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Abstract

In this paper, the Schauder’s fixed point theorem is applied to establish an existence result for solution of

second order impulsive differential inclusion. The findings show that there exists specific time at which the impulses effect of
any dynamic evolutionary processes occur within a given interval.
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1. Introduction

The dynamics of various evolutionary processes often
undergo abrupt changes of state within intervals of
continuous evolution. Over the years, differential equations
had been used to model problems arising from physical
phenomena and thereby bringing about solutions to such
transformations. As at then, not much attention was given to
physical, biological and economical processes, such issues
like thresholds, bursting rhythms, optimal control models
and pharmacokinetics which are processes known to exhibit
abrupt changes at a given time-lag.

In certain phenomenon, these changes are regarded as
shocks, perturbations and natural disasters [1]. These
perturbations because of its short term durations are rather
better handled as having acted instantaneously in the form of
impulses. Associated with this development, a theory of
impulsive differential equations had been recently given
attention [2-5].

Researchers are now exploiting this idea of impulsive
differential equations to handle other certain processes that
involve hereditary issues such as population dynamics,
ecology, chemical technology, biotechnology etc having
greater functional analysis concept thus giving rise to
functional differential equations [6, 7].

As an application of this theory, models for thresholds of
malaria control when spraying occurs had been presented
[8, 9].

Despite the rapid attention to impulsive differential and
partial differential equations and inclusions with fixed
moments or fractional orders [4, 6, 2] cases for which the
part governing the derivatives are not completely resolved.
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A dynamic process involving the derivative x’(t) of a state
x(t) may be known only within a set S(t, x (t)) € R
formulated by

x'(t) € S (t,x(t)).

Differential inclusions arise more especially in models
for control systems, game theory and biological systems.

In this paper, the existence result for solution of dynamic
evolutionary processes modeled using second order
impulsive differential inclusions of the form

u'(t) EF(t, u(t) aete] t#t, (L1
Aufi—y, = L(u(te)), k=12,...m (12)
Moy, = I (u(@)), k=12,...m (13)

u(0) =u, u'(0)=w, (1.4)

Where F:JxR™ - P(R") is multivalued map with
compact values, u, € R*, P(R") is the family of all
subsets of R", I, € C (R",R"), (k=1,2,..,m),
Aule—, = u(tyd) — ulty) with u(ty), u(t;) representing
the right and left limits of u(t) at fixed moment t =t,
respectively, is established by applying the Schauder’s fixed
point theorem.

This paper is organized in three sections. In section two,
some preliminaries and theorems are given. The main
existence result is formulated and proved in section three.
This paper further initiates the study of impulsive
differential inclusions using Galerkin’s approximations.

2. Preliminaries

In this section, notations, some basic definitions and some
auxiliary results from multivalued analysis which are used in
the sequel are presented and with some certain necessary
assumptions.

Let J = [0,b] with J, = [titis1] k=12, ..m.

Consider the space of piece wise continuous functions
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defined by

PC(J,R")

= {u > Ru:u(t) el (]kl]R"),a.ek = 1,2,.....m}

and the space of first order differentiable functions given
by

pC'URY

= {u 1] > R™:u(t) e C’ (],(JR"),a.e k=1,2, .....m},
hold except for some ¢, at which wu(ty), u(tf), u'(ty)
and u'(t) exist such that u(ty) = u(ty) and u' () =

u'(t,). These sets of functions are Banach spaces with the
norm:

lull,e = sup{lu(®l, te]}
' llper = max{llullye, 1 Il } (21)
The space of all absolutely continuous functions are
denoted by AC (J,R™).
Definition 2.1: A function F:J X R® - R" is said to be
L’-caratheodory function if
(i) t = f(t,u) ismeasurable foreach u € R".
(ii) u - f(t,w) is continous for almost all ¢ € J.
Definition 2.2: A multivalued map F:J X - P(R")
is said to be L’- caratheodory if (i) t - f(t,u) is
measurable for each u € R".
(ii) t - f(t,u) upper semicontinous on R for almost
all tej.
(iii) foreach § > 0 3 ¥5¢e L'(J,R,) such that

IF (& Wllpgry = sup{lvl:v € F(t,u)}
<¥@OViul<s
and t almost everywhere in J.
Hypothesis
Let ‘F’ be an L'-Caratheodory function, then
H1: there exist constants b, and ¢, such that
L, (W) < by, ()| < ¢, k=1,2,..mforeach
u € R".
H2: [, and I', are Lipschitz continuous in that for
U, Uy € Rn,
[ (uz) _’Ik(ul)l < bylu; —w| and
|Ik(u2) —Ik(u1)| < Ck|u2 _u1|v k= 1,2, ...... , m.
Ha3: there exist a constant m > 0 such that
|F(t,uy) — F(t,uy)| < mlu, —uy| for each t €] and
U, Uy € R".
H4: there exist a continuous non-decreasing function
Y:(0,00) - [0,0) and p € L'(J,R;) Such that
[F(t,uw)| < p(®)¥(lul) for a.e t €].

With f;"_l p(s)ds < fow% , k=12,.....,m and

|L(u (®) = L(u(®)]

(22)

sup{lu@®)|:t € [ty_1, ti)} < My
Theorem (2.1) (Schauder fixed point) [10, p 367]. Let Q
be a closed bounded and convex subset of the Banach space
X and let f:Q — Q be continous and compact. Then f
possesses at least one fixed point x,in Q such that

fxo) =xp.
Lemma 2.1 [11]if p € L(JR,) and
¥ : [0,0) - (0,0) is non-decreasing with
J“" du
= o
0 ¥ (u)
then the integral equation
2(t) = zo + J, p(s)¥(2(s))ds, ¢ €] has for each
Zo € R aunique solution z.
If u € c(J,R") satisfies the integral in equality
lu ()] < 2o+ [, p()P(Ju(s)))ds,t €] then
lu|l <z

3. Main Result

Considering now the initial value problem of equations
1.1 - 1.4, our existence result concerns the a priori estimates
on its possible solution.

