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Abstract

In this paper, we will study the Approximate controllability of fractional stochastic integro-differential

equations which is derived by mixed type of fractional Brownian motion with Hurst parameter H >% and wiener process in
real separable Hilbert space. An example was stated as a application of our result.
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1. Introduction

The purpose of this paper is to prove the existence and
approximate controllability of mild solution for the class of
fractional stochastic integro-differential equations driven by

mixed type of fractional Brownian motion with Hurst H >§

and wiener process. The following form is the system under
our consideration,

LDE x(t) = Ax(t) + Bu(t)+F(tx(t),f; h(t,s,x(s))ds)

dwl!
+G(t,x(t))%+ o(t)% te [0,T] (1)
LDa_lx(t)h:O = Xp

where LD(”;), %< a < 1 the Riemann-Liouville fractional

derivative of order a. A: Dom(A) € X —X is the
infinitesimal generator of strongly continuous compact
semi group of bounded linear operators S(t), t= 0 in X. x(.)
takes the value in the real separable Hilbert space X such that
for each t €[0,T] , x() €C([0,T]; L*(Q X))
= C([0,T]; L> (QF,P); X) the banach space of all
continuous functions from [0,T] in toL2(Q, X) satisfying the
condition sup,epor Ellx(8)II* < oo and L*(Q,X) is a
banach space of all F-measurable square integrable random
variables with values in Hilbert space X equipped with the
sup norm

1
lixlle = Csup Ellx(@®I1*)?
te[0,T]
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Xy IS FO —measurable X- valued random variable
independent of W and W#,

u (.) € L?F ([0,T]; U) is the space of the Ft — adapted ,
U-valued measurable process u(t) on [0,T] such that
EfOTllu(t)ll2 dt < oo ,with norm ||.||;, where U is a real
separable Hilbert space. B is the linear bounded operator
from U into X such that there exists constant Lg >
0, 1Bull < Lgllully.

wH= { W), t € [0,T] } is a Q-fractional Brownian
motion with Hurst index He (%,1) defined in a complete
probability space (Q.F,{Ft};>y, P) with values in a Hilbert
space Y.

W={ Wy ,t€[0,T]} isaQ-lwiener process defined on
(Q,F,{Ft};> ,P) with values in a Hilbert space K.

F: [0,T] xX xX — X, h: [0,T]x[0,T] x X — X and

G: [0,T] x X —L,(K;X) are continuous functions and
uniformly bounded .o: [0, T] — L3(Y; X) is a deterministic
function the processes W and W# are independent.

In the past few decades, the theory of fractional partial
differential equations in both types deterministic and
stochastic, have received a great deal of attention and play an
important role in many applied scientific fields.

The deterministic models often affected due to fractal
noise, which is random or at least appears to be so. Therefore,
the study of stochastic systems are more applicable in
dynamical system theory.

Random phenomena exist everywhere in the real world.
Systems are often.

Subjected to random perturbations. The existence of
solution for some classes of Stochastic equations driven by
fractional Brownian motion have been investigated by many
authors, see, for example [4], [9], [19].

The controllability of stochastic differential equations in
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infinite dimensional spaces have been investigated by many

authors [6], [7], [8], [11], [12]. In recent years, sakthivel [15]

derived a set of sufficient conditions for approximate
controllability of nonlinear impulsive stochastic differential
equations in a real separable Hilbert space by using the
stochastic analysis theory and a fixed point. Zang and Li [20]
studied the approximate controllability of fractional
impulsive neutral stochastic differential equations with
non-local conditions and infinite delay in Hilbert space.
Guendouzi [18] studies the approximate controllability result
of a class of dynamic control systems described by nonlinear
fractional stochastic functional differential equations in
Hilbert.

Space driven by a fractional Brownian motion with Hurst
parameter H > 1/2 by using the theory of fractional calculus
and a fixed point theorm. Hamdy [5] studied the approximate
controllability for impulsive neutral stochastic functional
differential equations with finite delay and fractional
Brownian motion in a Hilbert space by using semigroup
theory, stochastic analysis, and Banach’s fixed point
theorem.

