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Abstract  This paper considered application of linear and bilinear time series models in estimating revenue data. The data 
used were monthly revenue, which comprised the allocation from Federal Government and internally generated revenue of a 
Local Government Council in Akwa Ibom State. The motivation behind the comparison between the revenue estimates of 
linear and bilinear models was to find out if the assertions of [6] and [4] could be applicable to Nigerian system of revenue 
generation, by using available data at a Local Government level. The aim was to choose more suitable time series model for 
making projection and proposing feasible targets to revenue generation units or Departments of government establishments. 
Ordinary least squares method was adopted to estimate the parameters of both linear and bilinear models. From the empirical 
findings, it was observed that bilinear model fitted the revenue data better than the linear model with standard error difference 
of 62.66. This affirms the fact that bilinear time series models are more suitable in modeling revenue series, considering the 
dynamic nature of the time series data. Since the improvement and superiority of bilinear models over linear models are 
established, this paper recommends forecast of revenue series with bilinear models.  
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1. Introduction 

In univariate time series, a series is modeled only in terms 
of its own past values and some disturbance. A particular set 
of data assumed by a variable, say, Xt, where t represents 
time, is modeled on the basis of its previous time 
observations. For instance, every government budget is 
prepared taking into consideration the past budget figures, be 
it at the Local, State or Federal Government level. In time 
series, such expression can be written as 

Xt = f(Xt-1, Xt-2,Xt-3,…,Xt-p, et). The Xt is a variable, which 
assumes values at the present time period for which  
forecast can be made, Xt-1, Xt-2,Xt-3,…,Xt-p are the distributed 
lag variables which represent time past values. The et is the 
random error assumed to be zero, Johnston and [3]. If, for 
example, one specified a linear function with one lag and a 
white noise disturbance, the result would be the first-order 
autoregressive AR (1) process of the form, 

Xt = αXt-1 + et. 

The above model shows that the data series represented by 
xt is a function of its one period lag. The general form of the 
model is Xt = α1Xt-1 + α2Xt-2 + α3Xt-3 +,…, + αpXt-p + et. This 
is a pure autoregressive AR (p) model, with et as a  
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disturbance term. The above model explains the fact, for 
forecast to be made on the variable, Xt, there must be a 
relationship between the values of the variable at the present 
time period and previous time. Therefore, the time series 
model which expresses such relationship is a linear time 
series model. 

In this paper, we also consider bilinear time series model. 
Bilinear time series model is a model which comprises linear 
and nonlinear components of the two processes. In time 
series, the two processes, which make a complete bilinear 
time series model, are autoregressive and moving average 
processes. Any of the two processes can be identified in the 
distribution of autocorrelation and partial autocorrelation 
functions. For a process to follow autoregressive, the 
autocorrelation function must exhibit exponential decay or 
sine wave pattern, while there is a spike or cut- off within the 
first two lags of partial autocorrelation function. In moving 
average process, partial autocorrelation function exhibits 
exponential decay or sine wave pattern, while there is a 
cut-off or spike within the first two lags of autocorrelation 
function. These two processes separately form linear model, 
called AUTOREGRESSIVE MOVING AVERAGE 
MODEL, ARMA (p,q). In bilinear time series model, there 
are two parts which make up a complete model. These 
include linear and nonlinear parts. The nonlinear part is the 
product of the two processes. Model ‘1’ shown below is an 
example of a complete bilinear time series model. Model ‘2’ 
is a complete linear model of autoregressive and moving 
average processes. 
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2. Review 
The introduction of some nonlinear models, such as 

logarithmic, quadratic, bilinear time series models to some 
data is due to the fact that some data assume nonlinearity 
component. The exhibition of non-linearity property is due 
to certain occurrences, which some are not under human 
control. However, there are some events whose occurrences 
are characterized or generalized by human, but still assume 
non-linearity. [6] asserted that some of the microeconomic 
and financial data are not linear due to its dynamic behaviour. 
According to them, classical linear models are not 
appropriate for modeling such non-linear series. In most 
cases, nonlinear forecast is superior to linear forecast. [5] 
investigated the effect of applying different number of input 
nodes, activation functions and pre-processing techniques on 
the performance of back propagation (BP) network in time 
series revenue forecasting. In the study, several 
preprocessing techniques were presented to remove the 
non-stationarity in the time series and their effect on 
Artificial Neutral Network (ANN) model. The study 
compared the use of logarithmic function and new proposed 
Artificial Neutral Network (ANN) model. From the 
empirical findings, it showed that ANN model, which 
consisted of small number of inputs and smaller 
corresponding network structure, produced accurate forecast 
result although it suffered from slow convergence. [1] 
reported on the forecast accuracy between time series models 
and management and analysts. All comparisons were carried 
out not only on the basis of prediction errors, but also by an 
analysis of the forecasting bias involved, and the 
specification of uncertainty. The data used were 
representative sample of companies listed on the Amsterdam 
Stock Exchange. The findings revealed improvement on the 
use of time series models. [4] used a bilinear model to 
forecast Spanish monetary data and reported a near 10% 
improvement in one-step ahead mean square forecast errors 
over several ARMA alternatives. 

