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Abstract The object of this paper to study the class S, of multivalent functions defined by in the open disk
U={z € C:|z|<1}. We obtain various results including characterization, coefficients estimates, Subordination Theorems.
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1. Introduction

Let S(p) denote the class of functions of the form:

f@ ==+, (a>0k eN) (1)
which are analytic and univalent in the open unit disk
U={zeC :|z|< 1}

Let S, denote the subclass S(p) of functions of the form:
f@ =2+ wz* (4 20,a>0k €N) (2)
The convolution of two power series f, given by(1) and
9@ =2+ 571 bpz" x>0 3)
is defined as the following power series

F D@D =f@Drg@D ==+ ) abz* «>0,z€U.
k=p+1
Definition (1): A function f € S; issaid to be in the class
Sy (v, B, a) if it satisfies the condition:
z[q (Z)I]' —ypzf ' (2)
Bzla(@)] —(y—B)zf'(2)
where q(z) = zf (z)

<1,a>00<B<10<y<1,(4

2. Coefficient Estimates

In the following theorem, we obtain the sufficient and
necessary condition to be the function f in the class
S, B a).

Theorem(2.1): Let the function f(z) be defined by (2).
Then f € S;(y,B,«) ifand only if
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St k(1= B) +v(1 = p) — 1], <22 (5)
Proof: Suppose that f € S;(y,B,«) . Then by the
condition (4), we have
z[q@)] - ypzf'(2)
Bzlq(@)] = (v — B)zf'(2)
A [é + Z}o(o:p+1 kakzk] —Ypz [g + ZZO:}J+1 aka]
Bz [é + Xrp 41 kakzk] -y =Pz [é + 30, akzk]

1 {ee] [ee]
ZZt Dh=p+1 k(k — Da,zk - %Z =YD Xi=p+1 ka,z*

B B3 kk - Ve - B g3 ka2t
1-— oo
| TR m kG- D - plast |

B s+ 57 KIBG = 1) = (r = Bz

Since |Re(z)| < |z| for all z, we have
1- ©
. { TP 2 4 37 k[ — 1) — yplaz¥
e

B
2+t L kB — 1) — (v — Playz*

5}

+ Z k[(k — 1) — yplay
k=p+1

1—-yp

2 _ [ee]
< ﬁa L 2 k[B(k — 1) — (v — B)lay

k=p+1

> K= D =yp =Bl =D+ — Dlay
k=p+1
By 1o
a a
Y- D+2E-1
a

D Kk =)+ (- p) - 1la
k=p+1

Conversely, assume that the hypothesis(5) and |z| = 1,
then



American Journal of Mathematics and Statistics 2017, 7(3): 136-142 137

1z[q(2)] = vpzf'(@)| — 1Bz[q(D)] — (v — Bzf' (2]

z = z C z = z =
=|z|-+ kapz¢| —ypz|=+ az*| | —|Bz|= + kapz¢| — (y = B)z|=+ az"
“ k;—l ‘ “ k=p+1 @ k;}—l @ k;ﬂ
1 N Yp N B N -8 N
=|-z+ k(k — Dagz" ——z—yp kayz|—|~z+p k(k — Dagz* — z—(y—pB) ka,z*
1-yp N 26—v N
==+ ) KO- D —yplad| - Lz DT kB - D = (& - Playz*
k=p+1 k=p+1
1-yp N 28—y N
<ot D KO- D -yplazt -F—Lz= " KBk -1 - & - Plaz*
k=p+1 k=p+1
N y@-1+28-1
Klie(1 = B) +7(1 - p) — gy - . <o,
k=p+1

by hypothesis. Then by Maximum modulus theorem, we have f € S;(y, B, @) .
Finally, the result is sharp for the function

yp—-1D+2p-1

z z" k=p+1.
fO =t ama-prya-—p-u° *=?
Corollary (2.1): Let the function f(z) is inthe class S;(y, B, a) . Then
-D+26-1
y(p—1)+2p kspil.

= ak[k(1—B) +y(1 —p) — 1]

3. Subordination Theorems

Definition(2): Let f and g be analytic in the unit disk U. Then g is said to be subordinate to f, written g < f or
g(2) < f(2), if there exists a Schwarz function w, which is analytic in U with w(0) = 0 and |w(z)| = 1,(z € U), such
that g(z) = f(w(2)), (z € U). Indeed it is Known that

9(z) < f(2),(ze U) = g(0) = £(0) and g(U) < f(U).
In particular, if the function f is univalent in U, we have the following equivalence([3], [4]):
9(2) < f(2),(ze V) = g(0) = f(0) and g(U) < f(V).
Definition (3) [1]: The fractional derivative of order 1 (0 < A < 1) of a function f is defined by

f f®
A) dz ) (z— t)’1

where f is in Definition(1.1.14), and the multiplicity of (z — )™ is removed by requiring log(z —t) to be real, when
Re(z—1t) > 0.