In this paper we will study the approximate controllability
of nonlinear stochastic system. More precisely, we shall
formulate and prove sufficient conditions for the
Approximate controllability of fractional stochastic
integro-differential equations driven by mixed type of
fractional Brownian motion with Hurst H >% and wiener

process in Hilbert space.

The rest of this paper is organized as follows, in section 2,
we will introduced some concepts, definitions and some
lemmas of fractional stochastic calculus which are useful for
us here. In section 3, we will prove our main result. Finally in
section 4, as an application, an example will be stated in
details.

2. Preliminaries

In this section, we introduce some notations and
preliminary results, needed to establish our results.
Throughout this paper, let X, Y, K be real separable Hilbert
spaces and (Q, &{&}:>0, P) be a complete probability space
with natural filtration {&£},>(5 the o — algebra generated
by therandom variables { W(Z), W ,s €[0,t]} and the
P-null set). We denote by L (K; X) the space of all bounded
linear operators from K to X and L(Y; X) denote the space of
all bounded linear operators from Y to X.

For convenience we will use the same notation ||.|| to
denote the norms in K, Y, X,L (K;X), L(Y;X) and use (.,.) to
the inner product of K, Y, X.

Definition (2.1) [1]:

A standard fractional Brownian motion with Hurst index
H e(0,1) is a Gaussian process B"'= { B(Ht), t eR}on (2 F,
P) having the properties

i. By, =0

ii. E Bg) =0 forallteR

1

iii. E(B(1)B(k) = PG I
seR

IfH= % Then the increments of B" are non-correlated,

and consequently independent. So B" is a standard Wiener
Process which we denote further by B.

-IfHe (% , 1) then the increments are positively correlated

|t — s|*) Fort,

-IfHe (0, %) then the increments are negative correlated
Moreover, B has the integral representation

t
By = [, Ku(t,s) dB,

Where B is a standard Wiener process and the kernel
Ky (t, s) defined as

14t y3 yL
Ky (t,s) = cH sz j(u—s) 2u" "z du
S
and
0K (t.s) = cH (t)
ar T

2

H(2H-1) > s

o= [y
in the case H= % we shall use Ito Isometry

T 2 T .o
E|fy f0)dB®)] =E[f; FPtw)dt] @)
for every f € V[0,T] the class of functions such that f(t,w) =
[0,T] xQ—>R and f is measurable, & t- adapted and
ELy f(t@)?dt] < oo

Suppose H>%, We denote by the set of step functions on [0,
T]

The integral of ® <[] with respect to a standard fractional
Brownian motion will be defined by,

fOch(t)dBﬁ = Yhaiax(Bil, — Bil), Where a R,
0:t1<t2 <. <th+1 =T

NOW, Let d'be the Hilbert space defined as the closure of
[ with respect to the scalar product

<104 s> = Ru(t, s) = E(B{'B{")

The mapping 1pq— {BH(t), t & [0,T] } can be extended
to an isometry between H and SpanLZ(Q) {BH(t),t€[0,T] }.
Let |H| be the Banach space of measurable functions ' on
[0, T], such that

P12 =f) fi D)D) It — 512072 dsdt< o
Lemma (2-1) [9]

1
L2([0,T]) < L7 ([0,T]) = |3%|cK and for any
®el?([0,T]) we have
@117 5 2H T [0 (s)lds

Now Suppose that there exists a complete orthonormal
system {e,}v_; in Y. Let Q €L (Y,Y) be the operator
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defined by Qe, =A,e, where A, > 0 (n=1,2,...
non-negative real numbers .With finite trace.

Tr Q = Y1 1,<o0. Analogically to Wiener processes in
a Hilbert space, we defined A fractional Brwnian Motion on
Y by using covariance operator Q as

wly = W o = ZpoiA, e,BY ;) Where BY ., are
standard fractional Brownian motions mutually independent
on (Q, § ,P).