[2] stated the general Bilinear Autoregressive Moving 
Average model of order (p, q, P, Q) denoted by BARMA (p, 
q, P, Q) as 
𝑋𝑋𝑡𝑡 = ∑ 𝛼𝛼𝑖𝑖

𝑝𝑝
𝑖𝑖=1 𝑋𝑋𝑡𝑡−𝑖𝑖 + ∑ 𝛽𝛽𝑗𝑗

𝑞𝑞
𝑖𝑖=1 ∈𝑡𝑡−𝑗𝑗+ ∑ ∑ 𝛾𝛾𝑖𝑖𝑖𝑖

𝑄𝑄
𝑗𝑗=1

𝑃𝑃
𝑖𝑖=1 𝑋𝑋𝑡𝑡−𝑖𝑖 ∈𝑡𝑡−𝑗𝑗  (1) 

Xt-i is the distributed lag component of autoregressive 
process with coefficient αi. Єt-j is the distributed lag 
component of moving average process with coefficient βj. 
The sum of the two processes makes up the linear part of 
model ‘1’. The nonlinear component is the product of the 
two processes. The model is thus linear in the X’s and also in 
the Є’s separately, but not in both as product of the two series. 
In the general ARMA model, 

𝑋𝑋𝑡𝑡 = ∑ 𝛼𝛼𝑖𝑖
𝑝𝑝
𝑖𝑖=1 𝑋𝑋𝑡𝑡−𝑖𝑖 + ∑ 𝛽𝛽𝑗𝑗

𝑞𝑞
𝑖𝑖=1 ∈𝑡𝑡−𝑗𝑗+ ∈𝑡𝑡        (2) 

Where, the first part on the R.H.S is the autoregressive 
process, while the second is the moving average process, 
where Єt is strict white noise, 

CASE 1: If j = 0, the model becomes 

𝑋𝑋𝑡𝑡 = ∑ 𝛼𝛼𝑖𝑖
𝑝𝑝
𝑖𝑖=1 𝑋𝑋𝑡𝑡−𝑖𝑖 +  ∈𝑡𝑡                (3) 

This implies 𝛽𝛽0 = 0 
Model 3 is a pure autoregressive model. 
CASE 2: If i=0, the model becomes 

𝑋𝑋𝑡𝑡 = ∑ 𝛽𝛽𝑗𝑗
𝑞𝑞
𝑖𝑖=1 ∈𝑡𝑡−𝑗𝑗+ ∈𝑡𝑡              (4) 

This implies 𝛼𝛼0 = 0 
Model 4 is a pure moving average model. 
From model “1”, 

𝑋𝑋𝑡𝑡 = �𝛼𝛼𝑖𝑖

𝑝𝑝

𝑖𝑖=1

𝑋𝑋𝑡𝑡−𝑖𝑖 + �𝛽𝛽𝑗𝑗

𝑞𝑞

𝑖𝑖=1

∈𝑡𝑡−𝑗𝑗+ ��𝛾𝛾𝑖𝑖𝑖𝑖

𝑄𝑄

𝑗𝑗=1

𝑃𝑃

𝑖𝑖=1

𝑋𝑋𝑡𝑡−𝑖𝑖 ∈𝑡𝑡−𝑗𝑗   

If j=0, the above model becomes 

𝑋𝑋𝑡𝑡 = ∑ 𝛼𝛼𝑖𝑖
𝑝𝑝
𝑖𝑖=1 𝑋𝑋𝑡𝑡−𝑖𝑖 + ∑ 𝑋𝑋𝑡𝑡−𝑖𝑖𝑃𝑃

𝑖𝑖=1 ∈𝑡𝑡  + ∈𝑡𝑡       (5) 

This implies 𝛽𝛽0 = 0 
The model is Bilinear Autoregressive (BAR) model. 
This is so because the component of the moving average 

process is eliminated from the general model. The t∈  in the 
models is the usual white noise, assumed to be independent 
and identically distributed with mean zero and variance δe

2, 
[7]. Normally, the values of Єt, being the error values are 
obtained as deviation of estimates from the original series. Xt 
is a variable which represents the original values of the 
revenue series. While, Xt-1, Xt-2, Xt-3… are the time lag of 
variable Xt. 

