

some notations are recalled that is required to be   set for 

any subset of  .  

A topological group is a set that has both an algebraic 

structure and a topological structure. Further, many notations 

of topological group are discussed by many researchers (see 

[1-6]).  

In section four and five, some new permutation spaces like 

(PSS), (PIS), (PHS), (
0T ), (

1T ), (EPTS), (IEPTS), 

(DEPTS), (
0)( TE  ), ( )(E

1T ), (
2)( TE  ), 

permutation homogeneous space, )(E -connected space, 

)(E -disconnected space and others are introduced and 

discussed. Further, in this paper many interesting properties 

and examples of permutation topological groups and 

extension permutation topological groups will be explored. 

Also, the notations of permutation homogeneous topological 

group, Lindelof permutation topological group, )(E

-connected group, )(E -disconnected topological group, 

(EPTG), (IEPTG), (DEPTG), (
0)( TE   group), 
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(
1)( TE   group), (

2)( TE   group) and others are 

defined and illustrated. In other words, separation axioms, 

connectedness and related properties of permutation 

topological groups and of extension permutation topological 

groups are discussed. 

2. Preliminaries 

In this section we recall the basic definition and 

information which are needed in our work. 

Definition 2.1 [11] 

A partition   is a sequence of nonnegative integers 

,...),( 21   with ...21   and 

1

i

i






  . The 

length )(l  and the size   of   are defined as 

}0;{)(  iNiMaxl   and 

1

i

i

 




  We set 

 ├ n };{ npartition   for Nn . An element 

of  ├ n  is called a partition of n. 

Remark 2.2 [15] 

We only write the non zero components of a partition. 

Choose any 
nS  and write it as )(21 ....  c . With 

i  disjoint cycles of length 
i  and )(c  is the number 

of disjoint cycle factors including the 1-cycle of  . Since 

disjoint cycles commute, we can assume that 

)(21 ...  c . Therefore ),...,,( )(21  c
 

is a partition of n and each  is called part of . 

Definition 2.3 [8] 

We call the partition ( )   

1 2 ( )( ( ), ( ),..., ( ))c        the cycle type of  . 

Definition 2.4 [14]  

Suppose first that
 

}{eSn  . Then )(supp  , the 

support of  , is the set })(|{ iii  
 
where 

},...,2,1{ n . So we say   and   are disjoint cycles 

iff supp( ) supp( )   .  

Definition 2.5 [7]  

Suppose   is permutation in symmetric group nS  on 

the set {1,2,..., }n  and the cycle type of 
 
is 

),...,,()( )(21  c , then 
 
composite of 

pairwise disjoint cycles 
( )
1{ }

c
i i

 
 

where 

),...,,( 21

iii

i i
bbb   , )(1 ci  . For any k cycle 

),...,,( 21 kbbb
 

in nS  we define  set as 

},...,,{ 21 kbbb
 

and is called  set of cycle  . 

So the  sets of 
( )
1{ }

c
i i

   are defined by

)}(1|},...,,{{ 21  
 cibbb i

i

ii

i  .  

Remark 2.6 [7] 

For any k cycle ,...,,( 21 bb  )kb  in 
nS we put 

k , Further, suppose that 
i  and 

 j
 are  sets 

in  , where  i and  j . We will give some 

definitions needed in this work.

 Definition 2.7 [7] 

We call 
i  and 

 j
 are disjoint  sets in  , if and 

only if 

1 1

ji
k k

k k

b b
 

 

   and there exists  d1 , for 

each  r1  such that 
j

r

i

d bb  .  

Definition 2.8 [7] 

We call 
i  and 

 j
 are equal  sets in  , if and 

only if for each  d1  there exists  r1  such 

that 
j

r

i

d bb  . 

Definition 2.9 [7]  

We call 
i  is contained in 

 j
 and denoted by ̂i

 j
, if and only if 

1 1

ji
ji

k k
k k

b b



 

  .  

Definition 2.10 [7]  

We define the operations   and   on  sets in 
 

as followers:  

1 1

1 1

,

,

,

, & int

ji
ki k

k k

ji
kj ki j

k k

i j

i j

if b b

if b b

if

if are disjo

 


 
 

   

 



 

   

  

 

 






   

  




 

   

 and 

1 1

1 1

,

,

,

, & int

ji
ki k

k k

ji
kj ki j

k k

i j

i j

if b b

if b b

if

if are disjo

 


 
 

   

 



 

   

 

 

 






   

  




 

   

i 



 American Journal of Mathematics and Statistics 2017, 7(5): 183-198 185 

 

 

Remarks 2.11 [7] 

1.  The intersection of 
i  and 

 j  is 
i
  j . 

2.  The union of 
i  and 

 j  is 
i 

 j . 

3.  The complement of 
i  is 

i .  

4.  The intersection and union of  and 
i  are   and 

i , respectively.  

5.  The intersection and union of   and 
i  are 

i  

and  , respectively.  

Definition 2.12 [7]  

Let   be permutation in symmetric group nS , and   

composite of pairwise disjoint cycles
( )
1{ }

c
i i

  , where 

i i , 1 ( )i c   , then
 

),( 
nt  is a permutation 

topological space where {1,2,..., }n  and 


nt  is a 

collection of  sets of the family 
( )
1{ }

c
i i

   union   

and empty set.  

Definition 2.13 [7]
 

If 
 nt

 
is  set in the space  , then 

  

is called closed  set in the space  , and 
  is 

smallest closed  set containing or equal 
 , and any 

 set
 

̂
 
is called closed  set iff   .  

Definition 2.14 [7] 

The set 
  o)(  is called the interior of 

the  set 
  in the permutation space  . 

Remarks 2.15 [7] 

1.  We call x  belong to  set },...,,{ 21 kbbb  

iff jbx  , for some },...,2,1{ kj . 

2.  The condition 
x means that 

x . Therefore, x  is an interior point of 

 set 
  if and only if there is an open  set 



r containing x  and such that 

 


 )(r . 

3.  If 
i  and 

 j
 are disjoint  sets in  , then 

neither 
i ̂

 j
 nor 

 j ̂
i

. 

Remark 2.16 [7] 

Any map between two permutation topological spaces is 

called permutation map. 

 

 

Definition 2.17 [7] 

Let ,   and 
 
be three permutations in symmetric 

group 
nS , and let ),(),(:  nn tt   be a function, 

where for each  set },...,,{ 21 kbbb , the image 

of 


  under 
 
is called  set and defined by the rule 

),(),({)( 21 bb     )}(..., kb . In another 

direction, let },...,,{ 21 raaa
 
be  set, the 

inverse image of 


 
under 

 
is called  set and 

defined by the rule 
1 1 1

1 2( ) { ( ), ( ),a a
     

1..., ( )}.ra  The usual properties relating images and 

inverse images of subsets of complements, unions, and 

intersections also hold for permutation sets.  