In order to defined stochastic integral with respect to the
Q-fractional Brownian motion.

We introduce the space LY (Y, X) of all Q-Hilbert-
Schmidt operators that is with the inner product(cb,(p)L% =

Y (Pe,, pey,) is a separable Hilbert space. L2(K;X) the
space of all Hilbert-Schmidt operators acting between K and
X equipped with the Hilbert-Schmidt norm ||. ||...

Lemma (2-2)
Let {@(t)}¢ejo,r) be a deterministic function with values

in LY (Y,X) The stochastic integral of @ with respect to
WH is defined by

f ¢(S)dW(S) - Zn 1 f \/_Cb(s)en dBn )
= T2 fy A (K (@e,)() dBrsy  (3)
Lemma (2-3) [9]

If ¢: [0, b] — L3(Y,X) satisfies fOTll(p(s)lligds<oo
then the above sum in (3) is well defined as an X-valued
random variable and we have

2
E s e@awd||” <20 21 [llo)Iy ds @)

Definition (2-2) [15]:- The fractional integral of order «

with the lower limit O for a function f is defined as:
t (s)

1% f(t) = o fo o) ds >0, a >0 Where I'is

a gamma function.

Definition (2-3) [15]:- The Riemann - Liouvill derivative
of order a with lower zero for a function f can be written

as:
Lna _ 1 dn ()
b () = I'(n—a) dtn fO (t—s)a+i-n

Definition (2-4) [15]:- The Laplace transform of the
Riemann-Liouville fractional integral gives

J{DE fOI=A* L (f(t) W)-Zp2d [ DET1 £(£)]i=0)

.) are

t>0n—-1<a<n

)
Where n-1<a<n.
Definition  (2-5) An  X-valued process  X(t)

€ C([0,T]; L2(, X)) is called a mild solution of the
stochastic integro-differential equation with mixed type of
Brownian motion which is Wand W ”are independent in (1)
If
x(t) =580 Ly + _I'[;.S'E{r —5) (t —5)" 'Ru(s)ds +
_|'Lf.5n,[r —5) (t— 5)% YF(5x(s), _I': h(s.r. x(r))dr )ds +
I3 54t — ) (= 5)° L 6(s.2()) d Wiy + [} Salt —) (£ —
)" ta(=)dw foralltzs (5)

where

[oe]

S, ()x = j arM, (T (t*r)xdr forx€X
0
(—1kzk
M, (2) = Xk- =0 ki r(—a(a+1)+1)
Where 1>a >0 z€

Lemma (2-4):- If {S(t),t = 0} is a strongly continuous
compact semigroup of bounded linear operators in X, then
The operator S, (t) have the following properties:

is a Mainardi's function

(i) For any fixed t=0, S, (t) is a linear and bounded
operator, i.e,

| Sa@x | < Mge“™ Il (6)

(i) {S,(¢),t = 0} is a strongly continuous, which mean
that for every x € X and 0 <tl <t2<T, we have

[1Sq (t2)x — So (t)x|l = 0 if ;> t,
(iii) For every t > 0, S, (t) is compact operator.

Forany x € X,

Proof: The proof of this lemma similar to the proof of the
Lemma 3.2 (see [21]).

In order to study the approximate controllability for
fractional stochastic control system (1) we introduce the
following linear fractional differential system corresponding
to system (1)

'Dfyx(t) = Ax(t) + Bu(t) te [0,T]
()
D 1x(t)|= = xo Where %< a<1

Definition (2-6)

The set R (T,x0) = {(T;Xo,u): u eL?( [0,T]; U)} (where
X(T;Xo,u) the state value of the system (1) at time terminal
time T corresponding to the control u and the initial value x0)
is called the reachable set of system(1) at terminal time T.
The closure of R (T, X) in the space L?(Q, X) is denoted by
R (T, Xo).

