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Abstract  This paper proposes and presents a statistical method for the estimation of joint, marginal and conditional odds 
that a randomly selected susceptible in a population is infected with some diseases and the numbers of subjects infected 
assuming that no prior interventionist actions have been taken to influence disease outcomes. The proposed method is 
intended to help guide health officials make informed decisions on the use of medical resources in the presence of scarcity. 
Although, it is possible to hypothesis and fit some theoretical probability distribution models to data on disease prevalence 
rates, and use them in estimating desired odds of infection. The proposed method is however less tedious to apply in practice 
and the results obtained are relatively easier to interpret and explain. The method is illustrated with some data. 
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1. Introduction  
At any given point in time there may be many types of 

diseases existing in a population. A public health worker 
may in this situation wish to estimate the odds and sizes of 
the population likely to be infected by either individual 
diseases or clusters of these diseases assuming that the 
diseases follow their natural course of occurrence in the 
population without any prior interventionist remedial actions 
to guide their management [3-8]. 

In this paper, we propose a statistical method for 
estimating the odds that a randomly selected individual or 
subject from a population of interest is infected by an 
existing disease and the likely number of subjects in the 
population so infected, assuming the infections follow the 
natural course without medical interventions. The method 
also enables one estimate joint and conditional probabilities 
that randomly selected subjects or patients are infected and 
not infected by all or some diseases from three family types 
of diseases either simultaneously or infected and not infected 
by some diseases before or after some other diseases 
operating as predisposing or antecedent diseases in a 
population. This would enable policy makers and further 
research either to prove or disprove existing theories and 
methods. This approach clearly keeps research in a state of 
continuous flukes and advances knowledge and academics. 
This is the hope for approach of this present paper.   
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2. The Proposed Method 
Suppose there are several diseases existing in a certain 

population. Although the proposed method may be used with 
the diseases treated as individual events, we will here for 
simplicity but without loss of generality assume that the 
diseases could be grouped into a finite number of clusters of 
diseases where the clusters are intra-homogeneous among 
and inter-heterogeneous between themselves. For example, 
the diseases may be grouped into cardio-vascular diseases, 
infectious diseases, congenital diseases, auto immune and 
nutritional disorder diseases, mental disorder and others. 
These clusters may be denoted with A, B, C etc. In particular, 
we will in this paper assume that research interest is in only 
three existing conditions, diseases, clusters or groups of 
diseases A, B, and C, for instance greatest epidemiological 
concern infecting subjects in a given population and also 
interest is in estimating the joint, marginal and conditional 
probabilities that a randomly selected subject from the 
population is infected or not infected with the diseases and 
the number of subjects so affected to help guide management 
decisions in the presence of limited medical resources 
[9-15].  

Now a randomly selected individual or subject from this 
population of current susceptible population size N may 
suffer from none, one, some combinations of, or all of the 
diseases in groups A, B and C. 

Let A, B and C be the possibility that a randomly selected 
subject or individual may be infected with disease A, B and 
C respectively. Let 𝐴̅, 𝐵� 𝑎𝑛𝑑 𝐶̅  be the possibility that a 
randomly selected subject or individual may not be infected 
with disease A, B and C respectively. Let ABC be the 

 



 American Journal of Mathematics and Statistics 2016, 6(1): 36-43 37 
 

possibility that a randomly selected subject from the 
population is infected by all the diseases in the three disease 
groups. Let 𝐴̅𝐵�𝐶̅ be the possibility that a randomly selected 
subject from the population is not infected with any of the 
three diseases. Let 𝐴𝐵�𝐶̅ 𝑜𝑟 𝐴̅𝐵𝐶̅ 𝑜𝑟 𝐴̅𝐵�𝐶 be the possibility 
that a randomly selected subject from the population is 
infected with only one of the three diseases. Let also 
𝐴𝐵𝐶̅ 𝑜𝑟 𝐴𝐵�𝐶 𝑜𝑟 𝐴̅𝐵𝐶  be the possibility that a randomly 
selected subject from the population is infected by only two 
of the three diseases. 

Hence possible configurations of the occurrence of these 
diseases in a subject and in the population may be presented 
as in Table 1. 