Definition 2.18 [7] 

Given permutation topological spaces ),( 
nt  and 

),( 
mt , a function ),(),(:  mn tt 

 
is 

permutation continuous if the inverse image under   of 

any open  set in 


mt  is an open  set in 


nt  (i.e 

 )(1  

nt  whenever  

mt ). 

Lemma 2.19 [7] 

The identity permutation (1)e   in symmetric group 
n

S
 

is a permutation continuous on a permutation space 

( , )
n

t


 . 

Lemma 2.20 [7] 

A composition of permutation continuous functions is 

permutation continuous.  

Remark 2.21 [7] 

A base for a permutation topological space ),( 
nt  is a 

sub-collection D  of 


nt  such that each member 
 of 



nt  

can be written as i
i I

 


  , where each 
i  belongs to

D . Further, the subbase M  of 


nt  such that each proper 

open  set 
 of 



nt  can be written as a union of finite 

intersections of elements of M . In another word, the family 

of open  sets consisting of all finite intersections of 

elements of M , together with the set  , forms D . Let 

{( , )}
i

i
i i In

t


  be the collection of permutation topological 

spaces. Then subbase for the product permutation topology 

( , )
i

i

i n
i I i I

t


 
  

 
is given by 

1{ ( ) | ,
i

i i i

i k k n
M t

     

, 1,2,...,i I k  )}( ic  ,
 
so that a base can be taken to be 
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1

1
{ ( ) | , ,

i

i id j j i

i i nj ijj
D t i I

    


    }.Nd   

Definition 2.22 [7] 

Let ( , )
i

i it


  be permutation topological space for each 

index Ii . The product permutation topology 
i

i
i I

t t






on the set i
i I

    is the coarsest permutation topology 

on   making all the projection mappings ii :  

permutation continuous. 

Lemma 2.23 [7] 

If the spaces 
1 2
, ,... 

 

are permutation topological 

spaces, then 
1 2

...  
 

have a countable base. 

Remark 2.24  

If P  is an algebraic (a topological) property, we say 

that the topological group G  has property P , if the 

group ),( G  (the topological space ),( G ) has property 

P . 

Definition 2.25 [13] 

Let ),( G be a group, F  and K  be subsets of G , we 

let FK and 
1F  denote },|{ KkFfkfFK 

and }|{ 11 FffF  
. The subset F  is called 

symmetric if FF 1
. 

Definition 2.26 [7]  

(Permutation subspaces): 

Suppose ),( 
nt  permutation space, ̂  and 

  iiT  , for each proper 
 ni t , then 


iT





int&,

int&},,...,,{ 21

disjoareif

disjonotareifbbb

i

i

i

k
i

ii








 

Let 


ii TT |{  nonempty open  set}. For each 


iT , let i

kb Max },...,,{ 21

i

k
i

ii bbb  and 


i

i

k TbMaxm ;{ } . Suppose 
i

i

T

T s



 , and 

t sm  , then we have this set },...,,{ 21 tbbbB   has 

exactly t  points where B
( )

i

i

T

T






  
where 

{1,   2,..., }m . Here we used normal intersection ( ) 

between pairwise sets to find the set B . For each 
iT  

we have ),...,,( 21

i

k
i

ii

i bbbT   is ki cycle in mS . Then 

{{ }i
Ti

T 
 , 

1{( )}t
r rb 

} are disjoint cycles decomposition 

of new permutation in symmetric group mS  induced by 

  say 
 . 

Definition 2.27 [7] 

Let ( , )nt
  be a permutation space and ˆ  , then 

we denote to permutation subspace of ( , )nt
  by 

( , )mt

  where mt


,,{  { }

i
i T

T 



, 1{ } }t

r rb   

and {1,2,..., }m  . 

Definition 2.28 [7] 

(   Connectedness): Let ( , )nt
  be permutation 

topological space. The collection of   sets 

{ }i Ii
    is said to be a  decomposition of the set 

{1,2,..., }n  if i
i I




    and if the members 
i  of 

  are all nonempty and { }i i I   pairwise disjoint cycles 

in 
nS . Then   is called  decomposition of   we 

also say that   has been  decomposed into the 

sets of  . Assume the permutation topological space

( , )nt
  has been  decomposed into two open 

sets 
k
  and 

 j
. In this form the permutation space is 

called   disconnected. 

Definition 2.29 [7] 

A permutation space   and its topology are both said to 

be  connected if   cannot be  decomposed into 

two open  sets. A  subset 
 of   is said to be 

 connected whenever the permutation subspace 

( , )mt

  is 

 connected, and 

  is said to be 

 disconnected if   is 

 decomposed into two 

open 

 sets. 

3. New Notations in Permutation 
Topological Space 

Let ),( 
nt  be permutation topological space. Each 

 set in the permutation space   is either open or 

closed. Therefore in this paper we will deal with any subset 

},,,{ 21 rbbbA   of   in ),( 
nt as  set. That 

means we can put 
A . However 

( )
1{ }

c
i i

    where 
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i  ( )(1 ci  ) disjoint cycles of   also we denote to 

its cycle by )( 21 rbbb  and hence in this paper after 

we give some new definition we consider that all the 

notations and definitions are hold except it is not necessary 

every  set in the permutation space   is either open 

 set or closed  set. 

Definition 3.1 

Let 
1 2

{ , , , }
r

b b b


   and },,,{ 21 
 aaa   

be two subset of  . Then, we call   and 
  are 

similar  sets in  , if and only if 

1 1

r

k k

k k

b a


 

   and 

one of them contains at least two points say 
ji bb ,  

such that 
ib  and 

jb . 

Definition 3.2 

Let },,,{ 21 rbbb   and ,{ 1a ,2a }, a  

be similar  sets in   and },{{   MaxMax  

{Max }} , where  },,,{ 21 rbbb

},,,{ 21 aaa  . Then 
  ̂  if   and 

   ifˆ . Also, 
,

,

if

if

 
 

 

 
 

 

 
 
 

, 

and 
,

,

if

if

 
 

 

 
 

 

 
 
 

. 

Definition 3.3  

For any 1 2{ , , , }rb b b   and 1 2{ , , , }a a a
   

two subset of  . 