Definition (2-7) The system (1) is said to be
approximately controllability on [0,T] if the reachable set ®
(T.Xo) is dense in the space L?(Q, X) this mean that

R (Tx0).= 2(0,X).

Lemma (2-5) [12] The linear fractional deterministic
system (2.9) is approximately controllable on [0, T] iff the
operator € R(¢,I'T) » 0as e » 0% for all 0<s < T and
Moreover |leR(e,TT)| < 1.

Lemma (2-6) For any xr € L?(Q, §;X) there exists

0 € L2(0; L2([0, TL; L3 (Y, X)) and
G € L2(@; 12([0, T]; L, (K; X))) Such that
Xt = Exp + foT G(s)dWs) + foT (p(s)dwg) ®)

We Define the operator £§: L2([0,T]; U) - L?(Q,8r, X))
as

ffu= f So (T —s) (T —s)* 'Bu(s)ds 9)
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Itis clear that £ u is bounded if - < @ < 1, The adjoint and the controllability operator Iy associated with(7) as

operator rr= fOT(T —)*7 1S, (T —t) BB*S;(T —t)dt  (11)

T\*.12 2 . T; H
(£0) :L°(Q.&F X) — L*([0,T;U) OF £yis defined by ¢jeariy that the operators -5 , [T% .I” are linear bounded.

(&5)x=B*S;(T — t) E{x| &} for x € L2(Q, & X) For any e> 0 and 0 < s <r<T we defined the
Now to defined the controllability operator operator

[15: L2(Q, FT,X)— L2(Q, FT, X) associated with (1) as R, MM = (el +T1H)
I = LI The relationship between controllability operator I'; and

Ty = (T = ©%15,(T — ) BB* S3(T — )E{. | F t}dt (10) IT5 1s (see [7], [12])

[T} x=T§Ex+ [, ITG(s)dW, + f, TT(s)dw(}, (12)
R(e,I15) x = R(e,THEx + fot R(e,THG(s)dW(, + fOT p(s)awd (13)

Definition (2-8) for any e >0 and any xT € L?(Q, FT, X) the stochastic control function of the system (2.1) in the following
form:

ue(t, X) = B*S;(T - t) R(e , Fg)(EXT — S, (T)(T)a—lxo)
+ B'Se(T—1) (fot R(e, THG(s)dW(,) + fot R(e, TN@(s)dwl,

- f R(e, NS, (T —s) (T —s)* L F(s, x(s),fsh(s, r,x(r))dr )ds
0
0

t

- f R(e,TT) S, (T —s) (T —s)* 7 G(s,x(s))d W,
0

— [T R(e,TT) S (T = $)(T — 5)* Lo(s)dW{!)) (14)

3. Main Result of the Approximate Controllability

In this section, we will formulate the sufficient conditions and prove the result for the approximate controllability of
nonlinear fractional stochastic system (1). For this purpose, firstly, we will prove the existence and uniqueness of solution by
using the contraction mapping principle. Secondly, we shall prove in theorem 3.2, that the system in (1) is approximate
controllability under certain assumptions. Now, assume that,

(H1): for % < a <1 The operator S, (t),t = 0 is compact and satisfies

IS, Ol < Mge®" M, >1,0>0

(H2) The linear fractional differential system (7) is approximately controllable on [0,T].
(H3) The function G: [0,T] xX — L2(K;X) satisfies the following properties

(i) supepmE IGE0IZ, < oo
(i) ENGt, )7, < NE (1 +|Ix|I*) forx € L*(Q,X)
(iii) G is Lipschitz condition for allxy € L*>(Q,X) and t e [0,T]
there exists Kz > Osuch that E||G(t,x) — G(t, )|}, < K;Ellx — y||?
(H4) The function o [0,T] - LY(Y; X)satisfies |, || a(9)lIfyds < oo for every t €[0, T]
(H5) There exists a positive constant K;> such that
fOtE||h(t, s,x) — h(t,,s,y)||?ds < K5 E|lx — y||? forallx,y € X and t,s € [0, T]
(H6)The function F(t,x(t),fot h(t, s, x(s))ds )is a continuous and satisfies the usual growth condition
2 7
E||Fetx fy hit s, 0ds)|| < CE @+ 11x1%)

and Lipchitz condition: there exist constant K, forx,y € X
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2
E”F(t, %, [ h(t,s,x)ds ) — F(t,, [} ht,s,y)ds) || <K, Ellx — ylI?

