American Journal of Mathematics and Statistics 2015, 5(3): 111-122
DOI: 10.5923/j.ajms.20150503.02

Analysis of Gini’s Mean Difference for Randomized
Block Design

Elsayed A. H. Elamir

Department of Statistics and Mathematics, Benha University, Egypt & Management & Marketing Department, College of Business,
University of Bahrain, Kingdom of Bahrain

Abstract Analysis of Gini’s mean difference (ANOMD) for a randomized block design is derived where the total sum of
difference (TSD) is partition into exact block sum of difference (BLSD), exact treatment sum of difference (TRSD) and
within sum of difference (WSD). This exact partition is used for comparison of several mean and median values. The exact
partitions are derived by getting rid of the absolute function from Gini’s mean difference (GMD) by using the idea of
redefined the GMD as a weighted average of the data with sum of weights zero. ANOMD has advantages: offers meaningful
measure of dispersion, does not square data, and the TSD does not depend on fixed location while BLSD, TRSD and WSD
are depending on fixed location. Two ANOMD graphs are proposed. However, two tests for mean and median are proposed
under the assumption of normal distribution. The ANOMD is compared with ANOVA and the effect sizes are shown that the

percentage of explained variation based on ANOMD is more than the one based on ANOVA.
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1. Introduction

Gini’s mean difference (GMD) depends on all pairwise
distances rather than square of the data and has been used as
an alternative to the standard deviation in many fields. The
Gini’s coefficient is a most used measure of inequality; see,
[1], [2] and [3]. It is known that the GMD has asymptotic
relative efficiency of 98% at the normal distribution and
more efficient than standard deviation if the normal
distribution is contaminated by a small fraction; see, [8], [5]
and [6]. It may also offer certain pedagogical advantages; see,
[7]. For extensive discussion and comparisons; see [6] and [8]
and the references therein.

The population GMD is defined as

A=EY, =Yl

It can be estimated from the sample using many formulas
such as

n o n n-1 n
1 2
5==> Elyi—yj|=—n(n_1)§ > -yl

i=1 /=1 i=1 j=i+1
See, for example, [8].
A random variable has a normal distribution with location
parameter —oo < u < oo and scale o > 0 if its probability
density function is
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f) = U%@m(—%) —o<y<ow
The normal distribution has
EY)=u  V({)=0? and A(Y) = 20/v/n
Therefore,

o=Mmn/2

This will be used later in simulation studies.

A randomized complete block design is a restricted
randomization design in which the experimental units are
first sorted into homogeneous rows, called blocks, and the
groups (treatments) are then assigned at random within the
blocks; see, [9]. The model for a randomized complete block
design containing the comparison of no interaction effects,
when both the block and treatment effects are fixed and there
are B blocks (BL) and G groups (TR), is as

ng =‘U,+pb +Tg+gbg

W is a constant, p, are constants for the block (row)
effects, 7, are constants for the group (column) effects and
&pg are independent normally distributed with mean 0.

Analysis of Gini’s mean difference (ANOMD) for a
randomized block design is derived where the total sum of
difference (TSD) is partition into exact block sum of
difference (BLSD), exact treatment sum of difference
(TRSD) and within sum of difference (WSD). The exact
partitions are derived by getting rid of the absolute function
from Gini’s mean difference (GMD) by using the idea of
redefined the GMD as a weighted average of the data with
sum of weights zero. TSD does not depend on any fixed
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location and this is logic where TSD is the total of all
pairwise distances while BLSD, TRSD and WSD are
depending on any fixed location. This exact partition is used
for comparison of several mean and median values. A
simulation study is conducted to obtain the critical values for
the ratios of mean BLSD to mean WSD and mean TRSD to
mean WSD based on normal distribution. Two ANOMD
graphs are proposed based on BLSD and WSD. However,
two tests for means and medians are proposed under the
assumption of normal distribution. The effect size measures
are suggested under ANOMD. These measures are shown
that the percentage of explained variation based on ANOMD
is more than the percentage of explained variation based on
ANOVA.

