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Abstract  An alternative method of estimating parameters in a mixture model for longitudinal trajectories with covariates 
using the expectation – maximization (EM) algorithm is proposed. Explicit expressions for the expectation and maximization 
steps required in the parameter estimation of group and covariate parameters are derived. Expressions for the variances of 
group and covariate parameters for the mixture model are also derived. Simulation results suggest that the proposed approach 
has good convergence properties especially when covariates are introduced in the model and therefore a good alternative to 
the current approach which is based on the Quasi-Newton method. 
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1. Introduction 
Mixture models have been used in many different fields 

of study. Closely related to mixture models is the subject of 
cluster analysis which deals with the search of related 
observations in a data set. A general methodology for 
model-based clustering is given by Fraley and Raftery 
(2002). The application of finite mixture models to 
heterogeneous data is explained in details in McLachlan and 
Basford (1988) as well as McLachlan and Peel (2000). Most 
of the researchers who have studied finite mixture models 
have used the method of maximum likelihood estimation 
and the EM algorithm. The EM algorithm (Dempster et al. 
1977; McLachlan and Krishnan, 2008) is a general 
approach for obtaining maximum likelihood estimates for 
problems in which data can be viewed as incomplete. The 
basic idea behind the EM algorithm is to frame a given 
incomplete-data problem into a complete-data problem for 
which maximum likelihood estimation is computationally 
tractable. The EM algorithm estimates the parameters of a 
model iteratively, starting from some initial guess. Each 
iteration consists of an expectation step (E-step) and a 
maximization step (M-step). 

This paper deals with a mixture model for longitudinal 
trajectories. In particular the paper focusses on the 
semiparametric group based model proposed by Nagin 
(1999). This group based model assumes that the population 
consists of a mixture of distinct groups defined by different 
trajectory groups. Identifying the different trajectory groups  
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that exist in the population is one of the primary objectives 
of the modelling strategy. The modelling strategy presumes 
that two types of variables have been measured: response 
variables and covariates. Out of the three different data 
types namely count, binary and psychometric scale data that 
this modelling approach can handle, we will only 
concentrate on binary data. 

Roeder et al. (1999) considered the problem of estimating 
parameters for this model when response variables and 
covariates are in the model using the EM algorithm but 
restricted to count data only. Nawa (2014) considered the 
problem of estimating parameters in this model based on 
response variables only using the EM algorithm for 
longitudinal binary data. This article will consider 
parameter estimation for a model involving binary 
longitudinal data based on response variables and covariates 
using the EM algorithm. 

Parameter estimates for this modelling approach can be 
obtained using a SAS procedure called PROC TRAJ written 
by Jones et al. (2001). This software is a customized SAS 
procedure that was developed with the SAS product 
SAS/TOOLKIT. In this SAS procedure, the parameters are 
obtained by maximum likelihood estimation using the 
Quasi-Newton method. The results obtained from this 
procedure are, however, highly dependent on the starting 
values used (Nawa, 2009). As such, this article presents an 
alternative approach using the EM algorithm.  

The remainder of this paper is organised as follows. A 
brief discussion of mixture models in general and an 
application to the model under discussion is given in 
Section 2. This section begins with a discussion of the 
standard mixture model in Section 2.1. Thereafter a 
discussion of the longitudinal mixture model with 
covariates follows in Section 2.2. Section 2.2.1 gives the 
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likelihood formulation of the longitudinal mixture model 
with covariates clearly outlining the E-steps and M-steps 
required to estimate the group and the covariate parameters 
in the model. This is followed by a discussion on estimation 
of standard errors for the group and covariate parameter 
values in Section 2.2.2. Simulation results are presented in 
Section 3 and conclusions are presented in Section 4. 

