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Abstract The aim of this work is to introduce new branch of the pure algebra it's called 0 — algebra. Further, some new

concepts like p —subalgebra, p—ideal, o — ideal and permutation topological o —algebra are introduced and studied.

It is pointed out that p — algebra need not be BCK —algebra or d . —algebra by a counterexample. Moreover, several
examples are given to illustrate the concepts introduced in this paper.
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1. Introduction

The structure of groups is used in algebra and their orders
for finite groups are more important is used in many parts of
mathematics, as well as in quantum chemistry and physics.
For example Lagrange's theorem [16] about the orders of
finite groups are studied to find the number of the solutions
of equations in finite groups see ([9]-[11], [13]). BCK —
algebra, class of algebra of logic, was introduced by Imai and
Iseki [4]. In 1999, the concept of d — algebras, another
generalization of the concept of BCK — algebras, was
introduced by Neggers and Kim [14]. They studied some
properties of this class of algebras. Since then many
researchers have extensively studied these algebras (see
[1]-[3], [5]. [28]). In [6], Yonghong Liu introduced a new
class of abstract algebra (BCL-algebra) and then he
introduced a wide class of abstract algebras ( BCL™ —
algebra) ([7]). After that some fundamental properties of

topological BCL" —algebras are obtained ([8]).
In 2014, the concept of permutation topological space

(Q,7”) where B is a permutation in symmetric group
S, was introduced by Shuker [12]. The aim of this paper is
to introduce new class of algebra it's called o — algebra.
Also, the relations between o —algebra and some algebras

like d —algebra, BCK —algebraand d” — algebra are
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studied. Further, the concept of p— subalgebra is
introduced and showed that in o — algebra Lagrange's

theorem is not true in general. So, there is no law determines
the relation between cardinality of o — algebra and

cardinalities of their o — subalgebras. In this work, the

notations of p—ideal, and p —ideal in p—algebra are
introduced and investigated their relations with importing
types in d —algebra like d —ideal, d — subalgebra and
BCK —ideal. Further, the multiplication permutation map
is given and then a permutation topological o —algebra is

defined and explained. In another words, permutation
topological p — algebra has the algebraic structure of a

o —algebra and the permutation topological structure of a

topological space and they are linked by the requirement that
multiplication permutation is continuous function. Moreover,
several examples are given to illustrate the concepts
introduced in this paper.

2. Preliminaries

In this section we recall the basic definition and
information which are needed in our work.

Definition 2.1: [11]

A partition « is a sequence of nonnegative integers

(ay,a,,...) witha, 2a, =... and Zai <oo . The
i=1
length I(a) and the size |a| of a are defined as
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() = Max{i € N; ; # O} and |a| =iai We set
1=1

a b n ={a partition;la|=n} for neN . An
elementof o [N is called a partition of N.

Remark 2.2:

We only write the non zero components of a partition.
Choose any S €S, and write it as 7,7,...7 (5 - With
y; disjoint cycles of length ¢, and c(/f) is the number

of disjoint cycle factors including the 1-cycle of /. Since
disjoint cycles commute, we can assume that
) 20, 2.2y, Therefore a = (o, ..., )

is a partition of N and each ¢; is called part of « (see

[9D).
Definition 2.3: [10]

We call the partition o = a(f) =
(a(B)say(B)e s (B)) thecycle typeof f.

Definition 2.4: [17]

Suppose first that € S, —{e}. Then supp(f), the
support of S , is the set {ieQ|pB(i) #i} where
Q={12,...n}.Sowesay S and A are disjoint cycles
iff supp(/)Msupp(2) = 4.

Definition 2.5: [12]

Suppose [ is permutation in symmetric group S, on
the set Q={L2,...,n} and the cycle type of S is
a(f)=(a,,ay,..0y ) . then B composite of
{4y
A =(b1i,b£,...,b;i) , 1<i<c(pB). For any k —cycle
A=(b,b,,...,.b) in §, P— set as
A’ ={b,,b,,....b, }and is called S —set of cycle A .
So the f— sets of {4 f:(f ) are defined by
(2 ={bl.bj,.. b, H1<i<c(B)}.

Remark 2.6: [12]

For any k —cycle A=(b,,b,,...,.b) in S we put
|ﬂ| =k , Further, suppose that A/ and /I/f are [3—sets

pairwise disjoint cycles where

we define

in Q, where ‘ﬂi ‘ = o and ‘ij‘ =v. We will give some
definitions needed in this work.
Definition 2.7: [12]

We call A/ and )f; are disjoint S —setsin Q, if and

only if D b =>"bJ and there exists 1<d <o, for
k=1 k=1

each 1<r <o suchthat by #b/.