Representation of GMD as a weighted average is
presented in Section 2. The partitions of TSD into exact
BLSD and exact WSD are derived in Section 3. The critical
values for ratios are obtained in Section 4. Two graphs are
proposed in Section 5. ANOMD tests for mean and median

with effect sizes are studied in Section 6. Section 7 is devoted
to conclusion.

2. Representation of GMD as a
Weighted Average

Let ¥3,Y;,...,Y, be a random sample from a continuous
distribution with, density function f(y), quantile function
y(F)=F'y)=Q(F) , O0<F<1 , cumulative
distribution function F(y) = F and Y;.,,...,Y,., the order
statistics. There is a relationship between the second
L-moment and GMD where the second L-moment is a half
GMD, therefore

1
Ay = EE(YZ:Z - Y1)

Hence,
A=E(Yy; —Y1:2)
From [9] and [10] this can be estimated as

n

2 O, _12@i-n-1)
6= m;@l -n-1Y, = nz—(n— D Yin

i=1

3. Exact GMD Partitions about Mean and Median

Assume there are G different groups (treatments) with individuals in each group y,,, with block b =1,2,...,B, and
n = BG. Let y,, — ¥ is the total deviation (¥ = X5 X ¥4, /1), ¥, — ¥ is the deviation of group mean (¥, = Y51 ¥py/B)
around total mean, y, — ¥y is the deviation of block mean (y, = Zgzl Ybg/G) around total mean and y,; — ¥, — Y, + Y is

the error or within.
The sample GMD is

n

1 22i—n-—-1
piyaCiony

n

i=1

(n—-1)

This can be rewritten without order and taking the rank of y as

5=
n

This is a weighted average form where

1% 2(2rank(y) —n—1) 1%
(-1 nL,

_ 2(Zrank(y) —n—-1)

i

Note that,

(n-1

n
Zwi =0
i=1

Therefore, the total sum of differences (TSD) is considered as

n
TSD = Z w;Y;
i=1

This is the most important equation to obtain the exact analysis of total differences as follows.

Theorem 1

In a randomized complete block design the total sum of differences about mean is partitions as
TSD = BLSD + TRSD + WSD
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where
G B
TSD = Z Z Wiy (Yog — ),
g=1b=1
G B
BLSD = Z Z wyy (Y, = 1)
g=1b=1
G B
TRSD = Z Z wy, (Y, —7)
g=1b=1
G B
WSD = Zzwbg(ybg v, -Y,+7)
g=1b=1
and
_ 2(2rank(yp,) —n—1)
Who = (-1
Proof:

Where ) w = 0, the total sum of differences is

n n
TSD =Zwm =Zwi(YL- -7

and Y and taklng the summation over both g and b then

G B
TSD=Zzwbg(ybg—7b+7b—7g+@—?+ -7)
g=1i=1

By adding and subtracting Y,, ¥,

=~

Therefore,

Theorem 2

In a randomized complete block design the total sum of differences about median is partitions as

TSD = BLSD + BSD + WSD
where

g=1b=1
G B
BLSD = Z Z wyg (¥, = 7),
g=1b=1
G B
TRSD = Z Z wy, (7, - 7)
g=1b=1
G B
WSD = Z Z Wiy (Yog =V — ¥, +7)
g=1b=1

Proof: same as mean.
Comparison with ANOVA

The analysis of variance (ANOVA) for a randomized complete block design is

G G G
iwbg(ng _Y)=Ziwbg (‘_’b—’_’)"’ZZB:ng (% -7)+ Zi Wag (Yog =¥ =
1 g=1b=1

Yy +7)

113
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Z -7)? + ZZ(Yg Y) +ZZ(ng +Y)