Then, 
  

 

1 1

1 1

, [( )

( & )]

, [( )

( & )]

, [ ]

, [ & int ]

r

k k

k k

r

k k

k k

if b a Or

are similar and

if b a Or

are similar and

if

if are disjo




  




  

  

 



  



  

   

  

 

 









 

 



 




 

    

and 
  

 

1 1

1 1

, [( )

( & )]

, [( )

( & )]

, [ ]

, [ & int]

r

k k

k k

r

k k

k k

if b a Or

are similar and

if b a Or

are similar and

if

if are disjo




  




  

  

 



  



  

   

 

 

 









 

 



 

 

 

   

Remark 3.4 

In permutation topological space ),( 
nt any subset 

A such that ̂A and is called an open  set iff 

AAo  . Also, it is called closed  set iff AA  . 

4. Permutation Topological Group 

Definition 4.1 

Let ),(  n be a permutation topological space. Then 

),(  n  is called Permutation Single Space (PSS) if and 

only if each proper open  set is a singleton. 

Definition 4.2 

Let ),(  n be a permutation topological space. Then 

),(  n  is called Permutation Indiscrete Space (PIS) if 

and only if each open  set is trivial  set. 

Definition 4.3 

Given permutation topological spaces ),( 
nt  and 

( , )mt
 , a function : ( , ) ( , )n mt t    

 
is 

permutation open map if the image under  of any open 

 set in 


nt  is an open  set in 


mt . 

Lemma 4.4  

Let ),(  n
 

be a permutation topological space. Then 

),(  n  is permutation single space (PSS) if and only if 

nc )( . 

Proof:  

Suppose that ),(  n is a (PSS). Then each proper open 

 set is a singleton. That means, 

& { }n iA A A b       , for some ib . 

Let nkc )( , then nk   (since nc  )(1  ), 
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and hence 
k 21 . However, 

1

k

i

i

n


 , where 

),,,()( 21 k  , i i , )1( ki  . 

Then 1 ii   for some )1( ki  . This implies 

that 


i contains more one element, but this contradiction 

since 


i is an open  set and each open  set is 

singleton. Therefore we consider that nc )( .  

Conversely, if nc )( . Then we consider         

that 
n 21 . However, 

1

n

i

i

n


 , where 

,,,()( 21   )n , ii   , )1( ni  . 

Then i i 1  for all )1( ni  . This implies that 


i  contains only one element for each )1( ni  , but

}1|{ niin     },{  . Thus each proper open 

 set is a singleton and hence ),(  n  is (PSS). 

Lemma 4.5  

Let ),(  n  be a permutation topological space. Then 

),(  n  is permutation indiscrete space (PIS) if and only if

1)( c .  

Proof:  

Suppose that ),(  n is a (PIS). Then each open 

set is trivial  set and hence },{   
n . This implies 

that   nAA & A . Hence 

)( 321 nbbbb  , where )()( n . Then 

1)( c . 

Conversely, if 1)( c . Then we consider that 

)( 3211 nbbbb   and hence 
1{ } { , }n
    , 

but }{ 1

 . Then },{   
n  and this implies that 

),(  n  is (PIS). 

Definition 4.6 [12] 

(Multiplication Permutation Map)  

Let 
1  and 

2  be two permutations in symmetric group 

nS . Then 1  and 
2  are two permutation maps from   

onto  . Further,  :21   is a product 

map of permutation maps where

),()),(),(()),)((( 2121 yxyxyx     . In 

another side, the map 21    is a permutation in nn SS   

as this form 

.
))(),((

),(

))(),((

),(

))1(),2((

)1,2(

))(),1((

),1(

))2(),1((

)2,1(

))1(),1((

)1,1(

21

212121

2121

21












nn

nn

ji

ji

n

n




















 

Now, let :   be a binary operation on   

and 
1 2

( ) : 


   be a map defined by 

  )),(()( 21 yx  ),()( 21 yx   ),( yx  . 

Then the permutation map 
 )( 21   from permutation 

space ),( 
nn tt   into 

 n,( ) for any 

permutation   in symmetric group nS  is called 

multiplication permutation map. Further, it is called 

multiplication permutation continuous iff the inverse image 

under 
 )( 21   of any open  set in 



nt  is an open 

  set in 

nn tt   (i.e 

 )()(
1

21



nn tt   whenever 



nt ). 

Example: 4.7 Suppose that (5 1 2 4 3)   and 1

2 (1)   are permutations in symmetric group nS  with 

5n , and let :   be a binary operation on   

where 









.1,)1(

,1,1
),(

nyxifnyx

nyxifyx
yx ,

),( yx  . We consider that the multiplication 

permutation map 1 2( ) :   5 5 5( , ) ( , )t t
      , 

where ),(,)),(()( 21 yxyxyx     is 

a multiplication permutation continuous map. 

Remark 4.8 

By above example we consider the following: 

(1)-For any 
nS , if 1)( c . Then there is a 

multiplication permutation continuous map 

1 2( ) :        from permutation space 

( , )n nt t    into ( , n
 ) satisfies 

),(,)),(()( 21 yxyxyx    . 

(2)-For any 1n , the mathematical system ),(  is a 

commutative group. 

(4)-For any 1n  and ),( yx  in  , the 

multiplication permutation map such that:  
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




























)222(&

)222()),,(()(

222)),,(()(

222)),,(()(

)),(()(

11

21

1

21

1

21

21

nory

norxifyx

noryifyx

norxifyx

yx









. 

(5)-For any 1n , there is an inversion permutation map 

:   such that ,)( 1 xx x .  

Where 










)()2()1(

21

n

n






  with 











.1,2

,1,
)(

xifxn

xifx
x  

Lemma 4.9  

For any even positive integer 3n , the commutative 

group ),(   has proper symmetric subgroup. 

Proof:  

Let 1
2


n
nf , then nf 1  for any even 

positive integer 3n . This implies that the set 

{1, }F f  is a proper subset of  . New, to prove that 

),( F  is a symmetric subgroup of ),( 
 

it is enough to 

show that Fff  1 . That means ),( F  is a group 

with the following table:  

* 1 f 

1 1 f 

f f 1 

Since 1 ( 1) ( 1) 1
2 2

n n
f f n n          

1)1
2

(2 
n

n = n2  12n nn 1 . Then 

1)1(  nffff  and hence FfF  },1{1 . 

Therefore ( , )F  is a proper symmetric subgroup of ( , )  . 

Lemma 4.10  

For any even positive integer 3n , the commutative 

group ),(   has proper normal subgroup. 

