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Abstract Mathematical models and underlying transmission mechanism of the HIV and HSV-2 can help the scientists
and medical researchers to understand and anticipate their spread in different populations. Present study fitted mathematical
models, which exhibit two equilibrium points, namely, the disease free equilibrium point and the endemic equilibrium point.
It is found that if the basic reproduction number R, < 1, the disease free equilibrium point is locally asymptotically stable
which may not be globally asymptotically stable when Ry < 1. If Ry > 1, the endemic equilibrium exists which is locally
asymptotically stable under some conditions. Numerical simulations suggest that the individual experiencing incident HSV-2
infections are at a risk of HIV acquisition, compared with individuals not infected with HSV-2 or who have prevalent HSV-2
infection. Thus the reduction of the effective contact rate of HSV-2 can reduce the disease burden of co-infection. Controlling
the transfer rate from HIV class to the AIDS class disease elimination is feasible. Controlling the transfer rate from the HSV-2

exposed class to the HSV-2 infected class disease control is also feasible.
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1. Introduction

The name herpes comes from the Greek word "herpein”
means "to creep” [4]. Members of the Herpes viridae family
have been identified in a variety of animals and they all share
certain features, including an ability to establish latency
following primary infection, as well as a potential to
reactivate and cause further disease [4]. Herpes viruses have
large genomes and contain approximately 35 virion genes all
of which encode a number of enzymes involved in nucleic
acid metabolism, DNA syntheses and protein processing-
making them a complex group of viruses [4].

Some herpes viruses known to infect animals, some are
known to establish infection and cause disease in humans.
These human herpes viruses can be divided into three
sub-families: Alpha herpes virinae, Beta herpes virinae and
Gamma herpes virinae. In the Alpha herpes virinae
subfamily are the following: simplex virus (herpes simplex
virus -1 [HSV-1] and 2 [HSV-2]) and varicellovirus
(varicella-zoster virus [VSV]). "Alpha herpes viruses are the
most aggressive” [4]. They will infect a large variety of cell
types and tissues and can reproduce very quickly. They have
been the favourite targets of antiviral-chemotherapy.

Human immunodeficiency virus (HIV) is a lentivirus that
causes acquired immunodeficiency syndrome, a condition in
humans in which progressive failure of the immune system
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allows life-threatening opportunistic infections and cancers
to thrive [6, 11, 13]. Infection with HIV occurs by the
transfer of blood, semen, vaginal fluid, breast milk [4].
Within these bodily fluids, HIV is present as both free virus
particles and virus within infected immune cells. HIV infects
vital cells in the human immune system such as helper T
cells (especially CD4* T cells), macrophages and dendrite
cells. HIV infection leads to low levels of CD41 T cells
through a number of mechanisms including: apoptosis of
uninfected by stance cells, direct viral killing of infected
cells, and Kkilling of infected CD4*T cells by CD8
cytotoxic lymphocytes that recognize infected cells. When
CD4*T T cell numbers decline below a critical level,
cell-mediated immunity is lost, and the body becomes
progressively more susceptible to opportunistic infections
[4].

Of the 2732 individuals enrolled, 2260 were male, 463
were female and 9 of them were eunuchs. The prevalence of
HSV-2 at enrolment was 43%. The HSV-2 incidence 11.4%
and the HIV incidence were 5.9% cases per year [4]. The
HIV incidence was 3.6% per years among persons without
evidence of HSV-2 infection, 7.5% per years among persons
with prevalent or remote incident HSV-2 infection and
22.6% per year among persons with recent incident HSV-2
infection [4].

The interaction between clinically apparent or self
reported genital ulcer disease and HSV-2 sero-status was
also investigated. Of the 217 individuals with serologic
evidence of incident HSV-2 infection, 51 (23%) had a genital
lesion documented at the same visit at which sero-conversion
was demonstrated. Using a proportional hazards model, the
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investigators found that the presence of asymptotic prevalent
HSV-2 infection conferred an adjusted hazard ratio for HIV
infection of 2.14 (compared with no genital ulceration and
negative results of serologic testing for HSV-2).
Symptomatic prevalent HSV-2 infection conferred an
adjusted hazard ratio of 5.06.

In short, this demonstrated that individuals experiencing
incident HSV-2 infections are at the greatest risk of HIV
acquisition, compared with individuals not infected with
HSV-2 or who have prevalent HSV-2 infection. The
individuals with serologic evidence of recent incident HSV-2
infection had the highest HIV incidence, illustrating that
recent infection with HSV-2 is independently associated
with HIV acquisition [4].

Dr. Balfour pointed out that some recent in vitro studies
have helped to explain the association between HSV-2 and
HIV [4]. First, some studies have demonstrated that HSV-2
infection may increase the risk of HIV acquisition through
the influx of susceptible, host CD4* T cells to the infected
area. Studies have also demonstrated that HSV-2 has the
ability to enhance HIV replication. The investigators
suggested that the elevated risk of HIV acquisition among
individuals with exposure to recent incident HSV-2 may
reflect a more vigorous immune response in individuals who
are immunologically naive to HSV-2. Further studies
examining the local immune response to incident HSV-2
infection may help explain the elevated risk of HIV
acquisition that is associated with exposure to incident
HSV-2 [4, 12].