Table 1.  Possible Configurations of Diseases in a Population 

Disease 
Type A 

Disease 
Type B Disease Type C Total 

  C 𝐶̅  

A B ABC AB𝐶̅ AB 

 𝐵�  A𝐵�C A𝐵�𝐶̅ A𝐵�  

Total  AC A𝐶̅ A 

𝐴̅ B  𝐴�BC 𝐴̅B𝐶̅ 𝐴̅B 

 𝐵�  𝐴̅𝐵�𝐶 𝐴̅𝐵�𝐶̅ 𝐴̅𝐵�  

Total  𝐴̅𝐶 𝐴̅𝐶̅ 𝐴̅ 

 B BC B𝐶̅ B 

 𝐵�  𝐵�𝐶 𝐵�𝐶̅ 𝐵�  

Total of 
Grand 
Total 

 C 𝐶̅ S(𝑆𝑎𝑚𝑝𝑙𝑒 𝑆𝑝𝑎𝑐𝑒) 

Of course there are many other possible configurations of 
the occurrence or non occurrence of these diseases in a 
population. For example, a randomly selected subject or 
individual may or may not be infected with disease B say 
given that he is already infected or not infected with disease 
A say; the subject may or may not be infected with diseases 
B and C, say given that he is already infected or not infected 
with disease A say; the subject may or may not be infected 
with disease A say, given that he is already infected or not 
infected with diseases B and C say; the subject may have 
been infected or not infected with disease B say given that he 
is free of disease A and not of disease C say; etc. 

Research interest may then be in estimating the 
probabilities of all three and similar events and the number of 
persons in the population expected to be so infected, if all 

things are equal. It is quite possible to hypothesize and fit 
some theoretical probability distributions such as the 
Gamma family or other families of distributions to the 
prevalence values or rates of the diseases or families of 
diseases of interest and use them to estimate any desired 
probabilities and the numbers of subjects so affected [1, 2]. 
This approach would however be rather tedious to use and 
the estimates so obtained difficult to interpret in practical 
applications. We will therefore adopt an alternative 
relatively simpler approach to the problem. 

Now suppose that the prevalence rates or the probabilities 
of the occurrence of events A, B, and C in the population are 
known, that is suppose that the probabilities that a randomly 
selected subject from the population is infected with or 
suffers from any of the diseases in disease groups A, B, and 
C are known to be ‘a’, ‘b’ and ‘c’ respectively. Furthermore, 
suppose that it is also known that the relationship between 
the clusters of diseases and that P(B/A) = d; P(C/A) = e; 
P(C/B) = f; and P(C/AB) = g for diseases in disease groups A, 
B and C. With this information, we may also easily calculate 
other similar conditional and joint probabilities. For example, 
the conditional probability that a randomly selected subject 
from the population is infected with disease A given that the 
subject already has disease B is  

𝑃(𝐴 𝐵⁄ ) =
𝑝(𝐵/𝐴). 𝑃(𝐴)

𝑃(𝐵) =  
𝑎𝑑
𝑏 , 

Similarly     𝑃(𝐴/𝐶) =  𝑃(𝐶/𝐴).𝑃(𝐴)
𝑃(𝐶)

=  𝑎𝑒
𝑐

 

and 𝑃(𝐵 𝐶⁄ ) = 𝑝(𝐶 𝐵⁄ ).𝑃(𝐵)
𝑃(𝐶)

=  𝑏𝑓
𝑐

,  

 𝑎𝑙𝑠𝑜 𝑃(𝐴 𝐵𝐶⁄ ) =  𝑃(𝐴𝐵𝐶)
𝑃(𝐵𝐶)

=  𝑃(𝐶 𝐴𝐵⁄ ).𝑃(𝐵 𝐴⁄ )𝑃(𝐴)
𝑃(𝐶 𝐵⁄ ).𝑃(𝐵)

=  𝑔𝑎𝑑
𝑏𝑓

; 

 𝑃(𝐵 𝐴𝐶⁄ ) = 𝑃(𝐴𝐵𝐶)
𝑃(𝐴𝐶)

 = 𝑃(𝐴𝐵𝐶)
𝑃(𝐶 𝐴⁄ )𝑃(𝐴)

=  𝑔𝑎𝑑
𝑎𝑒

= 𝑔𝑑
𝑒

     (1) 

However of greater research interest may be in estimating 
the probabilities of the joint occurrence or non occurrence of 
all or some combinations of the three disease entities A, B 
and C in a population. 