Proof:  

By lemma (4.9) we consider that ),( F
 

is a proper 

subgroup of ),(  , where 

},1{ fF   and 1
2


n
nf . Now, we need to 

show that ),( F  is a normal. In other words, we want to 

prove that Fxfx  1
, for any Ff  , x . It 

is clear if 1 1f F or x    , then 1 1x f x  

or f F . Also, if 1 &f F  1 x  , we have 

1 2x n x     and 1
2

n
f n   . Then 1

x f x F


   . 

Since   11xf ).2
2

(121
2

x
n

nxn
n

n   

Then we consider that  1xf  














.)2
2

(),2
2

(

,)2
2

(),2
2

(

nx
n

nifx
n

nx
n

nifx
n

n

 put 
1 xfg . 

Therefore, we get














.)2
2

(),1
2

(

,)2
2

(),1
2

(
1

nx
n

nif
n

nx
n

nif
n

n
gx

Thus, n
n

ngx  )1
2

(1  or x+ g n
n

 )1
2

(1 , 

for any even positive integer .3n  This implies that 













 

.1),1
2

(

,1),1
2

(
1

ngxif
n

ngxif
n

gxxfx Then 

1 ( 1) 1
2 2

n n
x f x n f F         . Hence ( , )F 

is a proper normal subgroup of ( , )  . 

Definition 4.11  

Let ),(  n be a permutation topological space and 

),(  be a group. Then we say that ),,(  n is a 

permutation topological group (PTG) if yxyxq ),(

and
1)(  xxp  the multiplication permutation map 

:q   is multiplication permutation continuous 

map and :p  the inversion permutation map is 

permutation continuous map. 

Example 4.12  

Let (4 2 1 5 6 3)   be a permutation in symmetric 

group 
6S . Then ),( 6

  is permutation topological 

space, where {1,2,3,4,5,6}  and },{6   
. Also, 

let ( , )   be a group with the following table: 

Table (1) 

  1 2 3 4 5 6 

1 1 2 3 4 5 6 

2 2 3 4 5 6 1 

3 3 4 5 6 1 2 

4 4 5 6 1 2 3 

5 5 6 1 2 3 4 

6 6 1 2 3 4 5 
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It is clear that ),( 6

  is an indiscrete permutation 

space. Thus ),( yxq yx   is multiplication permutation 

continuous map and 
1)(  xxp  is inversion permutation 

continuous map,  yx, . Then ),,( 6

  is a 

permutation topological group. 

Lemma 4.13 

Let ),(),(:   nn   be a permutation function. 

Then,  

(a)    is a permutation continuous and permutation 

open map, if ),(  n  is (PIS). 

(b)    is a permutation continuous and permutation 

open map, if ),(  n  is (PSS). 

Proof:  

(a) Let ),(  n be a (PIS). Then each open  set is 

trivial  set and hence },{   
n . It is clear 

  )(  and   )(1
. Also,  )(  and 

 )(1
 (since each permutation map is bijection). 

Then   is a permutation continuous and permutation open 

map 

(b) Let ),(  n  be (PSS). Then each proper open 

set is a singleton. This implies that,
  n &ˆ  we have }{a , for 

some a . In another side, if )(   is not singleton 

for some proper open  set 
 . That means this map   

send one point to more than one point and hence   is not 

permutation, but this contradiction. Therefore, for any open 

 set 
  in   we consider that 

















}{},{

,

,

)(

aifb

if

if















 , for some ba, . Also, 

by similarity we consider that 

















}{},{

,

,

)(1

aifb

if

if















 , 

for some ba, . Thus )( 
 

and )(1  are open 

 sets. Then   is a permutation continuous and 

permutation open map. 

Definition 4.14  

Let  :  be a permutation function, then   is 

called a permutation homeomorphism if it has the following 

properties: 

(1)- is a bijection,  

(2)-  is permutation continuous,  

(3)- 1  is permutation continuous (  is permutation 

open map). 

Definition 4.15  

A permutation topological space ),(  n  is called a 

permutation homogeneous space (PHS), if for any 

yx,  there exists a permutation homeomorphism 

 :  such that yx  )( . 

Example 4.16  

Let e  be an identity permutation in symmetric 

group 
9S . Then ),( 9

  is permutation topological 

space, where {1,2,3,4,5,6,7,8,9}  and 

9 {{ }|1 9} { , }j j
     . It is clear that ),( 9

  

is (PSS). Define  :  as follows: for any 

yx, , let 

, ,

( ) , ,

, Otherwise.

x if t y

t y if t x

t




  



t . Therefore 

we get  1 2 1 1 1 1 9

1 2 1 1 1 1 9

x x x y y y

x y x y x y

   
 

   
 

is a permutation in symmetric group 
9S  and such that 

yx  )( . Moreover, ),(),(: 99

    is a 

bijection map (since each permutation is bijection). Also,   

is a permutation continuous and permutation open since 

),( 9

  is (PSS). Then ),( 9

  is a permutation 

homogeneous. 

Definition 4.17  

A permutation topological group ),,(  n  is called a 

permutation homogeneous topological group, if its 

permutation space is a permutation homogeneous.  

Remark 4.18  

Let ),*,(  n be a permutation topological group, and 

k , Define  : , krr  )(  ( rkr  )( ), 

r . Then the map krr  )( rkr  is a 

permutation homeomorphism. Also, define :  , 

, 1,
( )

2 , 1.

r if r
r

n r if r






 

  
, r  . Then the map 

1rr   is a permutation homeomorphism.  

Lemma 4.19  

Every permutation topological group is a permutation 

homogeneous topological group.  

Proof: 

Let ),,(  n be a permutation topological group, we 

need to show that it's permutation space ),(  n  is a 

permutation homogeneous. That means we have to show that 

for any yx,  there exists a permutation 
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homeomorphism  :  such that yx  )( . Since 

),,(  n  is permutation topological group. Then there is 

a permutation homeomorphism such that 
1rr  ,

r  and hence for any yx,  there exists a 

permutation homeomorphism such that yxrr 1 ,

r . Moreover, we consider that this permutation 

homeomorphism such that x  yyxx  1
 and 

y yyx  1 x . Hence ),,(  n is a permutation 

homogeneous topological group. 

Lemma 4.20 

Let ),*,(  n be a permutation topological group, and 

D  is a subset of  . Then D  is an open  set if and 

only if 
1D  is an open  set. 

Proof:  

Since the map 
1rr   is a permutation 

homeomorphism. Then the proof is obvious.  

Lemma 4.21  

Let ),*,(  n be a permutation topological group, and 

k . Then D  is an open  set if and only if kD

( Dk ) is an open  set. 

Proof:  

Since the map krr  )( rkr   is a permutation 

homeomorphism. Then the proof is obvious. 