Definition (4): Under the hypothesis of Definition (3), the fractional derivative of order n + A is defined, for a function f,
by

D}f(z) =

n

d
n+a —
DI = ——

D}f(z),(0<A<1;nmeN,=NU{0}).

It readily follows from Definition (3) that
r(k+1)
[ (k—2A+1)
We shall need the concept of Subordination between analytic functions and Subordination theorem of Littlewood [2]. (See
also Duren [1])

Theorem (3.1): If the function f and g are analytic in U with f < g Definition (2), then
T\ fre®)| o < [ |g(re®)| do , (x> 0,0 <7 < 1), @

D}zk = zZk2,(0<1<1) ®)
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Theorem (3.2): Let > 0.If f € S;(y, B, a) and supposed that f; is defined by
z yYo-1)+26-1
((z) =—4+— z.
&=t G -p+ra-p -1
If there exists an analytic function w defined by
alil-p+yA-p -1 ¥

bo-DrzE-1 L

w@} =

Then, for z=7re® and (0<r<1),
[ e do < [7|fi(rei®)|"d6 , (x> 0,0 <7 < 1).
Proof: Let
Z
f(Z)=E+ Z azt Jk=>p+1

k=p+1
and

_z y(p-1)+28-1 i
fi(@) = « + ai [i(1—ﬁ)+y(1—p)—1lz '

Then, we must show that

f02n|1 + Zl?:p+1 a’akzk_1 |Td9 S fozn

1+ ili(1-p)+y(1-p)-1]

By Theorem (3.1), it suffices to show that
y(p—1D+26-1 i-1
ifi(1-p)+y(1-p)-1]

1+ Xraqzt <1+

Set

o k-1 _ yp-1D+25-1 i-1
T4 Lz a2 = 14 g oy WD

From (12) and (5), we obtain

aili(1-B) +y(1 —p) —1]

W)l = | s e ,;H @ zv !
aili(1 = B) +y(1 —p) — 1]
<|z|P Y p-Dt 251 2 a, < |z|.

Next, the proof for the first derivative.
Theorem (3.3): Let > 0. If f € S;(y, B, a) and
z yp-1D+28-1

"= dia-p+ya-p—1""

Thenfor z=re and 0 <r <1,
I e[ do < [I7|f (re®)[ 6 , (> 0,0 <7 <1).

Proof: It is suffices to show that

y(p-1)+28-1 i—1

o k-1
1+ Y akaz"™ <1+ i(1-p)+y(1—-p)—1]

This follows because

(A= +y(1—-p)—1]
yo—-1D+2-1

1

lw(2)|~! = akay,z*~

k=p+1

i(1— 1-p)—1] ©
Slzlpa[l(y(pﬁ—);;];(zﬁ _p)l ] Z e < 12" < Iz,

k=p+1

V(P—1)+2B—1 i—1 T de

®)

©)

(10)

(11)

(12)

(13)

(14)
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Theorem (3.4): Let g be of the form (3) and f € S; (v, B, a) be of the form (2) and let for some i € N, % = krgpiflg—:,
ak [k(1-p)+y(1-p)-1]

y(p-1D+2p-1
Also, let for such i € N, the functions f; and g; be defined respectively by

yp-D+2-1 N
aiil-p+y@-p)—1]" "’
gi(z) = g + b,z (15)

Then, for z=re® and (0 <r < 1),

where Q;, =

fi) ==+

2m

21
fo I(f * )(D)I7d6 sfo I(f, + 0)@)I7d6 , (x> 0).

Proof: Convolution of f and g is defined as:

Fe D@D =2+ ) abz*

k=p+1
Similarly, from (15), we obtain

z [y(p—1+28-1]b;

i x0)(2) =—+—= zt.
Vex 90@ =+ G —p + v —p) - 1
To prove the theorem, we must show that for t > 0 and z = re®?, (0 <r < 1),

2m 2m
f dQSf
0 0

Thus, by applying Theorem (3.1), it would suffice to show that

p-D+28-11b; [
a-prra-p-1u-| ?