Definition 2.8: [12]

We call A/ and /lf are equal f—sets in Q, if and
only if for each 1< d <o there exists 1<r <o such
that b} =b/ .

Definition 2.9: [12]

We call A7 is contained in l’f and denoted by A7 &

4 %
A%, if and only if kzlbk' < kzlbkl :

Definition 2.10: [12]

We define the operations A and v on £ —setsin Q
as followers:

A S < b
k=1 k=1

200 b >3
k=1 k=1

AR = A =2
o,if 2 & A7 are disjoint

and

20 S0 >
k=1 k=1

200 Y b <Yb)
k=1 k=1

APiE AP =20 =27
Q,if 7 & A/ are disjoint

Remarks 2.11: [12]

1. The intersection of A7 and A is A7 A 2]

2. The union of A7 and 2] is A7 v /.

3. The complement of A7 is Q— A7

4. The intersection and union of ¢ and A7 are ¢ and
A7, respectively.

5. The intersection and union of Q and A”are A7 and

Q, respectively.
Definition 2.12: [12]

Let B be permutation in symmetric group S, and S
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composite of pairwise disjoint cycles {4 }fg) ,

|,1i| = a,,1<1<c(f), then (Q,t7) is a permutation

where

topological space where QQ={12,...,n} and t’ is a

collection of /3 —sets of the family {4, };1{) union Q
and empty set.
Definition 2.13: [12]

If A7 et’ is B—setinthespace Q,then Q— 2" is
called closed S —set in the space €2, and /”t_ﬂ is smallest
closed /3 —set containing or equal A7, and any /5 — set
AP & Q iscalled closed [ — set iff =2

Definition 2.14: [12]

The set (17)° = Q-Q— " is called the interior of
the S —set A7 inthe permutation space Q.

Remarks 2.15: [12]

1. We call x belong to f—set A7 ={b,,b,,....b. }
iff x=Db;,forsome je{l2,.,k}.

2. The xeQ-Q-
X & Q—A” . Therefore, X is an interior point of /3 — set

condition means that

B
A’ ifand only if there is an open S —set A, containing
B
X andsuchthat 4, A(Q-2")=¢.
3. If A7 and /1/17 are disjoint B —sets in Q, then
neither A7 & A nor A & A7

Remark 2.16: [12] Any map between two permutation
topological spaces is called permutation map.

Definition 2.17: [12]
Let S, u and & be three permutations in symmetric
group S, , and let &:(Q,t7) — (€,t¥) be a function,

where for each [ — set I ={b ,b,,....b, }, the image

of ﬂﬂ under & is called z¢— set and defined by the rule
S(A7)={5(b,),5(,),...,6(b,)}. In another direction,
let n* ={a,,a,,...,a,} be z—set, the inverse image
of 7*under & is called S —set and defined by the rule
st ={o(a,),5(a,),....0 (a,)}. The usual

properties relating images and inverse images of subsets of
complements, unions, and intersections also hold for
permutation sets.

Definition 2.18: [12]

Given permutation topological spaces (€2,t”) and
(Qt) , a function &:(Q,t7) — (Q,t4) s
permutation continuous if the inverse image under o of
any open g—set in t!' is an open [ —set in tnﬂ (i.e
SHA) et? whenever ¥ et”).

Lemma 2.19: [12]

The identity permutation €= (1) in symmetric group
S, is a permutation continuous on a permutation space

@t).

Lemma 2.20: [12]

A composition of permutation continuous functions is
permutation continuous.

Definition 2.21: [14] A d —algebra is a non-empty set

X with a constant 0 and a binary operation* satisfying the
following axioms:

i)- x*x=0

i) 0*x=0

iii)- X*y=0 and Yy*X=0 imply that y=X for
all x,y in X.

Remark 2.22: [14] Let X be d —algebra. Then X
is called finite d —algebra if X is a finite set.

Definition 2.23: [15] A d —algebra (X,*, 0) is called

BCK — algebra if X satisfying the following additional
axioms:

@. ((x*y)*(x*2z))*(z*y)=0,

2. (x*x(x=y))*y=0,forall X,ye X.

Definition 2.24: [15] Let (X,* 0) bea d —algebraand
¢# | € X. Then | is called a d —subalgebra of d —
algebra X if X*y €| whenever Xl and yel.

Definition 2.25: [15] Let (X,*, 0) be a d — algebra
and ¢ # | € X. Then | is called a d —ideal of d —
algebra X if

Q). x*yeland yel - xel,

2. xXeland yeQ— x*xyel,forall
X, yeX.