Here we predict the potential impact of HIV on the
probability and the expected severity of HSV-2 outbreaks
using a discrete event simulation model. We also focus on

the joint dynamics of HIV and HSV-2 at the population level.

The model is not for a specific country or nation, and our
approach does not preclude the possibility of joint infections.
This model is used to explore the impact of factors associated
with co-infections on the prevalence of each of the two
diseases. The possibility of HIV infections is incorporated
within  epidemiological frameworks that have been
developed for the transmission dynamics of HSV-2. The
enhanced deterministic system is used to carry out a
qualitative study of the joint transmission dynamics of HIV
and HSV-2. We use an epidemiological model to study the
dynamics of co-infection of HIV and HSV-2. Although there
is no cure for both HIV and HSV-2, but we desire to reduce
the disease burden of co-infection. That is, how can we
reduce the disease load of HIV and HSV-2 co- infection?

In this study we propose a mathematical model for the
joint dynamics of HIV and HSV-2 co-infections. Our model
is given by a set of differential equations and the details of
the co-infection are very complicated, yet, we have managed
to model the effects of co-infections in a simple setting.

This paper is organized as follows: Section 2 introduces
our co-infection model; Section 3 computes the disease-free
equilibrium point; Section 4 computes the basic reproduction
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number for our co-infection model and the local stability of
the disease-free equilibrium point; Section 5 calculate the
global stability of disease-free equilibrium; Section 6
compute the endemic equilibrium point and its stability;
Section 7 focuses on numerical and graphical analysis and
Section 8 gives our results and conclusions.

2. Formulation of Model

The total sexually-active population at time t, denoted by
N(t) is subdivided into ten mutually-exclusive
compartments, namely susceptible (S(t)), exposed to HSV-2
but show no clinical symptoms of the disease (E(t)), HSV-2
infected individuals with clinical symptoms of HSV-2 (I(t)),
infected individuals whose infection is quiescent (Q(t)),
individuals who are HIV positive (H(t)), individuals having
AIDS (A(t)), individuals who are exposed to HSV-2 and
HIV positive (Ey(t)), Individuals infected with HSV-2 and
HIV positive (Iy(t)), Individuals infected with HSV-2
whose infection is quiescent and HIV positive (Qy(t)),
individuals in the AIDS class having HSV-2 (4 (t)) so that
the total population at time t is given by

N@)=S@)+E@®)+I1(t)+0Q(t)+H(t) + A(t)
+Eu(t) + Iy(t) + Qu(t) + Ay (D).

The susceptible population is increased by the recruitment
of individuals (assumed susceptible) into the population at a
rate II.

Susceptible individuals acquire HSV-2 infection,
following effective contact with people infected with HSV-2
only (i.e. those in the E, | and Q classes) at a rate A, where
A = B1l1+0(Q+Qy)+nly

1

= N ] (Force of Infection for HSV-2).

Here B; is the transmission rate for HSV-2 and the
modification parameter 6 (0 < 6 < 1) accounts for the
assumed reduction of infectivity of infectious individuals in
the quiescent class. It is assumed that, the infectious
individuals of quiescent state are less infectious than active
HSV-2 infected individuals because of their assumed
reduced viral load. The parameter n > 1, indicates that an
individuals with HIV and infected HSV-2 is more infectious
compared with an individual with HIV and quiescent
HSV-2.

Similarly, the susceptible individuals acquire HIV at a rate
A5, where

_ B2lH+E+nlp+0Qu+644k]
N

Az
HIV).

(Force of infection for

Here B, is the transmission rate for HIV and the
modification parameter 6, (6, > 1), indicates that an
individual with HSV-2 and AIDS is more infectious then an
individual’s having HIV and quiescent HSV-2.

Combining all the aforementioned assumptions and
definitions, the model becomes:
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ds
dt

dE
dt

dl
P o E =11 —q,1+1,Q

L= qul =10 = 220 = (U+T)Q e (1)

dH
dt
dA
dt

dEy,
T LE — (0, + 03)Ey

dly
dt
dQy

T =0

dAy
- 03Ey + oyly + 05Qy — (U + 12)Ay.

Where 0<60<1,n>1,6,>1.

— =T — 1,8 — 1,8 — S,

=M4S -0 E—AE — LUE,

—(u+1)I,

=A1,S —wH — uH,
= wH — T2A,

- #EH'

= A1 + 03By — o4ly — quuly + 1un Qn — (u + Ty,

— 1y Qu + quuly — 05Qy — (1 + 71)Qp,

3. Disease-Free Equilibrium Points

Disease-free equilibrium (DFE) points of a disease model
are its steady-state solutions in the absence of infection or
disease. We denote this point by E, and define the
"diseased" classes that are either exposed or infectious. Thus
we can construct the following two lemmas.

Lemma 1: For all equilibrium points on ¥ nR1°,
positive DFE for the model (1) is N = %

Lemma 2: The model (1) has exactly a DFE and the DFE
point is E, = (g, 0,0,0,0,0,0,0,0,0).