Now using these known probability values further, we 
then have that the probability that a randomly selected 
subject from the population is infected by all the disease in 
the three disease groups is 𝑃(𝐴𝐵𝐶) = 𝑃(𝐶/𝐴𝐵). 𝑃(𝐴𝐵) =
𝑃(𝐶/𝐴𝐵). 𝑃(𝐵/𝐴). 𝑃(𝐴) = 𝑔𝑎𝑑 

The probability that a randomly selected subject from the 
population is not infected with any of the three diseases, that 
is in disease condition 𝐴̅𝐵�𝐶̅ is  

 
𝑃(𝐴̅𝐵�𝐶̅) = 1 − 𝑃(𝐴 ∪ 𝐵 ∪ 𝐶) = 1 − [𝑃(𝐴) + 𝑃(𝐵) + 𝑃(𝐶) − 𝑃(𝐴𝐵) − 𝑃(𝐴𝐶) −  𝑃(𝐵𝐶) + 𝑃(𝐴𝐵𝐶)]    (2) 

which when evaluated gives 
𝑃(𝐴̅𝐵�𝐶̅) = 1 − (𝑎 + 𝑏 + 𝑐 − 𝑎𝑑 − 𝑎𝑒 − 𝑏𝑓 + 𝑔𝑎𝑑)                       (3) 

Other joint probabilities in Table 1 are similarly estimated and the results are presented in Table 2 below  
Now the probability that a randomly selected subject is infected with only one of the three diseases; that is disease 

condition 𝐴𝐵�𝐶 �or 𝐴̅𝐵𝐶̅ or 𝐴̅𝐵�𝐶 is from Table 2 
𝑃(𝐴𝐵�𝐶̅) + 𝑃(𝐴̅𝐵𝐶̅) + 𝑃(𝐴̅𝐵�𝐶) =  a + b + c + 3gad − 2(ad + ae + bf)                (4) 
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Table 2.  Estimated probabilities of occurrence for the joint events in Table 1 

Disease Type A Disease Type B Disease Type C Total 

  C 𝐶̅  

A 𝐵 
ABC 
gad 

AB𝐶̅ 
(1 − 𝑔). 𝑎𝑑 

AB 
Ad 

 𝐵�  
A𝐵�C 

a(𝑒 − 𝑔𝑑) 
A𝐵�𝐶̅ 

a + gad − ad − ae 
A𝐵� 
a-ad 

Total  
AC 
ae 

A𝐶̅ 
𝑎 − 𝑎𝑒 

A 
A 

𝐴̅ 𝐵 
𝐴̅BC 

bf-gad 
𝐴̅𝐵𝐶̅ 

𝑏 + 𝑔𝑎𝑑 − 𝑎𝑑 − 𝑏𝑓 
 𝐴�B 
b-ad 

 𝐵�  
𝐴 �𝐵�𝐶 

𝑐 + 𝑔𝑎𝑑 − 𝑎𝑒 − 𝑏𝑓 
𝐴̅𝐵�𝐶̅ 

1 − (𝑎 + 𝑏 + 𝑐 − 𝑎𝑑 − 𝑒𝑎 − 𝑏𝑓 + 𝑔𝑎𝑑) 
𝐴̅𝐵�  

1 − 𝑎 − 𝑏 + 𝑎𝑑 

Total  𝐴̅ 𝐶 
𝑐 − 𝑎𝑒 

𝐴̅𝐶̅ 
1 − 𝑎 − 𝑐 + 𝑎𝑒 

𝐴̅ 
1 − 𝑎 

 𝐵 
BC 
𝑏𝑓 

B𝐶̅ 
𝑏 − 𝑏𝑓 

B 
𝑏 

 𝐵�  
𝐵�𝐶 

𝑐 − 𝑏𝑓 
𝐵�𝐶̅ 

1 − 𝑏 − 𝑐 + 𝑏𝑓 

𝐵�  
1 − 𝑏 

 

Total of Totals  
C 
𝑐 

𝐶̅ 
1 − 𝑐 

1 

 
Note however that Equation 4 is also easily shown to reduce to 

𝑃(𝐴̅𝐵�) + 𝑃(𝐴̅𝐶̅) + 𝑃(𝐵�𝐶̅) − 3𝑃(𝐴̅𝐵�𝐶̅), 
where 

𝑃(𝐴̅𝐵�) =  (1 − 𝑏) − (1 − 𝑑). 𝑎;  𝑃(𝐴̅𝐶̅) = (1 − 𝑐) − (1 − 𝑒). 𝑎 ; 
𝑃(𝐵�𝐶̅) =  (1 − 𝑐) − (1 − 𝑓). 𝑏                                                 (5) 

and 
𝑃(𝐴̅𝐵�𝐶̅) is given in Equation 3. 
The probability that a randomly selected subject from the population is affected by only two of the three diseases; that is the 

probability of the events  𝐴𝐵𝐶̅, 𝐴𝐵�𝐶, and 𝐴̅ 𝐵𝐶 may be similarly obtained as the sum of the values of the probabilities of 
these events in Table 2 as  

