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Transformation of Orbital Angular Momentum

and Spin Angular Momentum

Md. Tarek Hossain*, Md. Shah Alam

Department of Physics, Shahjalal University of Science and Technology, Sylhet, Bangladesh

Abstract The Lorentz transformation can be explained in two ways i.e. the special Lorentz transformation and most
general Lorentz transformation. The length contraction, time dilation and velocity addition formulas for the special and most
general Lorentz transformations are clearly explained. The variation of mass due to the relativistic velocity has also explained.
Using above mentioned parameters we have derived the formulas of the transformation of orbital angular momentum and
spin angular momentum for special Lorentz transformation. We have calculated the values of orbital angular momentum for
rest and moving observers. The values of orbital angular momentum have plotted for the different velocities of the moving

observers.
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1. Introduction

1.1. Lorentz Ttransformation

The transformation which relates the observations of
position and time made by the two observers in two different
inertial frames is known as Lorentz transformation.

1.2. Special Lorentz Transformation
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Figure 1. The frame S is at rest and the frame S’ is moving with respect to
S with uniform velocity v along x-axis

Let us consider two inertial frame of references S and S’
where the frame S is at rest and the frame S’ is moving along
x-axis with velocity v with respect to S frame. The space and
time coordinates of Sand S’ are (x,y,zt) and (x',y’,Z,t')
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respectively. The relation between the coordinates of S and
S’, which is called special Lorentz Transformation, can be
written as [1, 3-5]

. xX—vt
X =—
V1=V /2
y'=y
7=z @)

_ t—vx/c?
V1=V

1.3. Most General Lorentz Transformation

Figure 2. The frame S is at rest and the frame S’ is moving with respect to
S with uniform velocity v along any arbitrary direction

When the velocity v of S’ with respect to the S is not
along x-axis i.e. the velocity vV has three components vy, vy
and v, then the relation between the coordinates of S and S',
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which is called most general Lorentz transformation, can be
written as [2-5]

X'= X + 3 HX . 5IVHO -V -1}
—t(1 —v¥/chH) 2)

t=(1-v¥AH" (- X v/

Here X and X' is the space part of the S and S’ frame
respectively.

2. Consequence of Lorentz
Transformation

2.1. Length Contraction of Special Lorentz
Transformation

Fized frame
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Transformation of Orbital Angular Momentum and Spin Angular Momentum

The length of any object in a moving frame will appear
shortened (or contracted) in the direction of motion. The
amount of contraction can be calculated from the Lorentz
transformation. The length is maximum in the frame in
which the object is at rest.

If the length Ly = x," — x4’ is measured in the moving
reference frame and the length L= x, — x; is measured in the
rest reference then using special Lorentz Transformation.
The relation between L and L, can be written as [1]

Lo=Ly 3

This is the formula of length contraction for Special
Lorentz transformation.
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Figure 3. A frame is at rest and another frame is moving along X-axis with respect to the rest frame. A rod of length L, is at rest with respect to the moving

frame
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Figure 4. A frame is at rest and another frame is moving along arbitrary direction with respect to the rest frame. A rod of length L, is at rest with respect to

the moving frame
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2.2. Length Contraction of Most General Lorentz
Transformation

Let, L, =X, — X|
Using Eq. (2), we can write

% =%+ 72 (6 ) —17)

i)
1
Where, y =
2
(1- 07)
—=r - = (')—C.l ‘7)
and X =X, +V[{ 2 (=D —ty]
Therefore,
I, = L+\7[{x2 cos6, —x, 00591}]_(7_1) @

(where, L =X, —X/)

This is the formula of length contraction for the most
general Lorentz transformation. If V is along the x-axis, then
6=0"

We get from Eq. (4)

Ly =x, —x; +V[(x, —x))/v](y = 1)

or, Lo =Ly.
This is the same as Eq. (3).

2.3. Time Dilation of Special Lorentz Transformation

A clock in moving frame will be seen to be running slow
or “dilated” according to Lorentz transformation. The time
will always be shortest as measured in the rest frame. The
time measured in which the clock is at rest called the “proper
time”.