Theorem 4.22 

A permutation topological group is an Lindelof 

permutation topological group. 

Proof:  

Let ),,( 
nt  be permutation topological group where 

,nS  and 1 2 ( )( ) ( , ,..., )c      , then for each 

1 ( )i c    we have the proper open
 

 set 

},...,,{ 21

i

i

ii

i bbb 
   is a countable set, and for each base 

{ }i IiD
   for permutation space   we have 

ji
i I

 

   where 

1 1

sup{ | }
j i

j i
kk

k k

b b i I

 

 

   , but 


 j is a 

countable set (each finite set is a countable), (see Runde, 

2005), so D  is a countable base, since only the union of a 

countable collection of a countable sets is countable. 

Therefore permutation space   with countable base, then 

we have permutation space   is an Lindelof space (see 

Bourbaki; 1989. Page 144). Hence ( , , )nt
   is an 

Lindelof permutation topological group. 

 

 

Remark 4.23  

If 
Iii  }{

 

is a collection of permutation topological 

groups, then ...21 
 

is an Lindelof permutation 

topological group. 

Definition 4.24  

Let ),(  n be a permutation topological space, and 

x . The   connected component of x  in   is the 

largest   connected subset of   containing x . 

Example 4.25 

Let )21(  be a permutation in symmetric group 

4S . Find  connected component of 3  in 

permutation topological space ),( 4

 . 

Solution:  

4 { , ,{1,2},{3},{4}},t
    where  {1,2,3,4} . 

Hence 
4( , )
  is a permutation topological space, let 1{L

2 3 4{3}, {1,3}, {2,3}, {3,4},L L L    5 {1,2,3},L 

6 {1,3,4},L  7 {2,3,4},L  8L   } be the family of all 

subsets of   which are contain point 3 . Then we 

consider that each one of the permutation 

subspaces{ 7
34{( , )}

Li

it



 , 8

4( , )
L

t



 , 2

3( , )
L

t


 } of 

),( 4

  is iL 
  decomposed, for all )82(  i  into 

two open 
  sets {1,2}  and {3} and hence 8

2{ }i iL 
 

are   disconnected, where {1,2,3}  , 
4

iL
t



iLt 
4  for all 3 8i  , 8

4 4

L

t t


 
  and 

2

3 { , ,{1,2},{3}}
L

t


   . Further only 1

3( , )
L

t


  is 

 connected where 1

3 { , ,{1},{2},{3}}
L

t


   . Hence 

1L }3{  is  connected component of 3  in 

permutation topological space ),( 4

 . In another side, 

  is not  connected component of all its points and 

then   is not  connected. 

Definition 4.26 

A permutation topological group ),,( 
nt  is 

connected topological group iff   is  connected 

component of all its points.  

Example: 4.27 Let ),,( 6

t  be a permutation 

topological group in example (4.12). Then   is 

connected component of all its points and hence the 

permutation topological group ),,( 6

t is  connected 
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topological group. 

Lemma 4.28 

Let  be a permutation in symmetric group 
nS . Then 

the  connected component of 1  in permutation 

topological space ),( 
nt  is  , if nc )( . 

Proof:  

Since nc )( , then every proper open  set in 

),( 
nt  is a singleton (i.e, B



nt , t  satisfies 

}{tB  ). Moreover, for any },,,1{ 1 kbbL  

subset of  , we have  BL
1

1

, 1

{ }, 1

{1}, {1} { }

, &{ } int

k

i

i

k

i

i

L if b t

t if t b

if L t

if L t are disjo






 





 



 





. 

Now, we looking for the largest  subset L  of   

contains 1  with permutation subspace ( , )
L

mt


  is 

  connected. Thus we first discuses L  with 

1

1
k

i

i

n b



  . Here ( , )
L

mt


 









.),,(

,),,(

Lift

LifLt

n

n



 
 

If L . Then { , ,{1},{2}, { }}L n   is a 

collection of all non-empty open 


 L
sets and such that 

{ } { }L a a    ,
{ },

{ } { }
{ },

a if a b
b a

b if a b


  


,

{ } { }a a  for any nba  ,1  and L L  . 

Also, If L   . Then { ,{1},{2}, { }}n   is a 

collection of all non-empty open 


 L
sets and such that 










baifb

baifa
ab

},{

},{
}{}{ , { } { }a a  for any 

nba  ,1 . Then,   cannot be 


 L
decomposed 

into two open 


 L
sets. Because there exist no two open 




 L
sets are disjoint 



 L
sets. Also, for each 

},,,1{ 1 zbbL    subset of   with 

1

1
z

i

i

n b



   

we have  ˆL . Therefore,   is the largest  

connected subset of   containing 1 . Then the  

connected component of 1  in permutation topological 

space ),( 
nt  is  . 

Definition 4.29  

A permutation topological space ),( 
nt  is said to be 

0T  if for any two distinct points yx, , there is an 

open  set 


 in   such that 


x , but 


y .  

Definition 4.30  

A permutation topological space ),( 
nt  is said to be 

1T  if for any two distinct points yx, , there are 

two open  sets 


1 , 


2  in   such that 


1x , 



1y and 


2y ,


2x . 

Example 4.31  

Let ),( 9

  be a permutation topological space in 

example (4.16), where {1,2,3,4, 5,6,7,8,9}  and 

}91|}{{9  jj },{  . It is clear that 

),( 9

  is (PSS) and hence each singleton  set is an 

open  set. Then, for any two distinct points yx, , 

there are two open  sets }{1 x


 , }{2 y


  in 

  such that 


1x , 


1y …(1) and 


2y ,



2x …(2). Hence from (1) we get ),( 9

  is 
0T . 

Also, from (1) and (2) we have ),( 9

  is 
1T . 

Lemma 4.32  

Let  be a permutation in symmetric group 
nS . Then 

)(c n  if and only if ),( 
nt  is 

1T  space. 

Proof:  

Assume nc )( , then by lemma(4.4) we have 

),(  n  is a (PSS) and hence any singleton  set is 

open  set. Hence for any two distinct points yx, , 

there are two open  sets }{1 x


 , }{2 y


  in 

  such that 


1x , 


1y and 


2y ,


2x . 

Conversely, suppose that ),( 
nt  is 

1T  space and 

nc )( . Hence nkc )( , for some nk   

(since nc  )(1  ), and hence 21   
k . 