G
g=1 1b=1 g=1b=

G B
2.2l -
g=1b=1

See; for example, [12].
The analysis of Gini’s mean difference (ANOMD) for a randomized complete block design is

G B G B G B G B
ZZng(ng —7) = ZZng (Yb —}_/) +ZZng (Yg —)7) +ZZng(ng _Yb —Yg +}7)
g=1b=1 g=1b=1 g=1b=1 g=1b=1

Note that:

1. ANOMD replaces the square in ANOVA by weights and that ensures stability in statistical inferences.
2. ANOMD can be extended to any measure of location (median) easily where TSD does not depend on any fixed location
and this is logic where TSD is the sum of all pairwise distances.

Ilustrative example

To have an idea on how the method work. Table 1 shows TSD partition for a hypothetical data. Note that, TSA = 39.5,
BLSD =9, TRSD = 14 and WSD = 16.5 and the total is 39.5 that gives exact partitions.

Table 1. TSD partition into BLSD, TRSD and WSD for a hypothetical data

y woowy  w@-) w(7, =) w(y =3, =¥ +7)
Group 1

5 -1.5 -1.5 1 0.5 3.5

12 1.5 18 3 -0.5 3

7 -0.5 -3.5 0.67 0.17 -0.17
Group 2

15 2 30 -1.33 2.53 9.33

10 1 10 2 2.67 -3.00

8 0 0 0 0 0
Group 3

3 -2 -6 1.33 4.67 4.67

9 0.5 4.5 1 -1.17 0.50

6 -1 -6 1.33 2.33 -1.33

Total 39.5 9 14 16.5

3.1. Divisors and ANOMD Tables

ANOMD is introduced and used to test for population means and medians under the following assumptions.

1. The observations are random and independent samples from the populations.

2. The distributions of the populations from which the samples are selected are normal.

3. The A’s of the distributions in the populations are equals.

A simulation study is conducted to compute the suitable divisors for scaled BLSD, TRSD and WSD using the following
steps:

1. For selected design simulate data from normal distribution using a very large number N.

2. Compute BLSD /A, TRSD/A, and WSD /A for each G and B.
3. Compute the average for each one.
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Table 2. Simulated averages for BLSD /A, TRSD /A and WSD /A with different values of G and B from normal distribution and the number of
replications is 10000

3 5 7 10 3 5 7 10 3 5 7 10
B BL TR w
for mean
5 4166 411 4.08  4.07 215 415 6.18 9.24 845 1645 2450 36.54
10 9230 919 9.07  9.03 205 409 6.11 9.11 18.50 36.60 54.68 81.75

15 1411 14.15 14.08 14.02 2.06 4.08 6.05 9.06 28.57 56.80 84.76 126.7
20 1930 1920 19.11 19.12 198 4.05 6.02 9.07 3852 7688 1148 171.5
30 2937 2917 2912 29.09 2.05 401 6.02 8.99 58.72 116.8 174.8 261.8
50 4940 49.12 49.13 49.07 203 399 6.02 8.99 98.70 197.0 294.8 441.6

100 99.34  99.12  99.15 99.11 201 401 595 9.02 198.7 3972 5945 892.1
for median

5 448 450 448 447 227 447 661 9.82 822 16.01 2390 35.73
10 989 982 991 9.90 223 439 6.60 9.85 17.96 3576 53.53 80.27
15 1520 1531 1533 153 225 441 662 992 27.55 5530 83.12 1247
20 2031 2055 20.72 208 228 441 657 992 3741 7480 1125 169.3
30 30.88 31.36 31.54 31.6 220 442 6.60 994 56.99 1142 1719 2584
50 5179 5278 53.18 534 222 443 6.60 9.96 95.74 1927 2902 436.4
100 104.7 1064 106.7 106.9 220 451 6.60 9.96 193.0 389.1 586.1 8822

From the simulation results in Table 2, the proposed ANOMD table about mean is summarized in Table 3.