Lemma 3-1
There exists positive real constants C* and C such that, for all x, y € €([0,T]; X) and t € [0,T]
(i) Ellus (6,00 —us(t MI? < S [ Ellx(s) — y(s)|2ds (15)
(i) Eluc &0l < 5 1+ f Ellx(s)]? ds) (16)
Proof

i.Letx,y € C([0,T]; X) and T >0 be a fixed from (14) we have
Elluc(t,x) —u(t, YII> < 2E | B*S;(T —t) fOtR(e 1) S (T = 5) (T —5)*1

[F(s,x(s),f h(s,7,x(r))dr) — F(s,y(s),f h(s,7,y())dr))ds | ?
0 0
+2E | B*S;(T = t) [y R(€,TT) S4(T — 5) (T — 5)*71

2
[G(s,x(5)) — G(s,y(s))] d W |
By using the Holdefs inequality, lemma 2.4, 1to isomery theorem and from lemma 2.3 we obtain

Elluc (6, %) — us (6 VIP < 242 M, *etoT 7201
UL E || Fes,x(s),h(s,m,x()dr) = F(s, y(s), [ h(s,m,y(@)dr) | “ds

2
+f0tE||G(s,x(s)) -G(s,y()) | d s)
So, from the assumptions of data, we obtain
Ellus (&%) —us (&, MI? < 5 fy Ellx(s) — y(s)lIPds

Where C*= 2L3M,*e**T T2 1(K,+K,)
Since the proof of the second inequality can be verified in a similar manner. The proof is completed.

Theorem (2-1)
Assume that the conditions (H1) — (H6) are satisfied, then the system (1) has a mild solution on [0, T].
Proof: For any € > 0, define the operator #eon C([0, T]; L?(,X)) by

(@ex)(t) = S (DO xg + f Se(t—5) (t—8)* 1Buc (s, x)ds
+ fot S (t—s)(t— s)"“lF(s,x(s),foS h(s, 1, x(r))dr )ds
+ Jy Salt—3) (£ = )1 G(5,%(s))d W)
+ fy Sult—5) (t = )" Lo(s)dW(l (17)

It will be shown that the system (1) is approximately controllable if for all € > 0, There exists a fixed point of operator Pe.
To prove this result, we use the contraction mapping principle.
The proof of the theorem is long and technical, therefore it is convenient to divide it in to three steps.

Step 1
To prove for any x € C( [0, T]; L?(Q, X)), (Pex)(t) is continuous on [0,T] in L?(€, X)) — sense .
Let t;, t,€[0,T] such that t;< t,. Then for any fixed x € C( [0, T]; L2(Q, X)) we have
2
E{|@X)(t2)— @x)(t) |~ <
14 ElISq (t2) ((t2)* 71 = (1) * " Dxol12+14 Ell(Se (t2) — Sa (t1)) (1) 0112

+14E||f0tl So(t; — ) ((t; —s)* T — (t; —s)*™1) Bu(s, x)ds”2

+14E||f0tl(Sa(t2 —8) = So(t; —8))(t; — )%~ Bus(s, X)ds”2

+14E[|[7 5. (&, = 9) (t — ) 1Bus(s,)ds||
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+L4E[| [ 8. (6 — (6 — 991 = (& = 1) F(s,x(5), { h(s, (1)) )ds |
+14E||f0tl(Sa(t2 —8) = So(t; —9))(t; — )%~ F(s,x(s), fos h(s, 1, x(r))dr )ds”2
+14E||f:12 So (ty —s) (t; — s)*1F(s, x(s), fos h(s, r,x(r))dr)ds”2