2. The Model 
2.1. Standard Mixture Model 

A standard mixture model with g groups (McLachlan and 
Peel, 2000) takes the form 

1
( ; ) ( ; )

g

j i i j i
i

f y f yψ π θ
=

= ∑            (1) 

where 1 2 1 2 1( , ,..., , , ,..., )g gψ θ θ θ π π π −=  is a vector 

of all unknown parameters with ( ; )i j if y θ  representing 

the distribution of group iC  and 1 2, ,..., gπ π π  are the 

unknown mixing proportions where 1 2, , , gC C C  are 

the g groups in the mixture model. If 1 2( , ,..., )T
ny y y y=  

is a random sample from the mixture model (1), then the 
likelihood function for ψ  can be written in the form  

11
( ) ( ; )

gn

i i j i
ij

L f yψ π θ
==

= ∑∏ .        (2) 

The parameter vector ψ  can be obtained by maximizing 
the likelihood in (2) or maximizing the log-likelihood given 
in (3) below. 

1 1
log ( ) log ( ; )

gn

i i j i
j i

L f yψ π θ
= =

  =  
  

∑ ∑    (3) 

Equivalently, the likelihood in (2) can be maximized 
using the EM (expectation - maximization) algorithm. This 
is done by maximizing the likelihood in (4) or the 
log-likelihood in (5) usually referred to as the complete-data 
log-likelihood  

1 1
( ) ( ; )ij ij

gn z z
c i j ii

j i
L f yψ π θ

= =
= ∏∏     (4) 

1 1 1 1
log ( ) log log ( ; )

g gn n

c ij i ij i j i
i j i j

L z z f yψ π θ
= = = =

= +∑∑ ∑∑ (5) 

where ijz  is an indicator variable defined by 

1 , if

0 , otherwise
j i

ij
y C

z
∈= 


 

2.2. Longitudinal Mixture Model with Covariates 

2.2.1. Likelihood Formulation and Parameter Estimation 

One of the goals in longitudinal trajectory modelling is to 
study the effect of risk factors on longitudinal trajectories. 
The model under investigation has a provision for 
incorporating the effect of risk factors, time stable and time 
dependent covariates, on the longitudinal trajectories. Our 
focus in this paper will just be on the time stable covariates. 
It is assumed that risk factors affect the likelihood of a 
particular data trajectory, but nothing more can be learned 
about the response (Y) from the risk factors (X) given group 
membership (C) (Jones et al. 2001).  

Time stable covariates are incorporated in the model by 
assuming that they influence the probability of belonging to 
a particular group. Given a sequence 

1 2( , ,..., )j j j jmy y y y=  of longitudinal observations 

measured at m time points on subject j and a set of covariates 

1 2(1, , ,..., )j j j jpx x x x= , the likelihood of the joint 

model based on a sample of n subjects and g groups takes the 
form 

11
( ) Pr( | ) Pr( | )

gn

j j j j j j
ij

L C i X x Y y C iψ
==

= = = = =∑∏ (6) 

where Pr( | )j j jC i X x= =  is the probability that the jth 

subject belongs to group i given the set of covariates x and 
Pr( | )j j jY y C i= =  is the probability distribution of the 

ith group. A polychotomous logistic regression model is used 
to relate risk factors to group membership and therefore the 
probability that subject j belongs to group i given a vector of 
risk factors takes the form 

1

exp( )
Pr( | )

exp( )

T
i j

j j j g
T
i j

i

x
C i X x

x

α

α
=

= = =

∑
    (7) 

where 1 2(1, , ,..., )j j j jpx x x x=  is the jth row of the n 

by(p+1) matrix of risk factors x and 0 1( , ,..., )i i i
i pα α α α=  

is a vector of length (p+1) consisting of covariate parameters 
associated with group i. Group one is taken as baseline with 

1α  taken as zero and the log odds of membership in group i 
versus group one are given by 

0 1 1
Pr( | )

log ...
Pr( 1| )

j j j T i i i
i j j p jp

j j j

C i X x
x x x

C X x
α α α α

 = =
= = + + +  = = 

.                 (8) 
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The likelihood in (6) can be equivalently written as  