In this paper, we apply Pure Autoregressive (AR) model 
(3) and Bilinear Autoregressive (BAR) model (5) to fit the 
revenue data for comparison of estimates between the two 
models. 

3. Method of Estimation 
In this paper, the initial process was to obtain the 

autocorrelation and partial autocorrelation functions of the 
revenue series, which is represented by Xt. This was done as 
a procedure to the choice and order of the time series model 
that is applicable to the data set. The distribution of the 
autocorrelation function exhibited exponential decay, while 
partial autocorrelation function indicated a spike at lag 2, as 
shown in the autocorrelation and partial autocorrelation 
functions in section ‘3’ below. This distribution suggested 
autoregressive model of order ‘2’. The model is expresses as 
Xt = α1Xt-1 + α2Xt-2 + Єt. Єt is the residual, expected to be 
zero.  
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4. Estimates of Linear and Bilinear Models 
Linear Model: From the autocorrelation and partial autocorrelation functions, the revenue series Xt is a function of Xt-1 

and Xt-2. This implies the revenue series at the present time period depends on two period lags of itself. Therefore, regression 
of Xt on Xt-1 and Xt-2 provides the following estimated model for AR (2, 0) process: Xt = 0.603Xt-1 + 0.385Xt-2, where 0.603 
and 0.385 are the coefficients of Xt-1 and Xt-2 respectively. The estimated values from the above regression model are the 
‘LEXt’ values in the Appendix, and the graphs of the actual and estimates are shown in Time Plot ‘1’. 
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TIME PLOT 1 

 

ACF PLOT1  

 
Bilinear Model: This model contains two parts. The linear part, which is the sum of the autoregressive and moving 

average processes, as shown in the linear model. The second part is always obtained by taking the product of the two 
processes (autoregressive and moving average processes). But, since the effect of moving average is suppressed as shown the 
autocorrelation and partial autocorrelation functions, model ‘6’ becomes applicable to the data. The components of the 
nonlinear part of the model are obtained by taking the products of values of Єt (residual values) and Xt-1 and also Єt and Xt-2 to 
form Xt-1Єt and Xt-2Єt in the bilinear model, which is expressed as BAR (2, 0, 2, 0). The two zeros in the BAR indicate that 
both the linear and nonlinear parts of the moving average have zero order. This means the model is a bilinear autoregressive 
with the order of ‘2’ for the linear and nonlinear parts. The parameters are estimated using ordinary least squares method. 
Therefore, the regression of Xt on Xt-1, Xt-2, Xt-1Єt and Xt-2Єt produces the following model: 
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Xt = 0.603Xt-1 + 0.422Xt-2 + 0.00113Xt-1Єt + 0.00224Xt-2Єt, where 0.603, 0.422, 0.00113, and 0.00224 are the coefficients 
of Xt-1, Xt-2, Xt-1Єt and Xt-2Єt respectively. The estimates from the above regression model are the ‘BEXt’ values in the 
Appendix, and the graphs of the actual and estimates are shown in Time Plot ‘2’. 
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ACF PLOT2 

 
 

5. Results Interpretation 
In fitting the models to the revenue data, autocorrelation 

and partial-autocorrelation functions were plotted. The 
distribution suggested autoregressive model of order two. 
The linear model was estimated, with standard error of 85.51, 
and the values from the model were plotted on the same 

graph with the actual data, as shown in Time Plot ‘1’. The 
ACF Plot ‘1’ is the autocorrelation function of the residual 
obtained from the estimated linear time series model. From 
the autocorrelation function, it is observed that there is some 
level of correlation among the residual values. This 
correlation implies the residual et is not independent and 
identically distributed. Secondly, the bilinear model was 
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estimated with standard error of 22.85, and the values from 
the model were plotted on the same graph with the actual 
revenue data, as shown in Time Plot ’2’. The ACF Plot ‘2’ is 
the autocorrelation function of the residual obtained from the 
estimated bilinear time series model. From the function, it is 
observed that there is no autocorrelation among the residual 
values. This explains the fact that the residual et is 
independent and identically distributed. That is, et is a white 
noise process, which explains that the bilinear fitted the data 
set better than linear model. 

6. Conclusions 
The reason for the application of both linear and bilinear 

models was to compare the estimates from the two models 
through the time plot and autocorrelation plots of the two sets 
of residual values. In time series modeling, one of the aims is 
to suggest a suitable and best among series of models for 
estimation and forecast of future values of the observations 
under consideration. The estimates from the two models 
have shown that bilinear models are more suitable for the 
forecast of revenue series. 