Definition 2.26: [15] Let (X,* 0) be a d — algebra
and @ # | € X. Then I is called a BCK — ideal of d —
algebra X if

1. 0el,

(2. x*yeland yel - xel  foral X,ye X.

Definition 2.27: [15] Let (X,*, 0) be a d — algebra.
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Then X iscalleda d” —algebra if it satisfies the identity
(x*y)*x=0,forall x,ye X.

Remark 2.28: [15] In d~ —algebra any BCK — ideal
is d —ideal and d —subalgebra.

Theorem 2.29: [16] (Lagrange's theorem) Let G be a
finite group and H — G a subgroup of G . Then|H|

divides |G|,

Definition 2.30: [14]: Let (X,*, 0) be a d —algebra
and ae X . Define a*X = {a*x|xe X}. Then
X issaid to be edge if a* X ={0,a}, forall ae X .

3. Characterizations of p-algebra

Definition 3.1 A p— algebra (X,*, f) is a
non-empty set X with a constant f € X and a binary
operation* satisfying the following axioms;

i)- x*x=1"1,

i) f*x=1,

iii)- X*y="f =y*X imply that y = X,

iv)-Forall Y #Xe X —{f} imply that X*y
=y*x=f.

Remark 3.2: It is clear every p— algebra is d —
algebra, but the converse is not true in general.

Example 3.3: Let X ={0,a,b,c} and let the binary
operation * be defined as follows:

Table (1)

* 0 a b c

0 0 0 0 0

a a 0 0 a

b b b 0 c

c c c c 0

It is clear that (X,*,0) isa d —algebra, but not p—
algebra, since there are two elements a,b € X —{0} and
ax*b=b=*a.

Definition 3.4 Let (Q,*, f)be a p— algebra and
p#H Q. H is called a p— subalgebra of Q if
X*yeH whenever XeH and ye H.

Theorem 3.5 Let (Q,*,f) be a p— algebra and

HcQ. Then H is d —subalgebra of Q, if H is
L —subalgebra of Q.
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Proof: Suppose that Q is p—algebraand H is p—
subalgebra of ). Then we consider that Q is d —
algebra. Also, H satisfies X*y € H whenever X € H
and Y € H . Hence H is d —subalgebraof d —algebra
Q.

Remark 3.6 From theorem (3.5) we consider that every
© —subalgebra is d —subalgebra. However, the converse
is not true in general.

Example 3.7 Let Q={1,2,3,4,5}be a d — algebra
with the following table:

Table (2)

* 1 2 3 4 5

1 1 1 1 1

2 2 1 1 2 1
3 3 3 1 1 3
4 4 4 4 1 4
5 5 5 5 5 1

Then | ={1,4} is d —subalgebra of Q. Further, Q
is not p— algebra and hence | ={l,4} is not p—
subalgebra of 2.

Definition: 3.8

For any positive integer N >1. Let Q={1,2,...n} be
a finite set and |Q| =N. Define binary operation (®) on
Q as follows:
Lif x=yorx=1
Xey=51Y,
X, if y<x

if y>x=#1 |, for all X,yeQ .

Further, this type of , —algebra is denoted by (2,e,1) .

Proposition:3.9 Let N >1 be any positive integer. Then,

1)- Each element in Q has inverse under the binary
operation (@ ) with right identity.

2)- The mathematical system (€2,®) is neither
commutative system nor associative system.

3)- The mathematical system (€2,8) with a constant
1eQ is d —algebra.

4)-1f n =k , then the number of d — subalgebra orp—
subalgebra of (Q,,1)is K.

Proof:

(1) It is clear for any X € €2, there exists right identity
element € =1¢€ Q). Moreover, forany X € (2, there exists
inverse element X * of X where X =Xe Q.

(2 Let 1#xeQ we have lex=1=x =Xel,
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Then the mathematical system (€2,®) is not a commutative.

Now, we need to show that the binary operation (® ) is not

associative, let X,Y¥,Z2€ Q. Where 1#x<z=y=1

= (Xey)ez=1#Xx=Xe(yez) and hence (Q,e)
is not associative system.

Lif x=yor x=1
(3) Since Xey=<Y,
X, if y<x

if y>x=1 | for all

X,y € Q. Then for each N >1, we consider that 1€ Q
is a constant element and hence the following are hold:

i-xex=1

i)- lex =1

iii)- Xey=1and yex=1 implythat y =X forall
X,y € Q. Thus (Q,e,1) is d —algebra.

iv)-Forall y#Xe X —{1} implythat X*y
=y*X#1. Then (Q,0,1) is p—algebra.