11
( ) ( , ) ( , )

gn

i j i i j i
ij

L x f yψ π α β
==

= ∑∏                                 (9) 

where 

1

0 1 1

0 1 1
2

exp( )
( , )

exp( )

exp( ... )

1 exp( ... )

T
i j

i j i g
T
i j

i
i i i

j p jp
g

i i i
j p jp

i

x
x

x

x x

x x

α
π α

α

α α α

α α α

=

=

=

+ + +
=

+ + + +

∑

∑

 

12
0 1 2

2 2
1 0 1 2 0 1 2

exp( ) 1( ; )
1 exp( ) 1 exp( )

jt jty yi i im
jt jt

i j i i i i i i i
t jt jt jt jt

a a
f y

a a a a

β β β
β

β β β β β β

−

=

   + +
   =
   + + + + + +   

∏ , 

0 1 2( , , )i i i
iβ β β β=  is a vector of parameters which determines the shape of the trajectory for the ith group and jta  is 

the age of subject j at time t (Nagin, 1999). Since group one is taken as the baseline with 1 0α = , the set of all parameters ψ  

is given by 2 3 1 2( , ,..., , , ,..., )T T T T T T
g gψ α α α β β β= . 

The likelihood in (9) can be maximized directly using PROC TRAJ (Jones et al. 2001), however, this paper discusses an 
alternative way of maximization using the EM – algorithm. Instead of maximizing the likelihood in (9), the EM – algorithm 
maximizes the complete-data likelihood (or log-likelihood) obtained by introducing an indicator variable ijz  which takes 

the value one if the jth observation belongs to group i and zero otherwise. The resulting complete-data likelihood takes the 
form 

1 1
( ) ( , ) ( , )ij ij

gn z z
c i j i i j i

j i
L x f yψ π α β

= =
= ∏∏                       (10) 

while the complete-data log-likelihood is given by 

1 1 1 1
( ) log ( , ) log ( , )

g gn n

c ij i j i ij i j i
j i j i

l z x z f yψ π α β
= = = =

= +∑∑ ∑∑ .               (11) 

Substituting for ( , )i j ixπ α  and ( , )i j if y β , the complete-data log-likelihood (11) becomes 

( ) ( )
1 1 2

2 2
0 1 2 0 1 2

1 1 1

1
2

( ) log 1 exp( )

log 1 exp( )

log 1 exp( ) log 1

g gn
T T

c ij i j i j
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i i i i i i

ij jt jt jt jt jt
j i t

g
T T
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i
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β β β β β β

α α

= = =

= = =

=

   = − + +      
  + + − + + + 
  

   = − + + − +      

∑∑ ∑
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∑

( ) ( )
1 2 2

2 2
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1 1 1
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log 1 exp( )

g gn
T
i j

j i i

gn m
i i i i i i

ij jt jt jt jt jt
j i t

x

z y a a a a

α

β β β β β β

= = =

= = =

      +        
  + + − + + + 
  

∑ ∑ ∑

∑∑ ∑
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The E-step (expectation step) on the (k+1)th iteration involves evaluating ( )( )( | ; )k
cE l yψ ψ , where 

( ) ( ) ( ) ( )( ) ( ) ( )
2 3 1 2( , ,..., , , ,..., )k k k kk T T k T T T k T

g gψ α α α β β β=  are parameter estimates obtained on the kth iteration. The 

only random component in the complete-data log-likelihood is ijZ  whose expectation is given by 

( )
( ) ( ) ( )

( )

( ) ( ) ( )

1
( )

( , ) ( , )
| ;

( , ) ( , )

k k k
j i ji i ik

ij j g
k k k

j i ji i i
i
k

ij

x f y
E Z y

x f y

z

π α β
ψ

π α β
=

=

=

∑                         (12) 

Similarly, the M-step on the (k+1)th iteration constitutes finding a value of the parameter vector ψ that maximizes the 
expected log-likelihood, thus 

( )( 1) ( )arg max ( | ; )k k
cE l yψψ ψ ψ+ =                             (13) 