However, 

1

k

i

i

n


 , where ),,,()( 21 k  , 

ii   , )1( ki  . Then 1 ii   for some 

)1( ki  . This implies that 


i contains more one 

element. That means there are two distinct elements 


iyx , . However, ),( 
nt  is 

1T  space, then 
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there are two open  sets 


1 , 


2  in   such that 



1x , 


1y and 


2y ,


2x . Thus 

)(supp,)(supp)(supp 21



  yx i

supp( )
i



  . But this contradiction since the cycles for 

any pair of open  sets are disjoint and hence we consider 

that 
1

supp( ) supp( )
 

   ,  
2

supp( )




supp( )


  . Then )(c   n . 

5. Extension Permutation Topological 
Space (EPTS) 

Suppose that ( , )nt
  is a permutation topological space. 

Now, we define new set by ( ) { | , }n nE t A B A B t   . 

Here we used the normal union ( ) between open  sets 

to generate the new topology )( 
ntE  on   with two 

operations   and   (see definition 3.3). In another side, 

{ |nt A B  , ( )}nA B E t . 

Definition 5.1 

Let ( , )nt
  be a permutation topological space. Then 

))(,( 
ntE  is called an Extension Permutation 

Topological Space (EPTS), and each ̂A  is called an 

Extension Permutation set and denoted by )(E set. 

Example 5.2  

Let (1 3)(2 5)   be a permutation in symmetric 

group 
5S . Hence ),( 5

  is a permutation topological 

space, where 5 { , ,{1,3},{2,5},{4}}t
    and 

{1,2,3,4,5} . Thus ))(,( 
ntE  is (EPTS), where 

5( ) { , ,{1,3},{2,5},{4},{1,2,3,5},{1,3,4},{2,4,5}}E t
   . 

Moreover, , ,{2,4,5},{1,3,4},{1,2,3,5},{4},{2,5},

and {1,3} are all closed )(E subset of  , for example 

{1,2,3,5} and {2,4,5} are similar )(E sets and 

{1,2,3,5} ̂ {2,4,5} (since 4 {2,4,5}   ). Further, 

}4{  and }3,1{  are disjoint )(E sets, thus neither 

}4{ ̂ }3,1{ nor {1,3} ̂ }4{ . In another side, 

({1,2,3,5}) {1,2,3,5}o  , ({2,4,5}) {2,4,5}o  ,

{1,2,3,5} {1,2,3,5} , {2,4,5} {2,4,5} , ({4}) {4}o  ,

{4} {4} , ({1,3}) {1,3}o  and {1,3} {1,3} . 

 

 

Remarks 5.3  

(1)  For any permutation   in symmetric group 
nS , 

there is ))(,( 
ntE  extension permutation 

topological space (EPTS). 

(2)  If ̂A  is open (closed)  set in ),( 
nt , 

then A  is open (closed) )(E set in 

))(,( 
ntE . However, the converse is not true in 

general.  

(3)  Any pair of  subsets ̂, BA  are similar 

(disjoint)  sets in ),( 
nt if and only if they are 

similar (disjoint) )(E sets in ))(,( 
ntE . 

(4)  Any pair of  subsets ̂, BA  are disjoint 

 sets if and only if their complements are disjoin 

 sets or disjoin )(E sets. 

(5)  If ̂, BA  are similar  sets in ),( 
nt  or 

similar )(E sets in ))(,( 
ntE , then their 

complements it is not necessary to be similar 

sets or similar )(E sets. 

Example 5.4  

Let ),( 5

  be a permutation topological space in 

example (5.2), where },3,1{,,{5  t {2,5},{4}}  and 

{1,2,3,4,5} . Thus ))(,( 
ntE  is (EPTS), where 

)( 5

tE { , ,{1,3},{2,5},{4},  {1,2,3,5}, {1,3,4},

{2,4,5}} . Let {1,2,3},A  {1,5},B   {2,3,5},D   

 ˆ}4,3,2,1{C . Then BA,  and their complements 

are similar  sets in ),( 
nt  and similar )(E sets 

in ( , ( ))nE t , However, DC,  are similar  sets in 

),( 
nt  and similar )(E sets in ))(,( 

ntE , but 

their complements are neither similar  sets nor similar 

)(E sets. 

Lemma 5.5  

Let ),( 
nt  be a permutation topological space. Then 

),( 
nt  is (EPTS) if 1)( c . 

Proof:  

Let ),( 
nt  be a permutation topological  space and 

1)( c . Then ),( 
nt is (PIS) by lemma (3.5). This 

implies that { , }nt
   . However, 

( ) { | , }n nE t A B A B t   , thus ( )nE t   { , } nt
   . 

Then ( , )nt
  is (EPTS). 
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Lemma 5.6  

Let :   be a permutation map. Then, 

(a)  : ( , ( )) ( , ( ))n nE E      is a permutation 

continuous, if : ( , ) ( , )n n
       is 

permutation continuous map. 

(b)  : ( , ( )) ( , ( ))n nE E     
 

is a permutation 

open, if : ( , ) ( , )n n

       is permutation 

open map. 

(c)  : ( , ( )) ( , ( ))n nE E       is a permutation 

homeomorphism, if : ( , )n
   ),(  n  is 

permutation homeomorphism. 

Proof:  

(a)  Suppose that : ( , ) ( , )n n
      is a 

permutation continuous map. Let )( 
ntEA , then 

)( 
ntEACB  , for some 


ntCB , , but 

),(:  n ),(  n  is a permutation 

continuous map, thus 1 1( ), ( ) nB C t         

and hence 1 1( ) ( ) ( )nB C E t    . Since 

1 1 1( ) ( ) ( )B C B C      . Then this implies 

that 1( ) ( )nA E t  . Hence : ( , ( ))nE   

( , ( ))nE   is a permutation continuous map. 

(b)  Assume : ( , ) ( , )n n
       is a permutation 

continuous map and let )( 
ntEA . Then 

( )nB C A E t  , for some 

ntCB , , but 

: ( , )n
  ( , )n

   is a permutation open map, 

thus ( ), ( ) nB C t    and hence ( ) ( )B C  

( )nE t . Further, since ( ) ( ) ( )B C B C    . 

Then this implies that ( ) ( )nA E t  . Hence 

: ( , ( )) ( , ( ))n nE E       is a permutation 

open map. 

(c)  By (a) and (b), it is clear the proof is obvious.  

Definition 5.7  

A permutation topological space ( , ( ))nE t  is said to 

be 0( )E T   if for any two distinct points yx, , 

there is an open )(E set 


  in   such that 



x , but 


y .  

Definition 5.8  

A permutation topological space ))(,( 
ntE  is said to 

be 1)( TE   if for any two distinct points yx, , 

there are two open )(E sets 


1
, 



2
 in   such 

that 


1x , 


1y and 


2y ,


2x . 