If the time interval Ty = t,’— t;" is measured in the moving
reference frame, than T =t, — t; can be calculated using the
special Lorentz transformation (Eq. 1).

T=t—t;=y[t'+ vx'/*—t,/ + vx'/c’]

Fized frame

F
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The time measurements made in the moving frame at the
same location, so the expression reduces to

Ty (' —t)
Or, T - Tyy

This is the formula of time dilation for the Special Lorentz
transformation.

2.4. Time Dilation of Most General Lorentz
Transformation

T =t, — t; can be calculated using the most general Lorentz
transformation.

v '
T'=t,-t, =y, +C—2)—7(f1 +—)
or, T.yT, (5

This is the formula of time dilation for the most general
Lorentz transformation which is the same as that of the
Special Lorentz transformation.

v.x'
2

2.5. Relativistic Velocity Addition Formula for Special
Lorentz Transformation

Consider two systems S and S, S be the ground frame and
S be the frame of the train, whose speed relative to the
ground is v. The passenger’s speed in the S is u'. The
passenger’s speed u relative to the ground can be written as

(1]
u' +v
U=———7- (6)
u'v
1+

2
C

In unit of ¢, equation (6) can be written as
u'+v
U= ()
I+u'v
Equation (7) is the relativistic or Einstein velocity addition
theorem for special Lorentz transformation.

Mowing frame
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Figure 5. A frame is at rest and another frame is moving along X-axis with respect to the rest frame. A clock is at rest with respect to the moving frame
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Fixzed frame

Z
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Moving frame

Figure 6. A frame is at rest and another frame is moving along arbitrary direction with respect to the rest frame. A clock is at rest with respect to the moving

frame

2.6. Relativistic Velocity Addition Formula for Most
General Lorentz Transformation

In this case the relativistic velocity addition theorem can
be written as [6]

@)

u+vIH{E—— Ay -1 -7l
W= Y ®)
y(1-v'u)
. X'
Where u = —
t!
Putting V' = —V , equation (8) takes the form
o (uv
i -1+ ]
W= Y ©)
y(1+v.u)

Equation (9) is the relativistic velocity addition theorem
for most general Lorentz transformation.

3. Variation of Mass

3.1. Variation of Mass of Special Lorentz Transformation

Let there be two systems S and S, later is moving with
velocity v relative to former. Let there be two particles in
system S’ traveling with equal and opposite velocities, i.e. u'
and -u', along (+) ve x axis. Let these two particles impinge
and after impact coalesce into one particle. According to the
principle of conservation of momentum, this coalesced
particle is at rest with respect to the moving frame. Let m; &
m, are the masses of the two particles and w; & w;, are the
velocities of the particles as seen from S frame.

¥ ' |
‘Ly Ux —u'x
m O Je—Oom;
5 5 —VP rest
xl
-
0 o' X
z '

Now for the particle traveling with velocity u; , we have,

!
u_+v
Wl = x—, (10)
u.y
1+
c
And for the particle traveling with velocity - u; ,
!
—u_+v
Wy = —— (11)
uyv
1-—
C

Since after impact the coalesced particle in S” traveling
with velocity v relative to the system S, as the particle is at
rest in system S. According to the principle of conservation
of momentum as viewed from S,

m; w; + mpw, = (m; + nmyp) v
Or, m; (W1—v) =m, (V—w,)
LI ] (12)
m, W -—v
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Now putting the values of w; and w, in the above equation by considering ¢ = 1,
(—u.+v) v(l-uv)+u —v

m, l-ulyv 1-ulv
m, (u;+v)_v u +v—-v(l+ulv)
! !
l+uv I+uy
m, l+ulvy
L (13)
m, l-uy

Now squaring (10) & (11) we get,
wi(l+u'v) =@, +v) =u”c +v’ +2uv

And
wi(1=u'v)’ = (=’ +v)* =u"s +v* = 2u'v

Subtracting these, we get,
wi(+u'v) —wi(1-ulv)’ = du'v

or, wi{l+u'v)* +2u'v} —w; {1+ u.v)’ —2u'v} = 4u'v
Or, Wi —wj +(uv)’ (W —wl)+2u'v(w) +w)—4u'v =0