This expected complete-data log-likelihood consists of two sums which can be maximized separately – the first component 

only depends on the parameter vector 2 3( , ,..., )T T T
gα α α α=  while the second component only depends on the parameter 

vector 1 2( , ,..., )T T T
gβ β β . In fact, the second component of the expected complete-data log-likelihood can further be 

separately maximized to obtain ( 1)k
iβ +  for each group for 1, 2, ...,i g= . Thus we have 

( ) ( ) ( )( 1)

1 1 2
arg max log 1 exp( )

g gn
k k kk T T

j jij i i
j i i

z x xαα α α+

= = =

   = − +      
∑∑ ∑            (14) 

and 

( )( 1) ( ) ( ) ( )

1 1
arg max ( ) log 1 exp( )

i

n m
k k k kT T

jt jt jti ij i i
j t

z y A Aββ β β+

= =

  = − + 
  

∑ ∑         (15) 

where 2(1, , )T
jt jt jtA a a= so that ( ) ( ) ( ) ( ) 2

0 1 2
kT i k i k i k

jt jt jtiA a aβ β β β= + +  for 1, 2,...,i g= . Since there is no 

closed form solution for ( 1)k
iβ + , the maximization requires iteration. Starting from some initial parameter value (0)ψ , the 

E- and M-steps are repeated until convergence. 

2.2.2. Estimation of Standard errors 

Standard errors of the parameter estimates can be obtained from the inverse of the observed matrix. The procedure 
developed by Louis (1982) for extracting the observed information matrix from the complete data log-likelihood when the 
EM-algorithm is used to find maximum likelihood estimates is used. 

According to the procedure, the observed information matrix ˆ( )I ψ  is computed as  

ˆ ˆ ˆ( ; ) ( ; ) ( ; )c mI y J y J yψ ψ ψ= −                              (16) 

where 

[ ]( ; ) ( | )c cJ y E I yψ ψ=                                 (17) 

is the conditional expectation of the complete-data information matrix ( )cI ψ  given y and  

[ ]( ; ) cov ( | )m cJ y S yψ ψ= .                              (18) 

The score vector ( )cS ψ  based on the complete-data log-likelihood is given by  
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( )2 3 1 2( ) ( ) , ( ) , , ( ) , ( ) , ( ) , , ( )T T T T T T
c c c c g c c c gS S S S S S Sψ α α α β β β=   ,        (19) 

where 

0 1
( ) , , ,T

c i i i i
p

l l lS α
α α α

 ∂ ∂ ∂ =
 ∂ ∂ ∂ 

                          (20) 

and 

0 1 2
( ) , ,T

c i i i i
l l lS β

β β β

 ∂ ∂ ∂
=   ∂ ∂ ∂ 

                               (21) 

An expression for ( )c iS β  is given in Nawa (2014), thus we only need to find ( )c iS α . Differentiating the 

complete-data log-likelihood (11) with respect to iα  gives 

0 1
, , ,

T

i i i
i p

l l l l
α α α α

 ∂ ∂ ∂ ∂ =
 ∂ ∂ ∂ ∂ 

                                (22) 

where, 
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1
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2
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2

2
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1
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1

exp( )

1
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1
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j iji g
Tj
i j

i
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i j

i

T
i j
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i

xl z
x

xl x z
x

xl x z
x

xl x z
x

α

α
α

α

α
α

α

α
α

α

α
α

=

=

=

=

=

=

=

 
 

∂  = − ∂  + 
 

 
 

∂  = − ∂  + 
 
 
 

∂  = − ∂  + 
 



∂
= −

∂
+

∑
∑

∑
∑

∑
∑

∑



1

n

j=


 
 
 
  
 

∑

 
for 2, 3, ,i g=  . Thus, 

1

2

exp( )

1

Tn
i j

jk iji g
Tjk
i j

i

xl x z
x

α

α
α=

=

 
 