Definition 5.9  

A permutation topological space ( , ( ))nE t  is said to 

be 
2)( TE   if for any two distinct points yx, , 

there are two open disjoint )(E sets 


1 , 


2  in   

such that 


1x and 


2y . 

Definition 5.10  

Let ))(,( 
ntE  be (EPS) and ),(  be a group. Then 

we say that ))(,,(  nE  is an Extension Permutation 

Topological Group (EPTG) if yxyxq ),(  and

1)(  xxp  the multiplication permutation map 

:q   is multiplication permutation continuous 

map and :p   the inversion permutation map is 

permutation continuous map. 

Lemma 5.11 

If ( , , )nt
   is (PTG), then ( , , ( ))nE    is (EPTG). 

Proof: 

Suppose that ( , , )nt
   is (PTG). Then there are two 

permutation continuous maps : ( , ) ( , ) ( , )n n nq t t t        

and : ( , ) ( , )n np t t     such that yxyxq ),(

and
1)(  xxp . By lemma (5.6) we have : ( , ( ))nq E t

( , ( )) ( , ( ))n nE t E t      and : ( , ( ))np E t ( , ( ))nE t 

are permutation continuous maps and hence ( , , ( ))nE  
 

is (EPTG). 

Definition 5.12  

Let ))(,( 
ntE  be (EPTS). Then ))(,( 

ntE is called 

an Indiscrete Extension Permutation Topological Space 

(IEPTS) if and only if each open )(E set is trivial 

)(E set. 

Definition 5.13  

Let ))(,( 
ntE  be (EPTS). Then ))(,( 

ntE is called 

a discrete Extension Permutation Topological Space 

(DEPTS) if and only if each )(E subset in   is open 

)(E set. 

Remark 5.14  

Let ))(,,(  nE  be (EPTG), then ( , , ( ))nE    is 

said to be 0( )E T   [res. ,)( 1TE 
2)( TE  )] 

group iff ))(,( 
ntE  is 

0)( TE   [res. 
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21 )(,)( TETE   )] space. Also, ))(,,(  nE is 

said to (DEPTG) [(IEPTG)] iff ))(,( 
ntE  is (DEPTS) 

[(IEPTS)]. 

Lemma 5.15 

Let ))(,( 
ntE be a permutation topological space. 

Then ))(,( 
ntE  is (DEPTS) if and only if nc )( . 

Proof:  

Suppose that ( , ( ))nE t  is a (DEPTS). Then for each 

x  we have ˆ{ }x   and hence is an open )(E

set [since ( , ( ))nE t  is a (DEPTS)]. That means there are 

two open  sets A  and B  such that BAx }{ , 

but }{x
 

is singleton and this implies that either 

BAx }{  or  BAx}{  or 

 ABx}{ . That means each open singleton 

)(E set is open  set. Then ),( 
nt  is a (PSS). 

Thus by lemma (4.4) we have nc )( . 

Conversely, if nc )( . Then by lemma (4.4) we have 

),( 
nt  is a (PSS). Thus each singleton is an open  set 

and hence an open )(E set. For any )(E subset 

A  of   and Ax we have Axx  ˆ}{ . Therefore, 

x  is an interior point of A , thus
oAx  and hence 

oAA ̂ , but in general AAo ̂ . Thus AAo  and 

hence A )( 
ntE . That means any )(E subset of   

is open )(E set. Hence ))(,( 
ntE  is (DEPTS). 

Lemma 5.16  

))(,( 
ntE  is (DEPTS) if and only if ),( 

nt is (PSS). 

Proof:  

Let ))(,( 
ntE  be (DEPTS). Then by lemma (5.15) we 

have nc )(  and hence by lemma (4.4) we have 

),( 
nt is (PSS). 

Conversely, if ),( 
nt  is (PSS), then by lemma (5.15) 

and Lemma (4.4) we have ))(,( 
ntE  is (DEPTS). 

Lemma 5.17  

Every permutation topological space ),(  n  is 

1T  if and only if its extension ))(,( 
ntE  is 

1)( TE  . 

Proof:  

Suppose that ),(  n  is 
1T . Then for any two 

distinct points yx, , there are two open  sets A , 

B  in   such that Ax , Ay and By , Bx . 

However, every open  set is open )(E set. Then 

( , ( ))nE t is 1( )E T  . 

Conversely, if ( , ( ))nE t
 

is 
1)( TE  . Then for any 

two distinct points yx, , there are two open )(E

sets A , B  in   such that Ax , Ay and By ,

Bx . Moreover, there are open  set 1A , 2A , 1B and 

2B  such that 1AAx  2A , 1AAy  2A ,

1BBy  2B  and 1BBx  2B . Thus 

( 1Ax  or 2Ax ) & ( 1Ay  and 2Ay ) & 

( 1By  or 2By ) & ( 1Bx  and 2Bx ). Hence, 

there are four cases cover all probabilities which are holed as 

following: 

(1) 1Ax  and 1By  

(2) 1Ax  and 
2By  

(3) 
2Ax  and 1By  

(4) 
2Ax  and 

2By  

However, ( 1Ay  and 
2Ay ) & ( 1Bx  and 

2Bx ). Then ),(  n  is 1T  space. 

Lemma 5.18  

Let 1  be an identity element in extension 

permutation topological group ( , , ( ))nE   , then 

( , , ( ))nE    is a 1)( TE   topological group if and 

only if }1{ is open )(E set. 

Proof:  

Let ))(,,(  nE  be a 1)( TE   group, then by 

lemma (5.17) we have ),(  n  is a 1T  and hence 

nc )(  [by lemma (4.32)]. Then ),(  n  is a (PSS) 

[by lemma (4.4)]. Hence any singleton  set is open 

 set. Then }1{  is open  set and hence }1{  is open 

)(E set [ since each open  set is open ( )E   set]. 

Conversely, suppose that }1{ is open ( )E   set. That 

means there are two open  sets A  and B  such that 

BA}1{ , but }1{  is singleton and this implies that 

either BA }1{  or  BA}1{  or 

 AB}1{ . That means each open singleton 

)(E set is open  set. Then by Lemma (4.21) we 

have }{k  is open  set for any k , because 

}{}1{}1{ kkk  is open  set. Hence ( , )n
  is 

(PSS) and hence nc )(  [by lemma (4.4)]. Therefore 

),( 
nt  is 1T  space [by lemma (4.32)]. Then 

))(,( 
ntE  is 1)( TE  [by lemma(5.17)]. 
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Lemma 5.19  

Let ( , , ( ))nE t 
 

be extension topological group. Then 

( , , ( ))nE t   is 1( )E T  , if ( , , ( ))nE t   is 

0)( TE  . 