Or, (wl2 - w22 )(u;v)2 + 2(w12 + w22 - ZCz)u;v + (wl2 - wj) =0

_ =200 4w = 2) £ {ACw + ] —2)" 40w —w3)’}

RTY
2w} —w3)
2wl {0 W —2) — (W - D))
(W —w3)

[As u;v <c?, taking (-) ve sign.]
2—w12 —w22 —\/(wl4 +w§1 +2w12w22 +4)—4(w12 +wzz)—w14 —wj +2wlzw22

(W = w))

2—w]2—w22—2\/(1+w12w22—w]2—w22)

(W} =w))

C2-w—wy =2 (- w) - wi (- w))

) (W =w3)
Thus

L 2w w2 w1 - wp)
' (W —w3)
Substituting this value in equation (13) we get,
1+2—wf—wzz—2,/(1—w§)(1—wlz)
m _ (v —w)
my 2wk —wl =2 JA—w)(I—w))

1
(v = w3)
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3 Wy =Wy +2—w —w; =2 (1=w))(1-w)

W= w2 =24 wl 4w 42y (1—w2)(1 - w?)

_2(-wy) =2y —wy)(1-w))

22— w)a-w) ~20-w))

_Ja—wh [ Ja-w)-a-w)
JA=wp) [ Ja=wd)—(1-w})

mA1=w)

", Ja—w?)

Now if the particle of mass m, is at rest, then corresponding velocity w, = 0. We can write with the usual notations m, = mj
and m; = m,

m,

R

This is the formula for the variation of mass with velocity in special Lorentz Transformation. Thus from the above formula
it is clear that the mass of a body increases with increase of velocity.

3.2. Variation of Mass of Most General Lorentz Transformation

Now we attempt to find out the variation of mass with velocity in the case of most general Lorentz transformation.
Consider two inertial frames S and S”. The later is moving with velocity v in the arbitrary direction relative to the former.
Here v has three components. Let us now consider two particles of masses m and m, observed from the frame S. The particles
moving with equal and opposite velocity, i.e. # and —u' observed from the frame S” and they are attempted to impinge.
The masses of the particles are equal measured from the frame S’. After impact they coalesced into one particle and become
rest relative to the frame S”. Let , and u , be the velocity of the particles viewed from the frame S. It should be noted that

after impact the coalesced particle moving with the frame velocity (S”) with respect to the rest frame S.

’
u
e
,
v‘:
pl‘est
’
1

% o

v 1

’
> X

Let us consider ¢ = 1;
According to the velocity addition rule of most general Lorentz transformation (equation 13), the velocity of the particle of
mass m; observed from the frame S is,

nd Bndl

i@+ V[ (r =1 - 7]

u, = 14
: y(1—-v"aid’ (1

u.
\4

In fact v'=—1V is the velocity of the S frame relative to the S’ frame. In terms of v equation (14) can be written as,
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—y —

— Uy
W' +v[—-(y =D +7]
thy = — (15)
y(1+v'u')
Now the velocity of the particle of m, observed from the frame S is,
L, UV
o —d = (r=D=7]
i, = — (16)
y(1—v'u

Let m; and m, be the masses of the particles moving with velocity ﬁl and ﬁ2. Now according to the principle of
conservation of momentum as viewed from S is,
mll:il +m2ﬁ2 =(m; +my) 3

Or,ml(ﬁl_ﬁ):mz(ﬁ _ﬁz)
ﬂ \_5—17[2 (17)

Now putting the value of ﬁl and 1:[2 from equation (15) & (16) in equation (17) we get,

AR 7Y
~@ —v[zw—l)—y}
- v

v — —
o _7 (=i [Since AB=B.A]
e ﬁ'+17{uv'2v(7/—1)+7/}

y(1+ii'7) -
7(1—5’.\7)\7+ﬁ’+\7{u'2v(7/—1)—7/}
\%
_ y(1—-u'v)
L [ay I
u+v V—z(}/—l)+7/ —-v(+u'v)y
y(1+id'V)