4) Let n=Kk, then for all 1<i<Kk we consider
that H, ={1,2,...i} <= Q. Also, for any X,y eH,,
(1<i<k)wehave XeY e H,{(by definition 3.4). Then
(H,,®) is a d — subalgebra and p— subalgebra of
(€,0,1) and hence the number of d — subalgebraor o —
subalgebra of (Q2,0,1) is k.

Notations on p — Algebra Using Type (€2,e,1):3.10

We will show that Lagrange's Theory is also incorrect for
finite p —algebra by a counterexample. Let N=p > 2,
where p is prime number. Then (Q,e,1) is p—algebra
and it is clear that for each 2 <i < p —1 we consider that
(H,,»1) is p— subalgebra of finite p— algebra

(Q,e.1) . In another side 1<|H;|< p,¥(2<i< p-1).

Hence |Hi| does not divide |Q|,V(2 <i<p-1). That
means in o — algebra Lagrange's theorem is not true in
general. Moreover, for any X,y,ze Q—{l} where
y <X<2Z we consider that ((xey)e(xez))e(xey)
=(Xez)ex = zeX=1Zz=#1. Therefore p—algebra
need not be BCK — algebra. Further, for any
X#yeQ-{I} and X<y , we consider that
(xey)ex=yeox =y=1 Hence p—algebraneed not
be d” —algebra. Also, Q is notedge, if n> 3. Since for
any (L#x<n) we consider that X,neQ and

Xen=n, but neither N =1nor N = X. Moreover, Q)
is edge, if N<3. Since Q ={1,2} and hence for any

xeQ wehave xoQ ={l x}.

Definition 3.11: Let (X,*, f) be a p— algebra and
¢ # Kc X. Then K is called a o —ideal of p—algebra
X if(1). x,ye K imply x*yeK,

2. x*yeK and yeK
X, yeX.

imply xe K, for all

Example 3.12: It is clear, X and {f} are p—ideal
forany o —algebra X. Moreover, if X isa o —algebra.
Then every p—ideal of X is a p—algebra with the
same binary operation on X and the constant f .

Remark 3.13: By condition (1) in definition 3.11, we
consider that every o —ideal is p —subalgebra and hence

d —subalgebra.

Theorem 3.14: In p—algebra (X,*, f) every d —
ideal is p —ideal.

Proof: Suppose that K is a d —ideal in (X,*, ).
Now, we need to prove that:

@D. x,ye K imply x*yeK,

(2. x*yeKand yeK
X, yeX.

imply xe K, for all

Since K is a d —ideal, then condition (2) is hold.
Moreover, for any X,y e K we have xe K and

y e X (since K < X). Thisimpliesthat x*y € K (by
condition (2) in definition 2.25). Also, since (X ,*, f)is
o —algebra then we have K is p —ideal.

Remark 3.15: In d —algebra above theory is not true in
general.

Example 3.16: Let Q ={1,2,3,4,5}be a d —algebra
with the following table:

Table (3)

* 1 2 3 4 5

1 1 1 1 1 1

2 2 1 2 1 2
3 3 3 1 4 1
4 4 4 3 1 4
5 4 4 2 2 1

Then | ={1,2}isa d —ideal of Q. Further, Q isnot
o —algebraand hence | ={1,2}isnot P -ideal of Q).

Theorem 3.17: If K is a p—ideal of p—algebra
X ,then K isa BCK —ideal of d —algebra X .

Proof: Suppose that K is a p—ideal in p—algebra
(X%, ). Then K is non-empty subset of X and
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(X,*, f) is d —algebra. Thus, we need only to prove
that:

1. fekK,
(2. x*yeKand yeK imply xe K, for all
X, yeX.

Since K isa p—ideal, then condition (2) is hold. Also,
there is at least X € K (since @ # K ). This implies that
x*X e K (by condition (1) in definition 3.11), but
x*X="T and hence f € K. Then K isa BCK —
ideal of d —algebra X .

Definition 3.18: Let (X, f) be a p—algebra and
| beasubsetof X .Then | iscalled ;—ideal of p—
algebra X if

1. fel,

(2. xeland ye X - x*yel,forall
X, yeX.