+L4E]| [ 8. (6 = (6 — 99 = (& = 1) G(5,x())d Wy ||

+14E||f0tl(sa(t2 - S) - Sa (tl - S))(t1 - S)O(_l G(S,X(S))d W(S) 2+

+14E|| [ 54ty = 9) (tz = )1 G(5,%(5))d W) i

+L4E[| [ 8. (6 = (6 — 99 = (& = D) o()aWs ||

+14E|| F(Salts = ) = Sa(ty — )ty — )% o (s)AW, ’

2
+14E|| [ 54(t, = 9) (tz — ) Lo(s)AW())

Now

By using the strong continuity of a semigroup S(t), t = Owith lemma 2.4 we get||S,(t; —s) — S, (t; —s)|| » 0 if t, —
t;— O0and by using Lebesgue$ dominated convergence theorem , we conclude that the right ~hand side of the above
inequality tend to zeroast, —t;— 0 .

Thus we conclude (Pex)(t) is continuous from the right in [0,T).

A similar argument shows that it is also continuous from the left in (0, T].

Thus (X)(t) is continuous on [0,T] in L?(Q, X) — sense .
Step 2

For each e> 0, To show that the operator e maps C( [0, T]; L2(Q,X)) into itself. Let x€ C( [0, T]; L?(Q,X))
Ef@xs <5 sup E[IS, () ()%, |2

+5supE ||f S, (t—s) (t — s)* 1Bus(s, X)ds”

te[0,T]

+5 sup E ”f Sy (t —s) (t —s)*1F(s,x(s), f h(sr, x(r))dr)ds”
te[0,T

+5sup E ||f Sq(t—s) (t—s)* " G(s,x(s))d W,
te[0,T]

by using Haldefs inequality, lemma 2.4, 1to isomery theorem, lemma 2.3 and assumptions H1-H6 we obtain

+ 5 sup E ”f S (t—15s) (t—s)* 1G(S)dW(S)

2 (¢4
E[@ex) | < 5T M2e2™" |Ix, >
m 1)M2 e20M T2 2 (1 + T sup o Ellx(D12)

MZe20 (M T24C(1 + supyo ElIx(D)]?)

(20( 1)

(Za 1)M2 2 (M T2 IN(1 + supyefom Ellx(®1)

MZ Zw(T)aTZ(x 12H TZHC
(20( 1)

From this inequality supyefo.r) Ellx(D)[1>= [Ix[IZ < o0 and [|x,l|& < o
2
We get [|(Pex) | . < co this mean that x € C([0,T]; L*(,X))
Step 3:

In both steps 1 and 2 we showed that the operator (2, x)(t) is a continuous on [0,T] and so ?e maps from
C([0,T]; L2(Q, X)) into C([0,T]; L2(Q,X)).

In this step we will prove the theorem through the Banach fixed point theorem that for each fixed € > 0 the operator Pe
has a unique fixed point in C( [0, T]; L?(Q,X)).
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Now, we will show that 9¢ is a contraction mapping inC( [0, T]; L?(Q, X)).
Letx, y €( [0, T]; L?(9,X)), then for any fixed t € [0,T] we have

E | (9ex)(t) - @ey)(®) | ? < 3E ||f0t So(t—s) (t—s)* 1B[u(s,x) — us(s, y)]ds”2

+3E |74t = 5) (t = ) [F(s,x(s), S h(s, ,x(r))dr) = Fs,y(s), S h(s,r,y(r))dry)ds||
2

#3E || i St =) (= [ 6(5,x(5)) — G(s,y(s))1d W,

Using Holdefs inequality, lemma 2.4, Ito isomery theorem, lemma 2.3, assumptions H1-H6 and the fact that % <a<l1
we obtain