1+ Z aa b,z 1
k=p+1

[y(p—D+28-11b; ;1
i[i(1=-)+y(1-p)-1]
If the subordination (16) holds true, then there exist an analytic function w with w(0) = 0 and |w(z)| < 1 such that

. [y(p — 1) +28 — 11b;

1+ Z aapbzé =1+ —
L ii1-p+y(1-p)—1]
=p+1

From the hypothesis of the theorem (3.2), there exists an analytic function w given by

14+ X0 aapbez ™t <1+ (16)

w(2) .

wE@)~" =

aili(1-p) +y(1-p)—1] _

b k R
o — D+ 26— 1Ib k;“ o

which readily yields w(0) = 0. Thus for such function w, using the hypothesis in the coefficient in equality for the class

S,(v, B, @), we get

w(@)| =

aili1 - ) +y(1—p) —1] > o
(-1 +26 - 1l k;ﬂ ablzl

ailil =) +y(1-p)—1] ©
Sl G nrap o 2, bes <

k=p+1

Therefore, the subordination (16) holds true.
Now, we discuss the integral means inequalities for f € S;(y, 5, a) and h defined by

i 2i-1
h@) =2+b (2) +buca (2) (0, 20,i2p+1) (17)
Theorem(3.5): Let f € S;(y, 5, a) and h given by (17). If f satisfies
) bi-1) b; b; bi-1)
z:k=P+1 aa, = 22G-1 ~ GG-D (a(z—1) aZ(i—l)) (18)

and there exists an analytic function w such that
2(i—1)
w

i—1
bi-1) (W((ZZ)> + b, (%) — X pr1aaz¥™t = 0. Then, for z =re® and (0 <r < 1),
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2m 2m
f If(2)|"dé Sf |h(2)|"d6 ,(t >0).
0 0

Proof: By putting z = re® and (0 < r < 1), we see that

(e} T (o)

2m 2m 7z T 2
f If (2)|7d6 =f 4 z az*| do = (—) f 1+ aa,z1| do,
0 0o |@ [t aJo k=p+1
and
2m 21 | ZNi Z2i-1)7 T (27 Zi-1 Z:26-D°
T = —_— . —_— . —_— = —_— . _ -_
fo |h(2)|7d6 = fo ~+b (a) + by (a) do (a) fo 1+ b, (a) + by (a) de.
Applying Theorem (3.1), we have to show that
> Za i1 2 2G-1)
k-1 z - (Z
1+ Z aa,z <1+ bi (a) + bZL—l (a)
k=p+1
Let us define the function w by
N N 20-1)
1+ Z?Cozp+1 Ofaka_1 =1+ b[ (W‘i )) + b(Zi—l) (?) . Or by
2(i-1) i-1
b@i-1) (WiZ)) +b; (Wiz)) — iy aqz = 0. (19)
. B i—1 WOt b\ _
Since for z = 0, (W(O))l {b(Zi—l) 26 + F} =0.

There exists an analytic function w in U such that w(0) = 0.
Next, we prove the analytic function w satisfies |w(z)| < 1, (z € U) for the condition (18). By (19), we know that,

o5}

2(i-1) i-1

w(2) w(z) N _
b(Zi—l)( " ) +bi( " ) = Z aq,z" 1 < Z aay .
=p+1 k=p+1
2(i-1) i-1
For z € U, hence by ng) —b |2 - B, aa <0, (20)
Letting s=|lw(z)|""! (s = 0) in (20), we define the function G(s) by
boai- b, S
_ (2i-1) - i
G(s) = az(i—1)5 — FS - Z aay .
k=p+1
If G(1) = 0, then we have s < 1 for G(s) < 0. Indeed we have
baicty by S
_ P@i-1 i
G(l) = 22G—1) —F— Z aa, =0.
k=p+1
. bi-1) b;
Thatis Yy_p 1 @ay < = — = -
Theorem (3.6): Let f € S;(y, B, @), y(z) be given by
y(@) ==+ by sz P j22,m =2, (21)

and suppose that

Z;c;oer_l(k _ /1)2+1ak < Em I'(s;—(s=2)+)I 2—-A—-v)I (p+2—1—n) 22)

S=17(s;~(s—2)—A+1-v)[(p+1-) (2—A—n) &~
For 1=00r1(0<n,v<1)and2<21<k(0<nv<1) where (k—2);,; denotes the pochhammer symbol
definedby (k — )=k -k —-21+1) ..k.

Thenfor z=re? (0<r<1),

S Dr ()] d6 < [T

o T
: r2-1-v) Zv_nDZn+)Ly(z)| do ,(t>0). (23)

r@-i-n)

Proof: By means of the fractional derivative formula (6) and Definition (4), we find from (2) that
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re)

Zl—/l—n
al(2—21—n)

1+
k=p+1

DrHf(Z) = al'(k + D2 —1—n) H]

TI(k+1-21-n) **

re)

_ alr(2—-21-n)
Tar2-1-n’

r)

vialie 3 e

k=p+1

w(k)aklk_ll )

where ¢(k) =

_ A=0 1(0<n<1
&{ orlOsn<l) o tiken.

re+1-2-m) |2 <1<k(0<n<1)’
Since ¢ (k) is adecreasing function of k, we have

rp+1-2) {leorl(OSn<1)
F'p+2-2-n) 2<A1<k(0<n<1)
Similarly, by using (21), (6) and Definition (4), we obtain

@ i v[ Zar(s —(s-2)+Dr2-1-v) g <s_1)_1]

k>p+1LkeN.