𝑃(𝐴𝐵𝐶̅) + 𝑃(𝐴𝐵�𝐶) + 𝑃(𝐴̅ 𝐵𝐶) = (1 − 𝑔)𝑎𝑑 + 𝑎(𝑒 − 𝑔𝑑) + (𝑏𝑓 − 𝑔𝑎𝑑) 
= 𝑎𝑑 + 𝑎𝑒 + 𝑏𝑓 − 3(𝑔𝑎𝑑)                             (6) 

Furthermore, the conditional probability that a randomly selected subject from the population is infected by disease A say, 
given that the subject has been treated or has natural or acquired immunity against disease entities B and C say is the 
probability of the event 𝐴/𝐵�𝐶̅, that is  

𝑃(𝐴/𝐵�𝐶̅)  =  �1 − 𝑃(𝐴̅  𝐵� 𝐶̅⁄ )� = 1 −
𝑃(𝐴̅𝐵�𝐶̅)
𝑃(𝐵�𝐶̅) =

𝑃(𝐵�𝐶̅) − 𝑃(𝐴̅𝐵�𝐶̅)
𝑃(𝐵�𝐶̅)  

=
(1 − 𝑏 − 𝑐 + 𝑏𝑓) − 1 − (𝑎 − 𝑏 + 𝑐 − 𝑎𝑑 − 𝑎𝑒 − 𝑏𝑓 + 𝑔𝑎𝑑)

1 − 𝑏 − 𝑐 + 𝑏𝑓  

=  𝑎+𝑔𝑎𝑑−𝑎𝑑−𝑎𝑒
1−𝑏−𝑐+𝑏𝑓

                                                  (7) 

Hence the conditional probability that a randomly selected subject from the population is infected by any one of the three 
disease entities or groups given that the subject has been treated or has immunity against the other two disease groups is 
obtained as the probability of the events A/𝐵�𝐶̅, B/𝐴̅𝐶̅, and  

C/𝐴̅𝐵 �which is calculated as  

𝑃 � A
B�C�
� + 𝑃 � B

A�𝐶̅
� +  𝑃 � C

𝐴̅𝐵�
� =  𝑎+𝑔𝑎𝑑−𝑎𝑑−𝑎𝑒

1−𝑏−𝑐+𝑏𝑓
+ 𝑏+𝑔𝑎𝑑−𝑎𝑑−𝑏𝑓

1−𝑎−𝑐+𝑎𝑒
+ 𝑐+𝑔𝑎𝑑−𝑎𝑒−𝑏𝑓

1−𝑎−𝑏+𝑎𝑑
           (8) 

The probability that a randomly selected subject is infected by any two of the family of diseases B and C say given that the 
subject has been cured or has immunity against the other family of disease A say is the probability of the event BC/𝐴̅ which 
is estimated as  
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𝑃 �
BC
𝐴̅
� =  

𝑃(𝐴̅ 𝐵𝐶)
𝑃(𝐴̅) =

𝑃 � 𝐴̅𝐵𝐶� . 𝑃(𝐵𝐶)

𝑃(𝐴̅)  

=  
�1 − 𝑃 � 𝐴𝐵𝐶� . 𝑃(𝐵𝐶)�

𝑃(𝐴̅) =  
�1 − 𝑃(𝐴𝐵𝐶)

𝑃(𝐵𝐶) � . 𝑃(𝐵𝐶)

𝑃(𝐴̅)  

=  
𝑃�𝐵𝐶 − 𝑃(𝐴𝐵𝐶)�

𝑃(𝐴̅) =  
𝑏𝑓 − 𝑔𝑎𝑑

1 − 𝑎  

Hence the probability that a randomly selected subject is infected by any two of the family of diseases given that the subject 
has been cured or has immunity against the other family of diseases is the probability of the events BC/𝐴̅, AC/𝐵�  and , 
AB/𝐶 �which is estimated as the probability  

𝑃 �BC
𝐴̅
� +  𝑃 �AC

B�
� + 𝑃 �AB

𝐶̅
� =  𝑏𝑓−𝑔𝑎𝑑

1−𝑎
+ 𝑎𝑒−𝑔𝑎𝑑

1−𝑏
+ 𝑎𝑑−𝑔𝑎𝑑

1−𝑐
                      (9) 

The probability that a randomly selected subject from the population is currently infected with disease C say given that the 
subject is known to be free from disease A but not free from disease B say is the probability of the event P(𝐶/𝐴̅𝐵) which is 
given as  

𝑃 �
𝐶
𝐴̅𝐵

� =
𝑃(𝐴̅𝐵𝐶)
𝑃(𝐴̅𝐵)

 =
𝑃(𝐴̅𝐵𝐶)