2 o _1C* ot
Ef(9ex)(t) - @ey)(t) | ~ < BLEME2T T2 = [/ supyepos) Ellx(r) — y(@)II* ds
+3M2e2oTT2a-1K  t sup Ellx(s) — y()II?
se|0,t

+ 3M2e20 T T2e-1K ) t 51[1011] Ellx(s) — y(s)|I?
se|0,

Taking the supremum over [0, T] for both sides of the above inequality, we get
2 a * o a
sup E[@x)@) - @y)t) | < (BLEM2e2@ T T2+ S+ 3M2e20T T20K , + 3M2e20T“ T20K, ) sup El|x(t) — y(O)]12
te[0,T] € t€[0,T]
Then,

1PX) - Py) | e < (D) l1x— yIIZ
Where
n(T)=3LiM2e2o T T2+ :—;+ 3Mze2eT* T24K, + 3M2e20 T T20K,
So, there exists 0< T,< T such that 0 <n(T)< 1 and @, is a contraction mapping on C( [0, T;]; L?(€, X)). and therefore has

a unique fixed point, which is a mild solution of equation 2.1 on [0, T,]. This procedure can be repeated in order to extend the
solution to the entire interval [0,T] in finitely many steps. This completes the proof.

Theorem (2-3)

Assume the conditions (H1)-(H6) are satisfied and moreover assume that F and G are uniformly bounded. Then the system
(2.1) is an approximately controllable on [0,T].
Proof for every € > 0, let x. be a fixed point of the operator 9, in C( [0, T]; L2(€, X)). From (17) we have
T

X (T) = S, (T)(T)* xq + f Sy (T —s) (T — s)* 'Buc(s, x.)ds
0

+ [ S (T = 5) (T = $)*7'F(s,xc(), f; h(s, 1, x.(1))dr )ds
+ [7 S (T = 9) (T = )71 G(5,%:(5))d Wes) + f, So(T =) (T —5)* o (s)dW}}) (18)

Using the control function in (14), the stochastic Fubini theorem and the definition of controllability operator in...(11), we
obtain

Xe(T) = xp — €R(e, TH) (Exr — So (T)(T)* o)

T
_ f eR(e, IT)G(s)dW,,)
0

T
- f €R(e, I‘ST)(p(s)dW(‘:)
0
T

+ f €R(e, TS, (T —s) (T —s)* 1 F(s, x.(s), jsh(s, r,x.(r))dr )ds
0

0
T

+f €R(,TT)S, (T — ) (T — 8)* 71 G(s,x:(5))d W)
0
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T
+ f €R(€, TT)So (T — s)(T — 5)* o (s)dW,,

0

Since the functions F and G are uniformly bounded, then, there exists constants D1> 0 and D2 > 0 such that
|IF (s, xc(s), HXE(S)HZ <Dl forany0<s<T

In X. and ||G(s, x.(s))|| < D1 in L2(K :X)
Where Ax, (s):_foS h(s, 1, x.(r))dr
So, the sequences { F(s,x.(s), Ax.(s)} and{ G(s, xE(s))} are bounded in X and L2 (K;X) respectively. Then, there are

subsequences denoted by { F(s, x.(s), Ax.(s)} and { G(s,x.(s))}that converges weakly toF(s) in X and G(s) in L2 (K;X)
respectively.