L, LU ~
w—pwu'v)+u +vv—2(;/—1)—7v (1+L7'.\7j

1-u'v

- — —

U o ey
u +v7(7—1)+w—w—w(u V)

1+u'v
Tl-dy
ﬂ _ 1+u'v (18)
m, 1-u'v
Squaring (15) we have,
w4+ =u" +v* {”V'—'zv(y-n}z +° +2}/Li—'zv(y—l)}+2ﬁ'.\7{ti—'2v(7—l)+ 7}

-y — =7 =\ 2
R e e L N A (R P T T
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Now Squaring (16) we get,
Wy -V i) =u” +9° {“v—f(y-n}z 7’ —27%(7—1)} 25'5{‘:—'2”(7-1) - }/}

—y — =1 =>\2
=u' +v2{i—;v(7/—l)}2 +v7y? =20 V(y - 1) +2 (uv'f) (r=D-2p'y

Subtracting (20) from (19) we get,
P2 lut Qi 5)? =2 (1 =i’ 5) | = 4’ 5y = 1) + 4y’ 5
— dyid' F(y —1+1)
=4y’ v
cul(1+d'5) —ul(1-id'5)? =40’y
Or, u? |1+ 20" % + (' %) |-l [1 - 200" 5 + (i’ 5)* | = 4ii' &

or, (uf —u))u'v)* +2(u. —u; —2)i'v+u] —u =0

2l ud —2) kAl vul —2)* 4l —ul)?

~u'v
2uf —u3)
2-ul —uy) =] +u; =2 —(u] —u;)’
:( 1 2) \/( 1 2 ) ( 1 2) [Sinceu’.v <c%, (+) ve sign ignored]
(uf —uy)
u;, —u;
Qo ) G 20 4= A )~ 2
() —u3)
2 2 22 2 _ 2
(2—uy —uy) = 2yujuy —uy —uy +1
= 2 2
(u; —uy)
2 2 2 2
o 2mu g =2 ()
' (u —u;)

Putting the value of %'V from (21), equation (18) becomes,
m, _1+u'y

oo - —y —
m, 1-u'v

[, 2wl =2 -u3)

2 2
u, —u,
) 2—u2—u2—2\/(1—u2)(1—u2)
1_ 1 2 1 2
u —u;

_ul2 —ul+2—ul —ul —2\/(1—u12)(1—u§)
ul —ud —2+u +u; +2\/(1—u12)(1—u22)
_ (=)= J(—u))(1-u3)
—(1=u}) ++J(—ud)(1—ul)

(20)

20
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Na—ud) | Ja—ud) = -ud)

oy | Ja-ud) - Ja-ud

If the particle of mass m; is at rest, ﬁ2 =0 and using the
usual notations m, = m, and m; = m, the above equation
becomes,

m,

V(A -up)

This is the formula for the variation of mass with velocity
in most general Lorentz Transformation.

m =

4. Angular Momentum

Let us consider a particle of mass m, which is rotating
about a circular path of radius r along anticlockwise direction
as shown in the figure 7. At a certain time t, the linear

momentum of the particle is, p = mV . The observer O is at

rest with respect to the laboratory and the observer O’ is
moving with uniform velocity u along x-axis with respect to
laboratory [5-6]. According to the definition, the angular
momentum of the moving particle observed by the observer
Ois
L=rxP.
We want to find the angular momentum of the moving
particle observed by the observer O'.

F=nd

). rest observer

%%u

' moving observer

Figure 7. Rotating particle observing by two observers

4.1. Angular Momentum Observed by a Rest Observer
For the figure-7, the angular momentum can be written as,
L=Fxp= rpsing
(where ¢ is the angle between 7 and [3 )
Or, L = rpsin90° (Atthe point A, #=90°) (22)

Again,p=mv

my
— 2
- Vv
1——
( 7 )
Putting the value of p in equation (22), than we can write
m
L=r—— —v
\%
1--)
2
L=yrmy
y= 1
Where, v
(- 07)

This is the angular momentum formula observed by a rest
observer.