𝑃(𝐵) − 𝑃(𝐴𝐵) =
𝑃(𝐴̅𝐵𝐶)

𝑃(𝐵) − 𝑃(𝐵/𝐴)𝑃(𝐴) =  
𝑏𝑓 − 𝑔𝑎𝑑
𝑏 − 𝑎𝑑  

Hence the probability that a randomly selected subject from the population is currently infected with one of the diseases in 
three families of diseases given that the subject had earlier been infected with diseases in one of the remaining families is the 
probability of the events  

C/A𝐵� , 𝐶 𝐴̅⁄ B, B/A𝐶̅, B/𝐴̅C, A/B𝐶̅, and A/𝐵�C which is calculated as  
𝑃(𝐶/𝐴𝐵�) +  𝑃(𝐶 𝐴̅⁄ B) + 𝑃(𝐵/𝐴𝐶̅) + 𝑃(𝐵/𝐴̅𝐶) + 𝑃(𝐴/𝐵𝐶̅) + 𝑃(𝐴/𝐵�𝐶) 

=  𝑒−𝑔𝑑
1−𝑑

+ 𝑏𝑓−𝑔𝑎𝑑
𝑏−𝑎𝑑

+  𝑑(1−𝑔)
1−𝑒

+ 𝑏𝑓−𝑔𝑎𝑑
𝑐−𝑎𝑒

+ 𝑎𝑑(1−𝑔)
𝑏(1−𝑓) + 𝑎(𝑒−𝑔𝑑)

𝑐−𝑏𝑓
                      (10) 

The probability that a randomly selected subject from the population is currently not infected with diseases in any one of 
the three families of diseases given that the subject had earlier been infected with diseases in one of the two remaining disease 
families is of course the complement of the estimated probability given in Equation 10. Also the probability that a randomly 
selected subject from the population who is known to have in the recent past not been affected with A and B say of the three 
families of the diseases is currently not free from infection with the remaining one C say is the probability of the event 
𝐶̅/𝐴𝐵,� 𝐶̅/𝐴̅𝐵, 𝐶̅/𝐴̅𝐵,� 𝐵�/𝐴𝐶,� 𝐵�/𝐴̅𝐶, 𝐵�/𝐴̅𝐶,� 𝐴̅/𝐵𝐶̅, 𝐴̅/𝐵�𝐶,𝐴̅/𝐵�𝐶̅ 

The probability is easily obtained using the estimates in Table 2 and Equation 5 as 

𝑃(𝐴𝐵�𝐶̅)
𝑃(𝐴𝐵�) +

𝑃(𝐴̅𝐵𝐶̅)
𝑃(𝐴̅𝐵) +

𝑃(𝐴̅𝐵�𝐶̅)
𝑃(𝐴̅𝐵�) +

𝑃(𝐴𝐵�𝐶̅)
𝑃(𝐴𝐶̅) +

𝑃(𝐴̅𝐵�𝐶)
𝑃(𝐴̅𝐶) +

𝑃(𝐴̅𝐵�𝐶̅)
𝑃(𝐴̅𝐶̅) +

𝑃(𝐴̅𝐵𝐶̅)
𝑃(𝐵𝐶̅) +

𝑃(𝐴̅𝐵�𝐶)
𝑃(𝐵�𝐶) +

𝑃(𝐴̅𝐵�𝐶̅)
𝑃(𝐵�𝐶̅)  

=  
𝑎 + 𝑔𝑎𝑑 − 𝑎𝑑 − 𝑎𝑒

𝑎(1 − 𝑑) +
𝑏 + 𝑔𝑎𝑑 − 𝑎𝑑 − 𝑏𝑓

𝑏 − 𝑎𝑑 +
1 − (𝑎 + 𝑏 + 𝑐 − 𝑎𝑑 − 𝑎𝑒 − 𝑏𝑓 + 𝑔𝑎𝑑)

1 − 𝑎 − 𝑏 + 𝑎𝑑 +
𝑎 + 𝑔𝑎𝑑 − 𝑎𝑑 − 𝑎𝑒

𝑎(1 − 𝑒) +
𝑐 + 𝑔𝑎𝑑 − 𝑎𝑒 − 𝑏𝑓

𝑐 − 𝑎𝑒  

+ 1−(𝑎+𝑏+𝑐−𝑎𝑑−𝑎𝑒−𝑏𝑓+𝑔𝑎𝑑)
1−𝑎−𝑐+𝑎𝑒

+ 𝑏+𝑔𝑎𝑑−𝑎𝑑−𝑏𝑓
𝑏(1−𝑓) + 𝑐+𝑔𝑎𝑑−𝑎𝑒−𝑏𝑓

𝑐−𝑏𝑓
+ 1−(𝑎+𝑏+𝑐−𝑎𝑑−𝑎𝑒−𝑏𝑓+𝑔𝑎𝑑)