Now since S, is compact by lemma 2.4 then

So (t = S)F(s, x.(s), fos h(s, 1, x.(r))dr) - S, (t— s)F(s) in X and
Se(t—5) G(5,%.(5)) = Se(t—$)G(s) in L2 (K;X))

On the other hand by the assumption (H2), for all 0< s < T the operator
eR(e,I'T) - 0Strongly as e » 07 and moreover |[e R(e,TT)|| <1
Now

Ellxc(T) — x7lI> < 8E||eR(e, ) (Exy — S (T)(T)*1xo)||”

2

R 2
+8E|| [ €R(e,TTG(s)dW) || + 8E|| [T eR(e, T (s)dWE,

+8E || J, €R(& TS, (T =) (T = $)* [ F(s,x.(s), [ h(s,1,x.(r))dr ) — F(s)]dS”2

T 2
+8E||f0 €R(e, IT)S (T —s) (T — s)“—lF(s)ds”

+8E||f €R(e, TS (T — 5) (T — $)* [G(5,x(5)) — G(s)]d W) :

2
+8E||f €R(e, TSo(T — 5) (T — )™ G(s)d W)

2
+8E | fyf €R(e, TS (T = $)(T — ) o(s)d W,

Using Ito isometry and lemma 2.3 we have
2
Ellxc(T) — x¢lI?> < 8E||eR(e, IT) (Exy — S (T)(T)*x0)||
T PN 2 T
+8 [y E[[eR(e, TG, dWis+ 8 f; ElleR(e, TD@(S)IIy dWE,

+8E|| [ (T = )1 eR(e, TT)S( (T = 5) [F(5,%(5), fj h(s,r,x.(r))dr ) — F (s)]ds||2
+8E|| [ €R(e, TT)S, (T = 5) (T — s)O‘—lF(s)ds”2

+8 [ (T = )2 leR(e, TDIZE[|So (T = (G (5, x(5)) = G(s)] g ds

+8 [ (T = 5)2%72|| eR(e, TS (T = 5)G(S)IIF,

+16H T2 [1(T = 5)2¢72||eR(€, IT)S (T — s)a(s)llg ds

By the Lebesgue dominated convergence theorem, the compactness of S,(t) and e R(¢,I'T) — 0 strongly as € —» 0* for
allo <s <T and moreover
lle R(e, TD|| < 1, we obtain
El|x.(T) —x7]|? > 0 as e » 0F
This gives the approximate controllability.
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Ilustrative Example

In this section we will take the following example as an application to theorem 2.2
Consider the following control system governed by the stochastic fractional partial integro-differential equation,

3
= 62 (t, ) —t
LD{ x(t,2)= ;‘ZZZ +b)u(t) +

ete+e—t cos (x(t, y) + fot cos(ts) x(s, y)ds) +et
+C(t, x(t, z))dW(t) + o(s) dW("t') te[0,T] , ze [0,m]
X (t,0) = x(t, ), t € [0, T] (19)
-1
'D,* x(0,2) = xo(2), z€ [0,7]
To study this system, let X =L2([0, w]; R) {all square integralable functions on [0, w]with values in real numbers R}
U = L2([0, T]; R). Here x,(z) € L2([0,7; R).
F:[0,T] xXxX->X,
FEx®.f; h(t s, x(s))ds) = =

et+e

-t

— COS (X(t, y) + fot cos(ts) x(s, y)ds) +et

Then F is continuous and uniformly bounded function

Define g: [0,T] x X - X by g(tx)(y) = G(t,x(2))
Here g is a continuous and uniformly bounded function.

—t
+e'<D

<

F(t, x(t), J:h(t, s,x(s))ds)

et +et

2
Let A: D(A)c X — X be an operator defend by A © = ?37(; with domain

2
D(A)= { ®€ X: w and ’;—‘: are absolutely continuous, ‘;T';’ eX,n(0)=o (m)=0}

From this, A is well defined that it is infinitesimal generated of compact semi group S(t), t = 0 in X and it is given by S(t)

0=y, et (0, e ey, w € X

A

on

Where e, (z) = \/%sin kz, k=1,2,3,...... ,Z €]0,m], (ex)ken IS @ complete orthonormal basis in X, From this, we have
w = —Yr  n?{w,eg)e, o € X

With the choice of A, F, G and h, (19) can be rewritten as the form of system (1). Thus, under the appropriate assumptions
the functions F, G, h as those in H1 —H6, system (19) is approximately controllable .
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