∂  = − ∂  + 
 

∑
∑
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for 2, 3, ,i g=   and 00,1, 2, , ( . . 1)jk p i e x= = . 
The information matrix based on the complete-data log-likelihood (11) can be written as a block-diagonal matrix  

1

2

( ) 0 0 0
0 ( ) 0 0
0 0 ( ) 0( )

0 0 0 ( )

c

c

cc

c g

I
I

II

I

α
β

βψ

β

 
 
 
 =
 
 
 
 







   



                      (23) 

An expression for ( )c iI β  is given in Nawa (2014), thus we only need to find ( )cI α . The matrix ( )cI α  can be 
written as 

2 2 3 2 4 2

3 2 3 3 4 3

4 2 4 3 4 4

2 3 4

( ) ( , ) ( , ) ( , )

( , ) ( ) ( , ) ( , )

( ) ( , ) ( , ) ( ) ( , )

( , ) ( , ) ( , ) ( )

c c c c g

c c c c g

c c c c c g

c g c g c g c g

I I I I

I I I I

I I I I I

I I I I

α α α α α α α

α α α α α α α

α α α α α α α α

α α α α α α α

 
 
 
 =  
 
  
 







    



           (24) 

where ( )c iI α  and ( , )c i kI α α  (where i k≠ ) are ( 1)p +  by ( 1)p +  matrices respectively given by 

2 2 2 2

2
0 0 1 0 2 0

2 2 2 2

2
1 0 1 1 2 1

2 2 2 2

2
2 0 2 1 2 2

2 2 2 2

2
0 1 2
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i i i i i i i
p

i i i i i i i
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c i
i i i i i i i

p

i i i i i i i
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l l l l

I l l l l

l l l l

α α α α α α α

α α α α α α α

α

α α α α α α α

α α α α α α α

 ∂ ∂ ∂ ∂
− − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
− − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂

= ∂ ∂ ∂ ∂
− − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
− − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂







    







 
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 
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 
 
 
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         (25) 

and 
2 2 2 2
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p
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p
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l l l l
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∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂ ∂ ∂
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p p

l
α α

 
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 
 
 
 
 
 
 
 
 
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The ( )thkl  element of the matrix ( )c iI α  is given by  

2
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2
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x x x x
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x

α α α

α
α

=

=

=

   − +   ∂  − = = 
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+      

∑
∑

∑
        (28) 

for , 0,1, 2, ,k l p=  . Similarly, the ( )thfh  element of the matrix ( , )c i kI α α  is given by 

2

2
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∑
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               (29) 

and 
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∑
∑

                 (30) 

for , 0,1, 2, ,f h p=  . 

We now find [ ]cov ( | )cS yψ , the conditional covariance of the score vector (19). This covariance matrix can be 
written as  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )

1 2

1 1 1 2 1

2 2 1 2 2

cov ( ) cov ( ), ( ) cov ( ), ( ) cov ( ), ( )

cov ( ), ( ) cov ( ) cov ( ), ( ) cov ( ), ( )

( ) cov ( ), ( ) cov ( ), ( ) cov ( ) cov ( ), ( )

cov ( ), ( ) cov (

c c c c c c c g

c c c c c c c g

m c c c c c c c g

c g c c

S S S S S S S

S S S S S S S

J S S S S S S S

S S S

α α β α β α β

β α β β β β β

ψ β α β β β β β

β α

=







    

( ) ( ) ( )1 2), ( ) cov ( ), ( ) cov ( )g c c g c c gS S S Sβ β β β β

 
 
 
 
 
 
 
 
 
 

.(31) 

Expressions for ( )cov ( )c iS β  (for 1, 2, ,i g=  ) and ( )cov ( ), ( )c i c kS Sβ β  (for i k≠ ) can be found in 

Nawa (2014). Therefore we only need to find the other components of the matrix. The covariance matrix ( )cov ( )cS α  
can be written as  
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( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