1−𝑏−𝑐+𝑏𝑓
                 (11) 

The probability that a randomly selected subject who is already infected by any two of the diseases is currently free from 
infection with the third disease is the probability of the events AB/𝐶̅, AC/𝐵�, and BC/𝐴 �which is given as  
𝑃(AB/𝐶̅) ∗ 𝑃(AC/𝐵�) ∗ 𝑃(BC/𝐴̅)or equivalently using the result of Table 2 

𝑃(𝐴̅𝐵𝐶)
𝑃(𝐴̅) +  𝑃(𝐴𝐵�𝐶)

𝑃(𝐵�) + 𝑃(𝐴𝐵𝐶̅)
𝑃(𝐶̅)

=  𝑏𝑓−𝑔𝑎𝑑
1−𝑎

+ 𝑎𝑒−𝑔𝑎𝑑
1−𝑏

+ 𝑎𝑑−𝑔𝑎𝑑
1−𝑐

                     (12) 

Similarly the probability that a randomly selected subject who is known to be free from infection with any two of the three 
diseases is currently infected with only one of them is obtained as  

𝑃(𝐶/𝐴̅𝐵�) + 𝑃(𝐵/𝐴̅𝐶̅) + 𝑃(𝐴/𝐵�𝐶̅) =  𝑐+𝑔𝑎𝑑−𝑎𝑒−𝑏𝑓
1−𝑎−𝑏+𝑎𝑑

+ 𝑏+𝑔𝑎𝑑−𝑎𝑑−𝑏𝑓
1−𝑎−𝑐+𝑎𝑒

+ 𝑎+𝑔𝑎𝑑−𝑎𝑑−𝑎𝑒
1−𝑏−𝑐+𝑏𝑓

         (13) 

Also the probability that a randomly selected subject from the population who is known to have in the recent past been 
infected with any two say A and B of the three families of the diseases is currently free from infection with the remaining one 
C say is the probability of the event 𝐶̅/AB which is calculated using the value in Table 2 as 

𝑃(𝐶̅/𝐴𝐵) = 𝑃(𝐴𝐵𝐶̅)
𝑃(𝐴𝐵)

=  𝑃(𝐴𝐵𝐶̅)
𝑃(𝐵/𝐴).𝑃(𝐴) = 𝑎𝑑−𝑔𝑎𝑑

𝑎𝑑
                         (14) 
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A researcher may of course be interested in estimating the odds of infection with only two of the three diseases identified in 
a population. For example, interest may be in estimating the probabilities that a randomly selected subject from the 
population is infected or not infected simultaneously with diseases A and B say; the probabilities that the subject is infected 
with one of the two diseases A and not with the other B say or vice versa or the probabilities that a subject who is known not 
to have been infected with disease B is currently infected with disease A or the probability that the subject who is known not 
to have been infected with disease B is currently also free from infection with disease A, say; etc.  

These are the probabilities of the events AB, 𝐴̅𝐵�, 𝐴𝐵� , 𝐴̅𝐵, 𝐴/𝐵,� 𝐴̅/𝐵� , etc. The probabilities can easily be obtained from 
Table 2 as the sum of the joint probabilities of occurrence or non occurrence of events or diseases A and B summed over 
events C and 𝐶̅ , that is the marginal probabilities of occurrence or non occurrence of the compound event AB, say. Thus  

𝑃(𝐴𝐵) = 𝑎𝑑 = 𝑃(𝐴𝐵𝐶) +  𝑃(𝐴𝐵𝐶̅);   
𝑃(𝐴̅𝐵�) = 1 − 𝑎 − 𝑏 + 𝑎𝑑 = 𝑃(𝐴̅𝐵�𝐶) + 𝑃(𝐴̅𝐵�𝐶̅)                      (15) 

similarly 
𝑃(𝐴𝐵�) = 𝑎 − 𝑎𝑑 = 𝑃(𝐴𝐵�𝐶) +  𝑃(𝐴𝐵�𝐶̅);   
𝑃(𝐴̅𝐵) = 𝑏 − 𝑎𝑑 = 𝑃(𝐴̅𝐵𝐶) + 𝑃(𝐴̅𝐵𝐶̅)                               (16) 

The conditional probabilities are similarly estimated. For example 

𝑃(𝐴/𝐵�) =  𝑎−𝑎𝑑
1−𝑏

= 𝑃(𝐴𝐵�𝐶)+𝑃(𝐴𝐵�𝐶̅)
1−𝑃(𝐵)                                  (17) 

and 

𝑃 �𝐴̅
𝐵�
� =  1−𝑎−𝑏+𝑎𝑑

1−𝑏
= 𝑃(𝐴̅𝐵�𝐶)+𝑃(𝐴̅𝐵�𝐶̅)

1−𝑃(𝐵)                               (18) 

which are the weighted sums of the corresponding marginal probabilities of occurrence of events 𝐴𝐵�  and 𝐴̅𝐵,�  respectively; 
etc. 