Table 3. Summary of ANOMD table for mean

Variation  Sum of absolute Divisor MD estimate R
Block BLSD 1 BLSD MBL
=~ — — = — R, = ——
dl=(B-1)+ G MBL a1 1= W
Treatment TRSD 1 TRSD MTR
= (G — = =—— Ry=——
d2=(G-1)+ B MTR a2 2= W
Within WSD G+B WSD
d3=B-1(G-1)+ CB MW:W

Total TSD

Also, from the simulation results in Table 2, the proposed ANOMD table about median is summarized in Table 4.

Table 4. Summary of ANOMD table for median

Variation ~ Sum of absolute Divisor MD estimate R
Block BLSD dl = 1.05B - 0.5 BLSD MBL
BL=—31 3T Mw
Treatment TRSD d2=11(G-1) TRSD MTR
MTR=—d2 R4=—MW
Within WSD d3=(B-1)(G~-1)-.0ln WwSD
MW ="33"

Total TSA
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4. Simulation Approach for Critical Values

The following steps are used to obtain the critical values:

1. For any given design simulate data from normal distribution using large number N.
2. Compute R for each N.
3. Use quantile function in software R to obtain the required quantile for R.

Table 5. Simulated critical values for R; and R, using normal distribution for different B and G and the number of replications is 10000

1—a=095
G 3 4 5 8 10 3 4 5 8 10
B Ry R,
10 254 224 215 204 201 361 293 268 216 2.00
15 210 195 187 179 176 337 280 257 214 198
20 186 178 174 165 1.65 330 279 250 206 195
25 173 169 161 158 1.56 327 271 247 215 193
30 165 160 156 153 151 310 269 245 212 193
50 147 145 142 139 137 309 267 242 205 192
100 133 130 129 127 126 309 264 240 204 1.89

1—a=099
10 373 320 303 272 269 628 468 399 3.08 265
15 295 257 241 230 224 551 425 363 285 258
20 241 228 215 202 201 517 412 353 279 256
25 218 208 200 189 186 510 409 350 274 251
30 203 195 18 181 178 495 405 350 274 251
50 174 171 162 158 156 480 395 348 272 250
100 150 145 143 140 140 480 382 347 272 238

Table 6. Simulated critical values for R; and R, using normal distribution for different B and G and the number of replications is 10000

1—a =095
3 4 5 8 10 3 4 5 8 10
B R, R,
10 254 217 215 201 196 3.95 318 280 220 2.04
15 209 1.89 18 176 175 378 304 272 223 203
20 187 177 174 164 163 349 296 268 218 201
25 176 161 165 157 155 346 292 264 216 198
30 168 158 157 151 150 339 284 262 215 198
50 150 145 143 138 137 337 283 257 214 197
100 133 131 130 127 127 326 277 251 211 197
1—a =099
10 402 307 297 267 259 717 490 435 3.02 278
15 296 249 247 221 218 6.51 482 418 301 2.69
20 248 224 220 203 199 573 452 379 298 2.66
25 227 202 201 191 187 564 443 376 290 265
30 209 191 189 1.82 1.79 532 423 375 286 259
50 179 171 167 159 157 516 422 370 283 256

100 1.51 145 144 141 140 5.14 421 358 278 254
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Tables 5 and 6 give the simulated critical values for Ry, R,, R3; and R, based on normal distribution for different values
of B and G.

5. Graphic Presentation

5.1. ANOMD General Plot

This plot is for all groups to detect shifts in means or medians. The X — axis contains the index of the groups and the
Y —axis contains the heights for the sum of hy =w(y, —%)/(((g— 1)), and h, =w(y -y, =¥, +3)/
((b —1)(g — 1)A) for each group. Note that mean is used as an example. Separate curves are drawn for sum of h; and h,.
The points on each curve are connected by lines. This graph should reflect the heights, shifts, and patterns among all groups.