Definition 3.1:
A given function
u(t) € PCY,R™) NnAC ((ty, tys1, R"), 0 <k <m

is called a solution of equation 1.1-1.4 if it satisfies the
differential inclusion

u'(t) €F (t,u®) a.eon\{ty, ts, ., tm}
The Solution representation is given as

u®) = uo + [ f(u(s))ds + Toety< I ()

+ o<ty <t I'y (u(t)) (3.1)

Lemma 3.1 Assume that the hypothesis H1-H4 are
satisfied. Then the equation 1.1-1.4 has at least one solution.

Proof: A solution to problem 1.1-1.4 is often assumed to
be a fixed point of an operator of the form.

L:PC(J,R™) - PC(J,R™) defined by
L)) =up + [ f(u(s))ds

+ Yo<t <t I (u(tk_)) + Yozt < 'k (u(tk_)) (3.2)

We show that L is a compact operator that is closed
bounded and convex.

Step 1: L is continuous

Let {u,} be a sequence such that u, — u in PC(J,R")
then

< [ 1) = Fanlas + D7 1 @0) = L@E@)]+ D) 1) = 1))

0t <t

0<tj<t

k t t
< | 17 ) = )]s + 110, 60) = fe )| + Y 1uun6) = Lt
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Since I, and I’y are continous and f is L’-Caratheodory,
then

IL(un) = L) llpc
< 1w = fFly

) ) = )
D ) = 1@

Hence
1L (uy) 34
Step 2: L maps bounded sets into bounded set in PC(J, R™)

Let B, = {u € PC(J,R™)}: |lullpc < k be a bounded set
f PC(J,R™). for each u € B, it is enough to show that
there exist £ > 0 such that ||L(w)||pc < 2. since I, , I’
are continous and in particular Lipschitz’s continuous, we
have that

—L@llpc = 0asn - oo

L) (O] < |ugl + fot|f(u)(5)| ds
+ 2|5 (&) + Z e (ut))|

< luol + I1¥slly + Z™ | + Xkl < £ (3.6)

3.5)

Step 3: L maps set into equicontinuous sets of the space
PC(J,R™). let (t;,uy) and (t,,uy) € PC(J,R™) such that
t; < ty,u; <u, and Bj be abounded set as defined above.
Then

[L(u)(tz,uz) — L) (ty, ug)| < lug(tz, uz) — up(ty, uy)l
+ fttlz Wsds + Zo<tk<t2—t1 |1k (u(tk_))|
+ Zo<tk<tz—t1|1’k (u(tk_))| (3.7)

As t, — t; the right hand side of the inequality tends to
zero

(tz >t > 0u; > uy > 0)
By applying the Arzela-Ascoli theorem it is clearly seen

from the consequences of step 1- step 3 that L is compact and
completely continuous. We state the result thus:

The Existence Theorem

Suppose that the lemma 3.1 and hypothesis H1-H4
are satisfied for p €L (J,R,) such that [F(t,w)l
< p(t)lP(lul) a. e t E] and u € R™ with

= max{uo, u; }

C"’()

+lek. Hie = by + cp,
k+1
Then the impulsive differential inclusion 1.1-1.4 has at
least a solution.
Proof: since the operator L is compact, closed bounded
and convex, by applying the Schauder’s fixed point theorem
we consider the set

N(L) ={u € PC(J,R"): Au = Lu for someA > 1} (3.8)

And we show that N(L) is bounded. Let u € N(L), by
definition we mean

u(t) =2 ug + A7y + 271 fotf(u(s))ds +

A L () + i I (u(e)) (3.9)
()] < Tl + hu] + f; p($)¥ (fu(s)Dds

+Y I (u(tk )) +X0 1 k(u(tk )) (3.10)
< fugl + huy | + J§ p()¥ (fu(s))ds +

Yk=1 br + Xik=1 ¢k (3.11)

Let V(t) represent the right hand side of the inequality,
then
V(@) =p®)¥(u®)|) fora.et €].
With
V() =

luol + lug | + Xiey be + 2io 6 (3.12)

m
max(fuol, ) + ) s
k-1

Since ¥ is non-decreasing function, we have that
V') = p(®¥(t)
By theorem 1.4.2, p35 [1], we have that

f W(V(()» J p(s)ds
fV(t) du

= ooy weg < Jo P ds <[y p(s)ds < Jroyp s 313)

This equality indicates the existence of a constant K
depending only on the functions p and ¥ such that

|lu(t)] < K foreacht €.

Hence
lullpe = sup{lu(@®)]|:0<t<T}<K (3.14)

Thus N(L) is bounded. We deduce therefore that L has a
fixed point u i.e (Lu = u) which is the solution.

4. Conclusions

The Solution is considered at a point t, which is known
and can be estimated. Thus, the solution to the problem exists
by establishing or locating the point t,, where the solution
representation is as given in 3.1. For further research, if the
problem can be formulated in the finite dimensional space
thus

u",(t) e F(t,u,) aete]

then applying Galerkin’s approximations of the solution and
subsequent extension to the entire space, we assumed that the
problem can be solved.
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