Having obtained estimates of the probabilities or odds of infection in the population, the researcher may then also wish to 
estimate the number of the susceptible population of interest that would be expected to be in the various disease infection 
classification levels. To do this, assuming that the total number of susceptible in the population is ‘N’, then the researcher 
would only need to apply ‘N’ to each of the estimated probabilities to obtain the desired number of subjects likely to be 
infected in each disease classification level; assuming all other factors affecting such diseases in the population have been 
partialled out.  

3. Illustrative Example 
The proposed method is ideally used especially where the prevalence rates of conditions such as diseases in a population 

are know and some of the interrelationships between the diseases are also known or can be determined. As already noted 
above, it is of course also possible to assign and fit some probability distributions to the diseases or families of diseases and 
then estimate desired marginal, joint, and conditional probabilities of occurrence of these diseases. This approach would 
however be rather tedious in most applications.  

We will here therefore for illustrative purposes only, assume that the diseases or families of diseases of interest A, B, and C 
can without loss of generality be assigned probability of occurrence in a population and that some of the conditional 
probabilities of occurrence of the diseases are also known or can be determined in a population with ‘N’ equal 1,000,000 
subjects susceptible to the diseases. Specifically, suppose it is known that  

𝑃(𝐴) = 𝑎 = 0.12;  𝑃(𝐵) = 𝑏 = 0.10;  𝑃(𝐶) = 𝑐 = 0.08; 𝑃(𝐵/𝐴) = 𝑑 = 0.06;  
𝑃(𝐶/𝐴) = 𝑒 = 0.05;  𝑃(𝐶/𝐵) = 𝑓 = 0.03 𝑎𝑛𝑑 𝑃(𝐶/𝐴𝐵) = 𝑔 = 0.01 

Now using this information, we would estimate that the probability that a randomly selected subject from the population is 
infected simultaneously by the three diseases A, B, and C is  

𝑃𝑟 = 𝑃(𝐴𝐵𝐶) = 𝑔𝑎𝑑 = (0.01)(0.12)(0.06) = 0.000072 

The corresponding number of subjects in the hypothetical population expected to be infected simultaneously by the three 
diseases is therefore 

𝑁1 =  𝑁.𝑝1 =  (1,000,000)(0.000072) = 72 𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑠  

The probability that a randomly selected subject from the population is not infected simultaneously by the three diseases is  
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𝑝8 = 𝑃(𝐴̅𝐵�𝐶̅) = 1 − (𝑎 + 𝑏 + 𝑐 − 𝑎𝑑 − 𝑎𝑒 − 𝑏𝑓 + 𝑔𝑎𝑑) 

= 1 − �0.12 + 0.10 + 0.08 − (0.12)(0.06) − (0.12)(0.05) − (0.10)(0.03) + (0.01)(0.12)(0.06)� 

= 1 − 0.286872 = 0.713128 

Hence the number of subjects in the population expected not to be infected by the three diseases simultaneously is 

𝑁8 = 𝑁. 𝑝8 =  (1,000,000)(0.713128) = 713128 𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑠 

Other estimated joint probabilities of infection shown in Table 2 and the corresponding number of subjects in the 
population expected to be so infected are similarly calculated and the results are shown in Table 3, where the number of 
infected subjects are shown in parenthesis. 

Table 3.  Estimated Joint Probabilities of Infection and Numbers of Infected Subjects for Table 2 under the assumed Disease Prevalence Rates in a 
Population 

Disease Type A Disease Type B Disease Type C Total 

  C 𝐶̅  

𝐴 𝐵 0.000072 0.007128 0.0072    (1) 

  (72) (7128) (7200) 

     

 𝐵�  0.005928 0.106872 0.1128   (2) 

  (5928) (106872) (112800) 

Total  0.006 0.114 0.12 (3) 

  (6000) (114000) (120000) 

𝐴̅ 𝐵 0.002928 0.089872 0.0928 (4) 

  (2928) (89872) (92800) 

     

 𝐵�  0.071072 0.713128 0.7872 (5) 

