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The Distribution of Prime Numbers in an Interval

Jian Ye

Department of Mathematics Sichuan University, Chengdu, China

Abstract The Goldbach theorem and the twin prime theorem are homologous. The paper from the prime origin, derived
the equations of the twin prime theorem and the Goldbach theorem, and new prime number theorem.
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1. Notation

P : aprime number.

p: an odd prime.

T (p 2 ): the number of primes in the open interval

2
op ).

T (p?): the number of twin prime pairs (p,p+2) in
the open interval (p,p : ).

G(x) : the number of prime p in the open interval
(p,p : ). p is the largest prime number less than \/; , and
X — p isprime number, X is alarge even integer.

7z(p) : denotes not more than p of prime numbers.

plx: p divides x.

~ : denotes equialence relation. f(x) ~ g(x), namely:

Lim ‘Q—;C)) =1, when X tends to infinity.

©: mean big O notation describes the limiting behavior
of a function when the argument tends towards a particular
value or infinity, usually in terms of simpler functions.

Li(x) : express the logarithmic integral function or

integral logarithm Li(x) is a special function such as

Li(x)=[ 4.

2. Prime Number Theorem [1] [2]

Let 7 (p : ) is the number of primes in the open interval

(p,p >). p is an odd prime,
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n%ﬁ)>%[f-11(1—§o—nm)—q M)

2<p<p
where p is a prime number.
7T (p) is not more than p of prime numbers.

Lemma 1

Let 7 (p 2 ) is the number of primes in the open interval
(p.p : ). p is an odd prime,

Let 7, (p . ) is the number of odd  p, between kp * to
(k+1)p*,k>1 and (p,,p)=13<p<P, p is a
prime number, p is an odd prime,

Let g(p’)=7,(p*)—7'(p°)
| g(p*) IS 7'(p*) + 7(p)+1

where 7 (p) is not more than p of prime numbers.

2

The proof of lemma 1
Reduction to absurdity.
The proof of prime number theorem

Proof
By lemma 1 and Chinese remainder theorem, it can be
derived

L+ 20+ (20D + g0 [] prs-D)

=p- [T (»-D

2<p<p

©)

Hence proving

, 1
ﬂ(p2)>—[p2- I
2 2<p<p

amh—mm—q
P

where p is a prime number. 77 (p) is not more than p of
prime numbers.
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3. The Twin Prime Theorem

Let T (p : ) is the number of twin prime pairs (p, p+2) in the open interval (p, p 2 ), p is an odd prime,

, 1 1

T(p2)>—£p2-2C' I1 (1——)2—7T(p)—1J )
2 2<p<p ]9

where (p<p,p+2<p2],p is a prime number.

7T (p) is not more than p of prime numbers.
Among which

1
C= 1— 5
H( <p—1>2j ©

Let T (p ? ) is the number of twin prime pairs ( p, p +2) in the open interval (p, p : L p< p,p+2<p : ,p 1s a prime

Lemma 2

number, p is an odd prime.

Let T,(p°) is the number of the odd p, between kp*> to (k+1)p’,k>1 and (p,,p)=L(p, —2,p)

=1,3< p<p, p isaprime number.p is an odd prime.
Let f(p")=T,(p")-T"(p")
| fP)IST'(P*)+7(p) +1 ©)

Where 7 (p) is not more than p of prime numbers.

The proof of lemma 2

Reduction to absurdity.

The proof of twin prime theorem

Proof
By lemma 2 and Chinese remainder theorem, it can be derived

L+T' (") +(T'0)+ f(0") (- [ ] p'é—l)ﬂ)' [1w-2 ()

Hence proving

o> P T 0232 -
T(p>>2(2 [Ta--7w) lj ®)

3<p<p
or

T'(p%) >%[p2 2C- H (1—%)2 —ﬂ(p)—lJ

2<p<p

where (p< p,p+2<p’),p isaprime number.
7z(p) is not more than p of prime numbers.
Among which

1
C= 11—
31:!13[ (p_l)zJ
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4. The Goldbach Theorem

Let G(x) is the number of prime p in theopen interval (p,pz) ,p is the largest prime number less than \/; , and
X — p is prime number, X is alarger even integer.

(Kx)>—[p 2C. [](1——- I1 fﬁ—ll—n() 1} ©)

2<psp P |x3<p<p

where (p< p<p’),p isa prime number.
7z(p) is not more than p of prime numbers.

Since

1
C= 1- 10)
31:!13( (p- 1) j |

when x =2",

G(x)>%(p2-2C- H (1—%)2—7r(p)—1] (11)

2<p<p
Lemma 3

Let G(x) is the number of prime p in the open interval (p,pz) , p is the largest prime number less than \/;, and

X — p isprime number, X is a large even integer.

Let G,(x) is the number of odd p, between kp® to (k+1)p°,1<k<m, and (p,,p)=L(M +x—-p,,p)
=1,3< p<p, p is aprime number, p is the largest prime number less than \/; ,X 1is alarge even integer.
Let g(x) =G, (x)~G(x)
lg(x)| < G(x)+7(p)+1 (12)
where 77(p) is not more than p of prime numbers.
The proof of lemma 3
Reduction to absurdity.

The proof of the Goldbach theorem

Proof
By lemma 3 and Chinese remainder theorem, it can be derived

1+G(x>+(G(x)+g(x>)-[p- T p-#—lj

2<p<p (13)
=p-|] (p-
31:!13 pxl;Lp (p 2)

where (x—1, p)=1,2< p <p, pis aprime number.

or
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G(x>+(G<x)+g<x>)'[p- T p.pl—z—lj

2<p<p (14)
(r-1
-p- [T -2 1 2=}
3£!p pxgsp (p-2)
Hence proving
1 p’ 2 (p-1
Gx)>~| 1] 0-—)- ————7(p)-1 (15)
2 [ 2 3!;!; p pég;gép (17_-2)
or
1 | (p-1
G(x) >—(p2 2C- (1-—)*- ——ﬁ(p)—l]
2 2]<;!:p p plx];;[<p (p - 2)
where (p< p<p’),p isaprime number.
7z(p) is not more than p of prime numbers.
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