Proof:  

Let ))(,,( 
ntE be a 

0)( TE   topological group, 

then for any two distinct points yx, , there is open 

)(E set A  in   such that Ax  and Ay . 

Define  : , krr  )( , r . Then the map 

krr   is a permutation homeomorphism. Put 

1k x   and 
1D x A , then ( )A D  

1{ | }x t t A    is open )(E set in   and 

Dxx  11 . Then yD  is open )(E set in   

such that 1y y yD   . Thus yDA   (since Ay ). 

Let yD  21 DD  , and 21 AAA   where 

1 2 1 2, , , nA A D D  . Now, if yDx . This implies that 

iDx  and jAx , for some 2,1  ji . Thus x  

)supp(D)supp( ij A . But this contradiction since 

the cycles for any pair of open  sets are disjoint and 

hence we consider that yDx . Then ( , , ( ))nE t   is a 

1)( TE   topological group. 

Lemma 3.20  

If ( , , ( ))nE   is (DEPTG), then ( , , ( ))nE    is 

2)( TE   group. 

Proof:  

Assume ))(,,(  nE  is (DEPTG). Then 

))(,(  nE  is (DEPTS). Let  yx be any two 

distinct points in  . Then, either ( yx  ) or ( xy  ). 

Thus, if  yx  )(, xyxy . Let 

},{ xyxA  , and }{yB  . Hence },{ xnxA  , 

 ˆ}{yB  are two open )(E sets [since

))(,(  nE  is (DEPTS)]. Also, yxyx  . Then 

there are two open disjoint )(E sets A , B  in   

such that Ax  and By . Also, if xy   we have 

}{xA  , and },{ yxyB  are two open disjoint 

)(E sets in   such that Ax  and By . Hence 

))(,,(  nE  is 
2)( TE   group. 

Definition 5.21:  

( ( )E  Connectedness)  

Let ( , ( ))nE t
 
be extension permutation topological 

space. The collection of ( )E   sets { }i i IA    is said 

to be a ( )E   decomposition of the set {1,2,..., }n if 

i
i I

A


   and if the members iA  of  are all nonempty 

and disjoint ( )E   sets. Then   is called ( )E  

decomposition of   we also say that   has been 

( )E   decomposed into the ( )E   sets of  . Assume 

the extension permutation topological space ( , ( ))nE t  has 

been ( )E   decomposed into two open ( )E   sets A  

and B . In this form the permutation space is called 

( )E   disconnected. Moreover,   and its topology 

)( 
ntE  are both said to be ( )E   connected if   cannot 

be ( )E   decomposed into two open ( )E   sets. 

Lemma 5.22 

Let ( , )nt
  be permutation topological space. Then 

( , )nt
 is   connected, if its extension space

( , ( ))nE t  is ( )E   connected.  

Proof: 

Suppose that ( , ( ))nE t is ( )E   connected. Then 

  cannot be ( )E   decomposed into two open 

)(E sets. That means for any pair of non empty open 

)(E sets BA,  we have  BA  and hence for 

any , nA B t     we have  BA [since 

( )]n nt E t  . Thus   cannot be  decomposed into 

two open  sets. Then ),( 
nt is  connected. 

Definition 5.23 

An extension permutation topological group 

( , , ( ))nE t   is called ( )E   connected topological 

group, if ))(,( 
ntE  is ( )E   connected.  

Lemma 5.24 

If ))(,( 
ntE  is (DEPTS), then ))(,( 

ntE  is 

)(E disconnected space. 

Proof: Assume ))(,( 
ntE  is (DEPTS). Then there are 

two open disjoint ( )E   sets }{n  and }1,1{ n , where 

{ },{1, 1}n n   ( )nE t  [since },{n }1,1{ n ̂  and 

))(,( 
ntE  is (DEPTS)],  }1,1{}{ nn  and 

{ } {1, 1}n n    . Thus   is ( )E   decomposed into 

two open ( )E   sets and hence ( , ( ))nE t  is )(E

disconnected space. 

Lemma 5.25  

If }1{  is open )(E set, where 1  is an identity 

element in extension permutation topological group 
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( , , ( ))nE t  , then ( , , ( ))nE t   is )(E

disconnected topological group. 

Proof:  

Assume }1{ is open ( )E   set. Then by lemma (5.18) 

we get ))(,,( 
ntE  is a 

1)( TE   topological group 

and hence by (5.17) we have ),(  n  is 
1T . This 

implies that nc )(  [by lemma (4.32)]. Then 

))(,( 
ntE  is (DEPTS) [by lemma (5.15)]. Hence

))(,( 
ntE  is ( )E   disconnected space [by lemma 

(5.24)]. 

Example 5.26  

Let e  be an identity permutation in symmetric 

group 
9S . Then

9( , ( ))E
 is (DEPTS), where 

{1,2,3,4,5,6,7,8,9} and ˆ( ) { | }nE t D D   . Also, let 

),(   be a group with the following table: 

Table (2) 

  1 2 3 4 5 6 7 8 9 

1 1 2 3 4 5 6 7 8 9 

2 2 3 4 5 6 7 8 9 1 

3 3 4 5 6 7 8 9 1 2 

4 4 5 6 7 8 9 1 2 3 

5 5 6 7 8 9 1 2 3 4 

6 6 7 8 9 1 2 3 4 5 

7 7 8 9 1 2 3 4 5 6 

8 8 9 1 2 3 4 5 6 7 

9 9 1 2 3 4 5 6 7 8 

Thus yxyxq ),( , and 
1)(  xxP ,  yx,  

are permutation continuous maps. Then 
9( , , ( ))E
   is 

0)( TE   group, 1)( TE   group, 2)( TE   

group and ( )E   disconnected group. 

Remark 5.27  

Finally, our new notations are given and hence these 

notations of permutation topological group can be 

considered a special case of topological group using 

permutation in symmetric group. 

6. Conclusions 

In this paper, the concepts of permutation topological 

groups, extension permutation topological groups, 

permutation homogeneous topological group, Lindelof 

permutation topological group, )(E -connected group, 

)(E -disconnected topological group, (EPTG), (IEPTG), 

(DEPTG), (
0)( TE   group), (

1)( TE   group), 

(
2)( TE   group) and others are introduced. Assume 

),(  n  is permutation space and ),,( f , where 

f  is a d-algebra (resp. BCK-algebra, BCL-algebra). 

The question we are concerned with is: what is the possible 

conditions we need to be ),,,( fn   is permutation 

topological d-algebra (resp. permutation topological 

BCK-algebra, permutation topological BCL-algebra).?  
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