  (71072) (713128) (787200) 

Total  0.074 0.806 0.88(6) 

  (74000) (806000) (880000) 

     

 𝐵 0.003 0.097 0.10(7) 

  (3000) (97000) 100,000 

     

 𝐵�  0.077 0.823 0.900 (8) 

  (77000) (823000) (900,000) 

     

Total of Totals  0.08 0.92 1.00 

  (80000) (920000) (1000000) 

 
Now the probability that a randomly selected subject is infected with only one of the three diseases, from Tables 2, and 3 

𝑎 + 𝑏 + 𝑐 + 3𝑔𝑎𝑑 − 2(𝑎𝑑 + 𝑎𝑒 + 𝑏𝑓) = 0.30 + 3(0.000072) − 2(0.0072 + 0.006 + 0.003) 

= 0.300216 − 2(0.0162) = 0.267816 

With the estimated number of infected subjects given as  

1000,000(0.267816) = 267816 

The probability that a randomly selected subjects from the population is affected by only two of the three diseases is 
similarly obtained from Tables 2 and 3 as 

𝑎𝑑 − 𝑔𝑎𝑑 + 𝑎𝑒 − 𝑔𝑎𝑑 + 𝑏𝑓 − 𝑔𝑎𝑑 = 𝑎𝑑 + 𝑎𝑒 + 𝑏𝑓 − 3𝑔𝑎𝑑 

= 0.0072 + 0.006 + 0.003 − 3(0.000072) = 0.0162 − 0.000216 = 0.015984 
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With the estimated number of subjects so infected in the population as  

1000,000(0.015984) = 15984 

Also the probability that a randomly selected subject from the population who is known to have in the recent past not been 
infected with two A and B say of the three families of the diseases is currently not free from infection with any of the 
remaining disease C say is obtained using the entries in Table 3 in Equation 11 as  

𝑃(𝐶/𝐴̅𝐵�) =
0.08 + 0.000072 − 0.006 − 0.003

1 − 0.12 − 0.10 + 0.0072 =  
0.071072

0.7872 = 0.090285 

And the expected number of subjects so affected is 90285 
We have also estimated using Equation 12 and the values in Table 3 that a randomly selected subject who is already 

infected by any two of the diseases is currently free from infection with the third disease is  
0.003 − 0.000072

1 − 0.12
+

0.006 − 0.000072
1 − 0.10 +  

0.0072 − 0.000072
1 − 0.08  

 = 0.003327 + 0.006587 + 0.007748 = 0.017662 

The corresponding number of subjects in the population so infected is  

3327 + 6587 + 7748 = 17662 

Use of Equation 13 and Table 3 enables the calculation of the probability that a randomly selected subject who is known to 
be free from infection with any two of the three diseases is currently infected with only one of them as  

0.08 + 0.000072 − 0.006 − 0.003
1 − 0.12 − 0.10 + 0.0072 +

0.10 + 0.000072 − 0.0072 − 0.003
1 − 0.12 − 0.08 + 0.006 +

0.12 + 0.000072 − 0.0072 − 0.006
1 − 0.10 − 0.08 + 0.003  

= 0.090285 + 0.111504 + 0.129857 = 0.331646. 

The corresponding number of affected subjects is  

90285 + 111504 + 129857 = 331646 

Also from Equation 14 and Table 3, we calculate that the probability that a randomly selected subject from the population 
who is known to have in the recent past been infected with any two A and B say of the three families of the diseases is 
currently free from infection with the remaining one C say is  

𝑃(𝐶̅/𝐴𝐵) =  
0.0072 − 0.000072

0.0072 =  
0.007128

0.0072 = 0.990 

 
with 990000 subjects so affected. 

Other odds of infection of interest and the corresponding 
number of subjects so affected in the population may be 
similarly estimated. 

4. Summary and Conclusions 
In this paper, we have developed and presented a 

statistical method for the estimation of the joint, marginal 
and conditional probabilities that a randomly selected subject 
from a given population would be infected or not infected 
with two or three diseases or families of diseases either 
simultaneously or in progression as well as the expected 
numbers of subjects so infected or not infected in the 
population assuming no prior remedial actions are taken to 
influence disease outcome.  

Although an alternative approach to this problem could be 
fitting of some hypothesized probability distributions to 
available data on disease prevalence in a population and then 
estimating desired probabilities, the proposed method is 
rather less tedious to apply in practice and the results 
relatively easier to interpret and explain. 

In the absence of readily available data on disease 

prevalence rates, the proposed method is illustrated with 
assumed prevalence rates of three diseases that may exist in a 
population.  
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