Example 3.19: Let Q={1,2,3,4}be a p— algebra
with the following table:

Table (4)

* 1 2 3 4

1 1 1 1 1

2 2 1 3 3

3 2 3 1 2

4 4 3 2 1

Then 1 ={,2,3} is ,;— ideal of € . Further,

K ={12} is not ;)— ideal of Q, since 2e€ K and
3eQ,but 2%¥3=3¢K

Remark 3.20 It is easy to show that every ; —ideal is

d — subalgebra. However, the converse is not true and the
following example showing that

Example 3.21: Let Q={1,2,3,4}be a d — algebra
with the following table:

Table (5)

* 1 2 3 4

1 1 1 1 1

1 1

2 3
33| 4| 1] 4
41 4| 4] 4|1

Then | ={1,4}is d —subalgebra of ). However, Q

isnot o —algebra and hence | is not ,B— ideal of Q).
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Remark 3.22: By the above results we have the following
diagram:

p— ideal

A\ 4

p—ideal p—-subalgebra [ d - subalgebra

In p-al§ebra In d*-algebfa

d- ideal
A

In d*{algebra

BCK - ideal

Figure 1. Diagram showing relationships among some types of algebras

Definition: 3.23 (Multiplication Permutation Map)
Let 6, and O, be two permutations in symmetric group
S,. Then 6, and &, are two permutation maps from

Q onto Q. Further, 0, %0, :QAxQ—>QxQ is a
product map of permutation maps  where

(6 x8)(%,¥)) = (6,(x), 5, (¥)), V(X y) eQxQ.
In another side, the map o, xJ, is a permutation in
S, xS, asthis form

5 s _[ 1) 1,2)
0 6,0,6,) (6,D),6,(2)) -
Ln) (2.1) (i, 1)

(6,(1), 6,(n) (6,(2), 5, (1)) ---(6,(1), 5, ()

(n,n)
(6,(n). &, (n))}
Now, let *:€2x € — Q) be a binary operation on Q
and (6,%x0,)": QxQ—>Q be a map defined by
(6, x6,) (%, ¥)) =6,(X) ¥ 5,(y), V(X, y) eQ2xQ.

Then the permutation map (&, x5,)" from permutation

space  (QxQt/ xt”) into (Q,z7 ) for any
permutation S in symmetric group S, is called
multiplication permutation map. Further, it is called

multiplication permutation continuous iff the inverse image
under (&, x3,)" of any open 3 —set in t/ is an open

BxB— set in tFxt! (e (61x52)*_1(/1ﬁ)e



158 Shuker M. Khalil et al.:

Characterizations of p-algebra and Generation Permutation

Topological p-algebra using Permutation in Symmetric Group

t# xt” whenever ¥ €t”).

Example: 3.24 Suppose that #=(512 43) and
0, = 6, =(1) are permutations in symmetric group S
with N=5 and let *:QxQ — € be abinary operation

Lif x=yor x=1
if y>x=1 ,VY(XY)
X, if y<x

on Q where X*y =1 Y,

e QAx (). We consider that the multiplication permutation
map (5, %8,)" : (QxQtf xtf) — (Q,77) , where

(6, x0,) (%, y)) =x*y,V(X,y) €QxQ is a
multiplication permutation continuous map.

Definition 3.25 For any permutation /£ in symmetric
let (Q,7”) be a permutation topological
space (Q*f) be a p-—
(6,x68,) :QxQ — Q is a continuous permutation

group S

n:'

and algebra. |If

mapping from permutation space (QxQ,t” xt”) into

(Q,77), where t/ xt” is product topology of Q, then

we say that (Q,7”,* f) is a permutation topological
L —algebra.
Example: 326 Let fF=(421563) be a

permutation in symmetric group S. Then (Q,z‘f) is
permutation topological space, where Q={1,2,3,4,5,6}
and ) ={p,QO}. Also, let (©2,8,1) be a p— algebra
with the following table:

Table (6)
. 1|12 |3 |4|5]|6
1 1 1 1 1 1 1
2 2 1 3 4 5 6
3 3|13|1|4]|5]6
4 4 4 4 1 5 6
5 5 5 5 5 1 6
6 6 |66 |6 |61

It is clear that (Q,7¢) is an indiscrete permutation
space. Thus Q(X,y)=Xxey is multiplication
permutation  continuous map, VX,ye€Q Then
(Q,e,7¢ 1) is a permutation topological o —algebra.

Remark 3.27: Finally, our new notion (see, Definition
3.25) is given and hence this notion of permutation
topological p —algebra can be considered a special case of

topological d — algebra using member in finite group.

4. Conclusions

We have initiated a study of o —algebras and explained

their relations with d — algebras. Moreover, the
multiplication permutation map is given and then a
permutation topological o — algebra is defined and

explained. In future work, we will study the relation between
p — algebras and BCL" — algebras. Moreover, we will

investigate some new types of permutation spaces using
members in subgroups of symmetric groups instead

symmetric groups like Mathieu group M, , Alternating

group A, Quaternion group Q, and others. Further, we

will consider new constructer in topological algebra is called
sub permutation topological o — algebra, since each one of
these groups on n letters is a subgroup of symmetric group

S

n:
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