0<gpk)<opp@+1)=

A+v —
biy@ = ra=a=v T (s —(s-2)—A+1-v) bj—s-1)2

Thus, we have

r2—-i-v)

v—npnitv —
rZ=i1-n’ D} "y(z) =

@ al'(s — (s —2) + DI(2 — 2 —v) .
al (2 — 2 —n) n) . [ Z F2)(s—(s—2)—A+1-v) bgj_(s—1yz® "D

For z = re!? (0 <r < 1), we must show that

T

2 = re-a-
f 1+ Z Um0y T2 1| a6 <
0 r)
k=p+1
T
n aF(s—(s—2)+1)F(2 A=) N
j—(s—1)-1
j(-) 1+ F(Z)r(%—(S—Z)—A+1—U) ij —(s— 1)Z dQ,(T>0).

By applying Theorem (2.1). It sufflces to show that

—aI"(ZF(;S n) (Wagz¥1 <1 +Z

al (s —(5—2)+1)r(2_,1_v)b
rr(s—-(—-2-1+1-v) s ~(s=1)Z

1+ Z (k= D41 5=5=1-1
k=p+1

By setting
1+ X p1k = Dapq

We find that

al"(s] (s—2)+1)r2-1-v)
r)r(sj—(s—2)-1+1-v)

ar(2—A-n)

k-1 —

bsj —(5—1){W(Z)}Sj R Lo

al(2—21—n) 1

sj—(s=1)-1 — k—2 k k-1
{W(Z)} k;_1( )A+1 F(Z) ‘p( )akz - (11—'(5] _ (S — 2) + 1)r(2 —1- ‘U)

TN —(-2) -2+ 1-v) 6D

Which readily yields w(0) = 0. Therefore, we have
sj—(s—1)-1 1

lw(2) s al (sj7(572)+1)[‘(2717v)

r@r(sj—(s-2)-1+1-v)

plp+1) —ar(zp—(za) —n) *

o I (2—1-n) -
Zimpralk = Dy =y —e()ay |zl

m
s=1

sj—(s—-1)

< lel Z k—2
g m al(s—(s—2)+1)r2-1-v) . k=p+1( )+10
ST — (-2 —A+1-p) I76D
Tr'p+1-)r2-21-n) .
Tp+2—A-
= ol pt2_2-1) (k= Dpray < lzP <1.

I(5— (-2 +)r2—21-v)
ST (g — (-2 —A+1-v) IED

By means of the hypothesis (22) of theorem (3.6).
Theorem (3.7): If f; € S;(y,B,a) (j =1,2,...,m) and

q(2) =~ + X, (Tl ag)z" (24)

k=p+1
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Then q € S;(2, B, a), where
(2B = Dla+ (@ + DA =B +yo(1 —p) = 1]* + am(p + DI(p + (1 = ) — Uly,(1 —p) + 28 — 1]*

= A= PG + DGo@ —p) + 28— D21+ [a(p + D((p + DA~ B) + 7oL —p) — 11 '
(Yo = min(yy, ..., ¥i)) - (25)
The result is sharp for the functions f; which is given by
£ =2+ Y@ D+2p1 2 (j=1,..,m). (26)

a  a@E+D[E+DA-R)+y;(1-p)-1]
Proof: Since Theorem (2.1) gives

aklk(-p) +y1-p-1))° , <
yip—1D+26 -1 B =
k=p+1

For j =1,...,m,we have

<1.

{ak[k(l B)+y,(1—p)— 1] . }
k.j

S -1 +28-1

1 (ak[k(1=p) +y,1-p)—1])* [
Z E{ Vj(p—l)+]2ﬁ—1 } (Z“’%J)Sl'
k=p+1 j=1

Note that, we have to find the largest 2 such that

O (ak[k(1—B) + 021 -p)— 1) [~
Z{ Qp-D+28-1 }(;ai.j>51

k=p+1
The above inequality is true if
{ak[k(l -p+001-p) - 1]} - i{ak[k(l -P+y1-p) - 1]}2
Dp-1D+2-1 ~m yp-1D+28-1 ’
From the previous inequality, we obtain
_@B- D]akk(1-p) +v;(1-p) - 1)] +amk[k(1—B) —1][y;(1 —p) + 28 — 1]
(1= p) [mk(y;(1 = p) + 26 = 1)°] + [ak (k@ = )+, (1 = p) = 1]’

That is,
0< @B =Dla@+ D@+ DA = +y(1=p) = 1" +am@p + DI(p + D1 - B) = Uly,(1 —p) + 28 = 1]*
- A-pmp+ DGl -p)+28 -1 +[alp+D((@+ DA - +r(1-p)—1]? '
(Yo = min(yy, ..., ¥i))-
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