4.2. Angular Momentum Observed by a Moving
Observer

For figure-7 the velocity of the moving particle with
respect to the moving observer the relativistic velocity
addition theorem for most general Lorentz transformation
equation (9) can be written as

. L V.—U
v—ul{—— 3y, -1 +7,]
w= u —
v, (1=uy)
1
Where, 7, =
v2
(1—07)
...V
v+ul{t—Hr, -1 =71
w= u

y,(1-iv)
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Again, p=mw

D v—a[{”;“}{n—l}m]

= 7, (1—iiy)

Here,

v+ﬁ[{%‘m—l}—m v+ﬁ[{%‘m—1}—m

s

v |
Let A=y, (I1-uv),
B:yv 19
And C= g
u
o w _VFuU(BC—y,) V+u(BC-y,)
A A
Wz :vz+V.ﬁ(BC—]/V)+ﬁ.§(BC_7/V)+u2(BC_7/V)2
AZ
WV +209(BC—y,) +u’(BC-y,)’
A2
2 — — > 2
W :\/v +2uvV(BC-y,)+u’(BC-y,)
A2

v wﬁ[{ff} 7, -1} —yv} +u2[{zf} v, -1 —m}

(r,(1-i5))

The angular momentum of the moving particle observed by the moving observer can be written as,

w =

—

L’:F’Xﬁ’
L'=r1"p’sin ¢’

. 0 Ty [ Vi 2
T T | +2u.v{{”§‘}m—”‘“}+”{{v?}{“‘”_“)} e
\/(1—2) \/(l—wz) - =
c C (7w(l_ﬁ‘_;))

Sy zﬁ_v{{ig} o -1 yw} . u[{vu”} -1} m} ind

(7, (—iiv)y

= ywro ywmo

1

2

1-)
C

Where, y,, =
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Vo 2&&[{2’5‘} 13- n} " u[ . -1- m}

(7, —ii5))

Let the observer O' is moving with uniform velocity w along x-axis with respect to laboratory. The moving observer O’

sin ¢’ (23)

I, M,

2
= 7w

observes the angle in rotating particle be ¢' .

in gq/1+ 1>

cosg+y,
. sin90°\1+y2
tan ¢’ =
cos90° +y,
11+
tan ¢/ =7
0+y,
11+
tan ¢’:—7W
0+y,
147
tan ¢’ = Vi
Vw
1+y2
¢! — tan—l }/w
Vw i
Now putting the value of ¢' in equation (23),
- - - 2
. vau vau
v +2u.v[ B, —1}—%}1/{ "B, —u—m} —
L! _ 2 u u . -1 7w
V. ToMg 0 sin (tan ———) (24)
(7, (1- i) 2

x-axis with respect to laboratory. The change of u angular
momentum observed by a moving observer as shown in the
figure-8.

Using equation (24) the change of the angular momentum
observed by a moving observer and rest observer data is
shown below.

This is the angular momentum equation observed by a
moving observer.
4.3. Numerical Calculation

Let us consider the particle is ball. So rest mass of the ball
m= 1.00794 Kg and radius a=5.29 X 10" m. We have

calculated the angular momentum of the ball for different - ;
.. . . H - . 2 -1
velocities and presented the values in the following table. L in kgmr's L inkgm’s
2.3 X 10" 0
Value of u in unit of ¢ L'in kgm?’s’! 31 X 10" 05 X 10
0.4 0 40 X 10" 11X 10"
0.5 052 X 10 52 X 10 1.8 X 10
-11 -11
0.6 125 X 10 6.4 X 10 2.5 X 10
0.7 18 X 10" The particle of mass m, which is rotating about a circular
0.8 24 X 10M path of radius r along anticlockwise direction as shown in the

The observer O is at rest with respect to the laboratory and
the observer O’ is moving with uniform velocity u along

figure — 7. The particle velocity is vV . The change of vV the
angular momentum observed by a moving observer and rest
observer as shown in the figure-9.