5.2. ANOMAD Individual Plot

This plot is for each group to detect shifts inside the group. The X — axis contains the index of the data for each group
(1,2,..,n5,9 =12,..,G) and the Y —axis contains the heights, h3 =w(y, —¥)/((g — 1DA) and hy, =w(y — ¥,
=y, +¥)/((b—1)(g — 1))A for each value. Separate curves are drawn hz and h,. The points on each curve are
connected by lines. This graph should reflect the heights, shifts and patterns in each group.

Figures 1, 2 and 3 show that:

1. When means or medians are equals the two lines will be near from each other and most likely that there will be
interference among them or the treatment line may be down the within line; see, Figures 1 and 2 a0. In this case it will
not be clear pattern in each group and the heights will be almost the same for on each group; see, Figures 1 and 2 al, a2
and a3. This may be indicating a strong evidence for no shifts in means or medians.

2. When mean(s) or median(s) are not equals the treatment line will start to go up until it may be separated from the within
line; see, Figure 3 a0. In this case it will be clear pattern in group(s) with clear different gaps or heights; see, Figure 3 al,
a2 and a3. It is clear that the second group has a different pattern from others. This may give a strong evidence for shift
(s) in mean(s) or median(s).

a0 a1l
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L] 2 o
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- S
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Figure 1. ANOMD plot for simulated data from N(10,1): (a0) all groups and (al), (a2) and (a3) for each group and G = 3, n = 60. Red line is treatment
and blue line is within
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Figure 2. ANOMD plot for simulated four groups N(10,1) and one group N(10.5,1): (a0) all groups and (al), (a2), and (a3) for each group and G = 3,
n = 20. Red line is treatment and blue line is within
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Figure 3. ANOMD plot for simulated four groups N(10,1) and one group N(12,1): (a0) all groups and (al), (a2), and (a3) for each group and G = 3,
n = 60. Red line is treatment and blue line is within

6. Test for Mean and Median

For mean the null hypothesis H, is that
Blocks



Treatments
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Ho:tpy = po = 13

For median the null hypothesis is that

Blocks

Treatments

Hoipy =ty = 13
HO:V]_ =V2 = V3
HO:V1 =V, =V3

119

= Up

= Ug

Vp

Ve

Fresh & fun is a food chain with three outlets; see, [12]. The owner is interested in testing the average service quality at the
three outlets. Fourteen people are selected and they asked to eat at each of the three outlets. The order of visits to the three
outlets was randomized, but each customer visited each outlet one time. After each visit, each customer rated the service on a
scale of 1 to 100. The data is given in Table 7.

To test for the assumption of normal distribution, the function shapiro.test() in R-software is used. Table 7 gives the sample
data with means, medians, MD and Shapiro-wilk test for normal distribution. The results for the three groups are given in
Table 7 where p-values more than 0.01, 0.05 and 0.10, therefore, the assumption of normal cannot be rejected. Because the
maximum MD to minimum MD is 1.4, the assumption of homogeneity of A’s may not be rejected.

Table 7. Service quality score for three outlets and normal test

Customer

1

~

RN Y

10
11
12
13
14
Means

Med.

Outlets

01 02 O3  Means Med.
830 647 630 70233 647
743 840 786  789.67 786
652 747 730  709.67 730
885 639 617 713.67 639
814 943 632 796.33 814
733 916 410 686.33 733
770 923 727  806.67 770
829 903 726  819.33 829
847 760 648  751.67 760
878 856 668  800.67 856
728 878 670  758.67 728
693 990 825  836.00 825
807 871 564  747.33 807
901 980 719  866.67 901

793.57 849.5 668 770.36

810.5 8745 669 765

Shapiro-Wilk test

p-value )
(0] 0.73 89.18
02 0.15 128.12
03 0.27 112.28

From Table 8, since R; = 0.81 < 2.25 the null hypothesis could not be reject, .i.e., blocking is not effective while
R, = 13.06 > 3.44, therefore, the outlets are different in averages.