2 2 3 2

3 2 3 3
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     (32) 

while ( )cov ( ), ( )c c iS Sα β , for 1, 2, ,i g=  , can be written as 

( )

( )
( )

( )

2

3

cov ( ), ( )
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Let  
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1
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i j i i j i
i

x f y
E Z y

x f y

π α β
ψ τ

π α β
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∑
                           (34) 

then 

( ) (1 )ij ij ij ijVar Z vτ τ= − =                                (35) 

and 

( , ) ,ij kj ij kj ijkCov Z Z i kτ τ ρ= − = ≠                        (36) 

Using (34), (35) and (36), we can show that the (p+1) by (p+1) dimensional matrices ( )cov ( )c iS α  and 

( )cov ( ), ( )c i c kS Sα α  are respectively given by 

( )

1 2
1 1 1 1

2
1 1 1 2 1

1 1 1 1

2
2 2 1 2 2

1 1 1 1

1 2
1 1 1

cov ( )

n n n n

ij j ij j ij jp ij
j j j j

n n n n

j ij j ij j j ij j jp ij
j j j j
n n n nc i

j ij j j ij j ij j jp ij
j j j j

n n n

jp ij jp j ij jp j ij
j j j

v x v x v x v

x v x v x x v x x v

S
x v x x v x v x x v

x v x x v x x v

α

= = = =

= = = =

= = = =

= = =

=

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

∑ ∑ ∑







    

2

1

n

jp ij
j

x v
=

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

∑

       (37) 

and 
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for 2, 3, ,i g=   and i k≠ . Similarly, we can show that the (p+1) by 3 dimensional covariance matrix 

( )cov ( ), ( )c i c kS Sα β  is given by 
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for 2, 3, ,i g=   and 1, 2, ,k g=  , where 
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Putting all the above results together, we can find the 
expectation of the information matrix based on the 
complete-data log-likelihood given by 

[ ]( ; ) ( | )c cJ y E I yψ ψ=  by finding the expectation of 

each component of the matrix ( | )cI yψ . The matrix 

( )cI α  does not involve ijZ  and is therefore constant 

with respect to the expectation. The variance estimate for 
ψ̂  is then obtained from the inverse of the matrix 

ˆ ˆ( ; ) ( ; )c mJ y J yψ ψ−  where the ijτ ’s in (34) are 

replaced by the estimated posterior probabilities îjτ . 

3. Simulation Results 
We consider simulation results for mixtures of two and 

three groups of longitudinal trajectories. For a two group 
model we consider group parameters

1 (6.170, 5.781, 0.997)β = − , 2 ( 7.690, 6.592, 1.099)β = − −  

and a covariate parameter 2 (2, 3)α = − . For a three group 
model we consider group parameters

1 (6.170, 5.781, 0.997)β = − , 2 ( 7.690, 6.592, 1.099)β = − − , 

3 ( 2.237, 0.172, 0.212)β = − −  and covariate parameters

2 ( 5.4, 3.5)α = − − and 3 ( 5.8, 3.2)α = − . Consider a 
situation involving five time points where measurements are 
taken at times 1 to 5 (i.e. 1 1ja = , 2 2ja = , 3 3ja = , 

4 4ja = , 5 5ja = ). 

The group parameter values 1β , 2β  and 3β  are 
calculated based on the trajectory shapes given in Figure 1. 
Using these group parameter values, a sequence of binary 
responses are independently generated for the time points 1 
to 5 with the response from the jth subject of group i at time t 
being generated with success probability 

2
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i i i
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i i i
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a a

β β β

β β β

+ +
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Figure 1.  Longitudinal trajectories for three groups 

In a two group model the covariate parameter is obtained 
by writing the probability of membership in group 2 as 
function of x as 

2 2
0 1

2 2
0 1

exp( )Pr( 1| )
1 exp( )

xY x
x

α α
α α

+
= =

+ +
      (42) 

where 1Y =  for observations in group 2 and 0Y =  for 
observations in group 1. The values of x and 