Appendix 
Table of Actual and Estimated Revenue Data 

S/N ACXt LEXt BEXt S/N ACXt LEXt BEXt S/N ACXt LEXt BEXt 
1 30.87 - - 41 186.82 139.25 163.43 81 164.91 322.76 102.17 
2 31.26 - - 42 169.89 175.03 178.03 82 215.65 154.23 190.51 
3 29.35 30.74 31.73 43 176.91 174.38 182.80 83 167.03 193.51 183.31 
4 30.05 29.74 30.92 44 256.21 172.09 227.20 84 219.36 183.77 215.64 
5 25.96 29.42 30.16 45 260.00 222.58 254.74 85 176.06 196.56 189.93 
6 30.31 27.23 28.63 46 434.75 255.43 420.57 86 251.51 190.64 240.77 
7 31.54 28.27 29.53 47 258.23 362.19 259.98 87 325.11 219.42 297.63 
8 45.20 30.69 33.31 48 169.79 323.17 144.76 88 257.86 292.85 269.46 
9 41.07 39.39 40.76 49 358.15 201.84 331.89 89 195.03 280.69 205.19 
10 45.46 42.17 44.32 50 397.26 281.26 378.54 90 220.52 216.91 229.27 
11 48.68 43.22 45.52 51 279.01 377.43 267.28 91 225.77 208.06 227.38 
12 40.17 46.86 47.48 52 220.75 321.24 214.57 92 167.89 221.04 189.29 
13 45.79 42.97 45.20 53 178.99 240.56 196.91 93 198.30 188.19 203.53 
14 32.76 43.08 43.09 54 164.50 192.94 181.22 94 257.08 184.21 234.14 
15 30.77 37.39 38.15 55 192.33 168.11 188.92 95 183.01 231.35 203.08 
16 32.07 31.17 32.47 56 198.54 179.30 196.62 96 106.12 209.37 137.92 
17 37.83 31.89 33.02 57 143.54 193.77 167.90 97 207.17 134.48 179.79 
18 43.85 35.16 37.34 58 155.90 163.02 166.00 98 209.36 165.74 190.21 
19 30.77 41.01 41.02 59 198.51 149.27 179.07 99 309.66 206.01 286.31 
20 37.06 35.44 37.28 60 260.93 179.71 232.05 100 394.27 267.30 378.99 
21 31.96 34.19 35.08 61 299.44 233.75 289.64 101 388.93 356.94 404.72 
22 29.00 33.54 34.37 62 211.02 281.01 225.92 102 250.32 386.33 220.69 
23 30.36 29.79 31.03 63 188.06 242.57 203.96 103 328.70 300.74 347.33 
24 36.63 29.47 31.25 64 252.71 194.66 242.23 104 475.41 294.56 472.42 
25 45.77 33.78 36.21 65 185.72 244.77 204.04 105 396.98 413.17 404.51 
26 50.00 41.70 44.16 66 101.75 209.31 135.05 106 461.13 422.45 498.45 
27 72.50 47.77 53.39 67 145.56 132.89 146.47 107 331.10 430.88 304.53 
28 77.18 62.96 67.56 68 184.41 126.93 153.24 108 363.17 377.25 374.32 
29 104.08 74.45 84.52 69 184.41 167.23 181.76 109 248.50 346.46 245.62 
30 120.70 92.47 103.51 70 149.33 182.20 168.53 110 339.98 289.72 358.12 
31 157.34 112.85 133.13 71 153.39 161.06 163.38 111 377.75 300.65 382.32 
32 220.45 141.33 181.25 72 171.38 149.99 166.35 112 300.42 358.67 301.82 
33 198.76 193.49 202.43 73 180.48 162.39 177.76 113 366.28 326.63 387.55 
34 171.03 204.74 188.60 74 170.13 174.81 178.35 114 441.37 336.51 461.55 
35 231.97 179.67 220.41 75 184.16 172.08 185.93 115 246.69 407.14 208.67 
36 343.58 205.71 301.00 76 124.36 176.55 152.02 116 416.48 318.77 458.99 
37 143.73 296.45 166.19 77 222.96 145.92 195.36 117 320.97 346.05 329.36 
38 126.16 219.03 145.00 78 175.75 182.29 183.37 118 347.35 353.94 360.66 
39 107.93 131.42 125.79 79 614.93 191.84 495.69 119 422.91 333.02 444.76 
40 162.04 113.66 137.90 80 142.32 438.30 122.44 120 641.23 388.72 718.79 

ACXt = Actual Revenue Data 
LEXt = Linear Estimates 
BEXt = Bilinear Estimates 
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