Table 8. ANOMD for testing means for quality service

Variation  Sum of absolute  Divisor ~MD estimate R qSimg o5
Block 982.68 13.33 73.72 0.81 2.15
Treatment 2455.599 2.07 1186.28 13.06 3.44
Within 2398.059 26.40 90.83
Total 5836.341

*This value from simulation study
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Figure 4. ANOMD plots for the service quality data for three outlets

Figure 4 shows that

1. Most of the points of treatment line are above the within line with a big gap. This might give a visual evidence of shift in
average; see, Figure 4 a0.

2. The first group is stable while the second and third groups have big shifts. The second group has pattern near from third
group but the gaps or heights are much more than the other groups. This may indicate that the third group is different
from others; see, Figure 4 al, a2 and a3.

Table 9. ANOMD for testing medians for quality service

Variation  Sum of absolute  Divisor ~MD estimate R qSimg o5
Block 1270 14.347 88.52 1.26 2.14
Treatment 2778.098 2.200 1262.77 18.06 3.79
Within 1788.244 25.58 69.91
Total 5836.341

*This value from simulation

Table 9 shows that the block is not significance while the treatment is significance for testing medians.
The ANOVA table for the above data is given in Table 10.

Table 10. ANOVA for quality service data

Variation SS df MS F-ratio  critical
Block 116605.0 13 8969.6 0.91 2.15
Treatment 241912.7 2 120956.4 12.28 3.40
Within 2561239 26 98509
Total 614641.6
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6.1. Effect Sizes

Effect sizes (ES) provide another measure of the magnitude of the difference expressed in standard variation units in the
original measurement. Thus, with the test of statistical significance and the interpretation of the effect size (ES), the
researcher can address issues of both statistical significance and practical importance. The most direct one is

2 _ SSeffect
SSTotal

where SS is the sum of squares. n?

measures the proportion of the variation in Y that is associated with membership of the

different groups defined by X. n? is an uncorrected effect size estimate that estimates the amount of variance explained
based on the sample, and not based on the entire population. w? has been suggested to correct for this bias as

2 _ dfeffect (Mseffect - MSerror)

SSTotal + MSerro‘r

See; for example, [13], [14], [15], [16] and [17].
These two measures could be extended to ANOMD as

and

Divisoreffect (MSDeffect - MSDerror)

Wyp =

SDTatal + MSDerro‘r

Where 1y, measures the proportion of mean differences in Y that is associated with membership of the different groups
defined by X. For the above data, Table 11 gives the computations of these measures.

Table 11. The effect sizes for ANOMD and ANOVA tests

Using mean Using median ANVOA
Nmp Wymp Nmp Wmp n w
Block 0.17 0.04° 0.22 0.05 0.19 0.02°
Treatment 0.44 0.38 0.48 0.44 0.39 0.35

Note that: *absolute value

From Table 11, it is interesting to note that the percentage
of explained variation using ANOMD for treatment is 44%
(n) and 38% (w) while the percentage of explained variation
using ANOVA for treatment is 39% and 35%, respectively.

7. Conclusions

The ANOMD for a randomized complete block was
derived by partition the total sum of differences into exact
between sum of differences and exact within sum of
differences. It had been shown that the TSD had been
expressed as a linear combination of the data instead of
square.

The ANOMD had important information about the shifts
in means and medians that studied by finding the ratios R,
R,, R3 and R, and tested for equal means or medians. Also,
it offered a very effective way to find out the shifts in means
and medians graphically. Actually, the graph is a very strong
point if one can obtain the right conclusion from it. Two
effect size measures are extended to ANOMD. These
measures are showed that the percentage of explained
variation based on ANOMD is more than the percentage of
explained variation based on ANOVA.

Also, it is shown that the TSD had not depended on any
fixed location and this may make basis for comparisons
between more than location measures.
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