2 2
2 0 1( , )α α α=  are chosen based on a particular value of 

(42), which is the probability of a subject belonging to group 

2. If 2Pr( 1| )Y x p= = , then x and 2 2
2 0 1( , )α α α=  are 

chosen in such a way that the proportion of ones generated 
from (42) is equal to 2p . Observations for a three group 
model can be generated in a similar way. Taking group 1 as 
the baseline ( 0)Y = , we need the probability of belonging 
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to group 2 and the probability of belonging to group 3 as 
functions of x. These probabilities are respectively given by 

2 2
0 1

2 2 3 3
0 1 0 1

exp( )Pr( 1| )
1 exp( ) exp( )

xY x
x x

α α
α α α α 

+
= =

+ + + +
(43) 

and 
3 3
0 1

2 2 3 3
0 1 0 1

exp( )Pr( 2 | )
1 exp( ) exp( )

xY x
x x

α α
α α α α

 

 

+
= =

+ + + +
(44) 

Taking 2Pr( 1| )Y x p= = and 3Pr( 2 | )Y x p= = , 

we choose x, 2 2
2 0 1( , )α α α=  and 3 3

3 0 1( , )α α α=  such 
that (43) and (44) hold. 

3.1. Mixture of Two Trajectory Groups 
Consider 150 simulated data sets from a mixture of two 

trajectory groups with group parameters

1 (6.170, 5.781, 0.997)β = − , 2 ( 7.690, 6.592, 1.099)β = − −  

and a covariate parameter 2 (2, 3)α = − . For all the 150 
simulations, the two methods converged to the same 
log-likelihood value correct to five decimal places. The 
mean number of EM steps until convergence was 16.92 
while the mean number of iterations for PROC TRAJ was 
38.95. 

Table 1.  Group parameter estimates, covariate parameter estimates and standard errors based on 150 simulations 

 
Group 

1 2 2 

Parameter β0        β1       β2 β0        β1       β2 α0       α1 

Theoretical 6.170   -5.781   0.997 -7.690   6.592   -1.099 2        -3 

Estimate 
(EM) 

6.254   -5.850   1.008 -7.717   6.613   -1.102 2.044     -3.073 

Estimate 
(PROC TRAJ) 

6.256   -5.851   1.008 -7.717   6.613   -1.102 2.044     -3.073 

SE 
(EM) 

0.496    0.406   0.070 0.395    0.298    0.049 0.330      0.346 

Empirical SE (EM) 0.490    0.3930.066 0.396    0.300    0.049 0.337      0.367 

SE 
(PROC TRAJ) 

0.496    0.406   0.070 0.395    0.298    0.049 0.330      0.346 

Empirical SE 
(PROC TRAJ) 

0.490    0.393   0.066 0.396    0.300    0.049 0.337      0.367 

Table 2.  Group parameter estimates, covariate parameter estimates and standard errors based on 200 simulations 

 
Group 

1 2 3 2 3 

Parameter β0      β1       β2 β0      β1       β2 β0       β1       β2 α0 α1 α0      α1 

Theoretical 6.170   -5.781   0.997 -7.690   6.592   -1.099 -2.237   -0.172   0.212 -5.4     -3.5 -5.8     3.2 

Estimate 
(EM) 

6.220   -5.816 1.003 -7.708   6.609   -1.101 -2.228   -0.188   0.215 -5.669   -3.670 -6.066   3.348 

Estimate 
(PROC TRAJ) 

6.220   -5.816   1.003 -7.709   6.609   -1.101 -2.225   -0.189   0.215 -5.675    -3.673 -6.063   3.346 

SE 
(EM) 

0.453   0.368   0.063 0.391   0.299    0.050 0.414    0.302    0.051 0.789     0.507 0.871   0.464 

Empirical SE 
(EM) 0.4860.3900.066 0.372   0.294    0.050 0.427    0.313    0.051 0.763     0.483 0.875   0.479 

SE 
(PROC TRAJ) 