224 Md. Tarek Hossain et al.:

Transformation of Orbital Angular Momentum and Spin Angular Momentum

NE —
8h
v
R=
-
X .
—
0.0 | | ] ] +H
0.4 0.5 0.6 0.7 0.8 0.9
u in unit of ¢
Figure 8. The change of u angular momentum observed by a moving observer
25 H I I I I I H
20 —
E 151 —
v
R
E
X - p—
-3 1.0
0.5 ]
0.0 ¢t | | | | | 1
2 3 4 5 6 7 8

Lx10" in kgm’s™

Figure 9. The change of V the angular momentum observed by a moving observer and rest observer

5. Spin Angular Momentum

A solid spherical ball of mass m and radius a is moving
about a circular path along anticlockwise direction and it also
rotating about its own axis. At a certain time t, the linear
momentum of the ball is, P = mV . The observer O is at
rest with respect to the laboratory and the observer O is
moving with uniform velocity u along x-axis with respect to
laboratory. The orbital angular momentum of the moving
ball observed by the observer O can be written as

L:Fxﬁ_

We want to find the spin angular momentum of the
moving ball observed by both the observers.

5.1. Spin Angular Momentum Observed by a Rest
Observer

Spin is the angular momentum which is associated with a
rotating object like a spinning golf ball. The spin angular
momentum of such a rigid body can be calculated by
integrating over the contributions to the spin angular
momentum due to the motion of each of the infinitesimal
masses making up the body. The well known result is that the
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spin angular momentum S can be written as [9]
S=lo (25)

Where 1 is the moment of inertia and @ is its angular
velocity of the ball. The moment of inertia is determined by
the distribution of mass in the rotating body relative to the
axis of rotation. The moment of inertia of the ball can be
written as [9]

2 >

I =—ma 26
5 (26)

The angular velocity of the spinning motion of the ball can
be written as,

2
T

Where T is the time needed for one revolution about own
axis of the ball observed by rest observer.

Putting the value of [ and @ from equation (26) and (27)
into equation (25) we get,

® 7)

5T (28)

This is the formula of Spin angular momentum of the ball
observed by the rest observer O.

5.2. Spin Angular Momentum Observed by a Moving
Observer

The Spin angular momentum observed by the moving
observer can be written as,

S'=1'o
Where I is the moment of inertiaand @' is its angular
velocity of the ball observed by the moving observer.

The moment of inertia of the ball observed by the moving
observer can be written as,

(29)

2
Ir _ = mrarz
5
The angular velocity of the spinning motion of the ball

observed by the moving observer can be written as

(30)

, 2rm
TI
Where T' is the time needed for one revolution about own
axis observed by moving observer.
Putting the value of /' and @' from equation (30) and
(31) into equation (29) we get,

Sr:gm/adzl
5 T

€2))

_4 !arZ

5T’

S’ 32)

225
Using equation (3) we can write,
y 1
a =
a = —2  Where, u?
4 (1-—)
c
Using equation (5) we can write,
1
V=
T' =vT, Where, u?
(1-—)
c
Using equation (18) we can write,
_ 1
' -
m' =myy Where, u’
1-=)
c
So, equation (30) can be written as,
2
a
47m, }/(OJ
—_ \V)
5T,y
4mm,a,’
§' = (33)
STyy

This is the formula of Spin angular momentum of the
moving ball observed by the moving observer O'.

6. Conclusions

We have derived the formula for the transformation of
orbital angular momentum and spin angular momentum for
special Lorentz transformation. We have calculated the value
of orbital angular momentum observed from the rest
observer and moving observer. The graph of the orbital
angular momentum versus velocity of the moving observer
has plotted. We have observed that the orbital angular
momentum increases due to the increase of the velocity of
the observer. The orbital angular momentum observed from
the moving observer and rest observer has also plotted. We
have also observed that the orbital angular momentum
observed from the moving observer is increased due to the
increase of angular momentum observed from the rest
observer. We have derived the formula of spin angular
momentum observed from the rest observer and moving
observer. The equation (33) clearly shows that the spin
angular momentum decreases due to the increase of the
velocity of the observer.
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