0.453   0.368   0.063 0.391   0.299    0.050 0.414    0.302    0.051 0.790     0.508 0.870   0.463 

Empirical SE 
(PROC TRAJ) 

0.487   0.391   0.067 0.373   0.294    0.050 0.4260.313    0.051 0.762     0.481 0.877   0.480 
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Table 1 shows theoretical group parameter values, 
theoretical covariate parameter values, group parameter 
estimates, covariate parameter estimates, standard error 
estimates and empirical standard error estimates obtained 
from the EM algorithm and the PROC TRAJ procedure. The 
empirical standard errors reported in the table are sample 
standard deviations of the actual parameter estimates. Group 
and covariate parameter estimates obtained from the two 
methods are very similar and close to the theoretical values. 
Standard error estimates of the group and covariate 
parameter estimates obtained from the two methods are also 
very similar and close to the empirical standard errors. This 
suggests that the standard error estimates given by the two 
methods of estimation are a true representation of the 
variability in the parameter estimates. 

3.2. Mixture of Three Trajectory Groups 
Consider 200 simulations from a three group model with 

group parameters 1 (6.170, 5.781, 0.997)β = − , 

2 ( 7.690, 6.592, 1.099)β = − − , 3 ( 2.237, 0.172, 0.212)β = − −  

and covariate parameters 2 ( 5.4, 3.5)α = − −  and

3 ( 5.8, 3.2)α = − . For all the 200 simulations, the two 
methods converged to the same log-likelihood value correct 
to five decimal places. The mean number of EM steps until 
convergence was 25.11 while the mean number of iterations 
for PROC TRAJ was 62.16. 

Table 2 gives the theoretical parameter values, group and 
covariate parameter estimates obtained from the two 
methods along with the corresponding standard error and 
empirical standard error estimates. The table shows that the 
parameter estimates given by the two methods are almost 
identical and also very close to the theoretical values. This is 
true for both the group parameter and covariate parameter 
estimates. The empirical standard errors are also very close 
to the estimated standard errors. 

4. Conclusions 
This paper is an extension of the work in Nawa (2014), 

which considered an application of the EM algorithm in 
estimating group parameters and mixing proportions and the 
corresponding standard errors in a mixture model of 
longitudinal trajectories. The paper also compared the results 
obtained from the EM algorithm to those obtained from the 
Quasi-Newton method through a SAS procedure called 
PROC TRAJ proposed by Jones et al. (2001). The extension 
looks at how the two methods of estimation compare when 
covariates are introduced in the model. When covariates are 
introduced in the model, the parameters to be estimated are 
group parameters and covariates. 

The paper describes how estimation of various parameters 
is done using the EM algorithm. Explicit expressions for the 
expectation steps (E-steps) and maximization steps (M-steps) 
for each of the parameters are derived. Expressions for 

computing variances for the parameter estimates are also 
derived. Most of the expressions are a direct extension of the 
expressions for the model without covariates. 

Simulations results indicate that the group parameter 
estimates, covariate parameter estimates and standard error 
estimates obtained from the two methods are practically the 
same. Compared to the model without covariates, parameter 
estimation in the model with covariates appears to have 
fewer challenges probably because we have more 
information separating out the different groups. The 
simulation results also show that parameter estimates from 
the model with covariates are also closer to theoretical values 
compared to the model without covariates. While the EM 
algorithm seems to have some convergence challenges, 
especially as the number of groups in the model increases, 
which is indicated by the number of additional EM steps 
until convergence to five or more decimal places, this is not 
the case in the model with covariates. In fact, the number of 
EM steps until convergence reduces significantly in the 
model with covariates. 

The proposed application of the EM algorithm to a model 
with covariates offers a good alternative to the current 
method used in the parameter estimation. This is based on 
the fact that it is known that the current method of estimation 
is very sensitive to starting values while the EM algorithm is 
not and from the simulation results that suggest that the 
convergence seems to improve significantly when the 
proposed approach is used on a model with covariates.  
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