Proof: The proof of the lemma requires that we show that
the DFE is the only equilibrium point of (1) on ¥ N R1°.
Substituting E, into (1) shows all derivatives equal to zero;
hence DFE is an equilibrium point. From above lemma, the

only equilibrium point for N is E and the only equilibrium

point for N is —. Thus the only equilibrium point for
Y nRLY is DFE pomt [2].

4. Local Stability of the Disease-free
Equilibrium

The global stability of the model (1) is highly dependent

on the basic reproduction number which is denoted by R,.
The basic reproduction number is defined as the expected
number of secondary infections produced by an index case in
a completely susceptible population. The associated
non-negative matrix F, for the new infection terms, and the
non-singular M-matrix, V, for the remaining transfer terms,
are given, respectively, by

=
oy
=

0 A B% 5 o 0
I I 1 I
0 0 0 0 0 O 0 0 0
0 0 0 0 0 O 0 0 0
0 0 o B oo P Bamw B2bk Babar
F= il n 1 il n ,
0 0 0 0 0 O 0 0 0
0 0 0 0 0 O 0 0 0
0 0 0 0 0 O 0 0 0
0 O 0 0 0 O 0 0 0
0 O 0 0 0 O 0 0 0
kk 0 0 0 0 0 0 0 0
/ -0, k, -, 0 0 0 0 0 0\
| 0 —q. ks 0 0 0 0 0 0|
| o o o &k o0 o0 0 0o o |
V:I 0 0 0 -w ks 0 0 0 0|
0 0 0 0 0 ki O 0 0
0 0 0 0 0 -0, k, -1y O
0 0 0 0 0 0 —qu kg O
0 0 0 0 0 —03 —04 o5 kg

Where ki =01+ k)= q, +pu+14,
ks=n+tpu+tki=w+puks =1,
ke =0, + o4+ ky =04+ quy +u+71,
kg =05 +r,y+u+t,keg=p+r1,.

The basic reproduction number R, is the spectral radius
of the matrix FV~1. The Eigen valuesof the matrix FV~!
are

Bopt Byuoy (ks + 0q,)
(Fv~1 =(0,0,0,0,0,0,0,—, ———=————)T,
=F ( Tk, Ty (kaky — Guri)

k3+6
ﬂzﬂ and R, = Bipo1(k3+6qy) we

Denoting R; = Tk (ksky—are)

have, Ry, = {Rl,RZ}.
Thus we have the following lemma.

Lemma 3. The disease-free equilibrium E, of the model
(1) is locally asymptotically stable whenever R, < 1 and
unstable Ry, > 1.

5. Global Stability of the Disease-Free
Equilibrium

The global asymptotically stability (GAS) of the
disease-free state of the model is investigated using the
theorem by Castillo-Chavez [1]. So from the model (1) we
have
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Bl +6(Q + Q) +nly](1— %) Now the model (1) can be rewritten as

I ax _
Ba[H + Ey + nly + 0Qu + 6444] 3 - Fe
BolH + Ey +nly +0Qu + 04441 Where X = (xq, Xy, X3, X4, X5, Xg, X7, Xg, Xo, X10)
BolH + Ey + 1l + 00y + 0,4,](1 _E) and F = (f1, for f3, far fsi for f2, foo for fro) S
G'(X,2) = N
0
E dxq
—Bo[H + Ey +nly + 0Qy + 6,4u] T =241 = Apxy - pxy,
I
—B,[H+ Ey +nly +0Qy + 0,A] — dx,
g dt = N1x1 — 01X — Ap X2 — Uy,
—B2[H + Ey +nly + 0Qy + 6,4y] N dx
3
0 ar . oXe Aax3 — quX3 + 1,24 — (0 + T1)x3,
Gi(X,Z)
G3(X,2) dxy
G%‘(X’Z) ar - QX3 T TuXe Apxy — (U + T1)Xy,
3 ]
G;(X,Z) dxs
= | Gz(x,2) - AgXq = WX5 — X5 wer ver e er ere ere e ven ere eve e e (2)
Ge(X,Z)
67 (X, 2) %—a)x —TyX
Gi(X,7) e~ ° 0 Ee
G3(X,2) dx;

— = Ax, — (0y + 03)x7 — Ux7,
Here G:(X,Z) < 0,G3(X,Z) < 0 and G3(X,2) < 0 and  dt — 2%~ (@2 F09)%s =iy

so the conditions are not met. So E* may or may not be ;.
globally asymptotically stable when R, < 1. Tp = X3t 02X7 = 04Xy — QuuXg + TunXo — (U + TN,

d.X'9

6. Endemic Equilibrium of the Model dt

A disease is endemic in a population if it persists in a %
population. The endemic equilibrium of the model is studied  dt
using the Central Manifold Theorem [1]. To apply this
theorem we make the following change of variables. Let
S=x1, E=x, I =x3, Q=x4, H=x5, A =X, Eg =

= AoXy + QuiXg — Tu X9 — (U + T1)Xg — 05X,

= 03X7 + 04Xg + 05x9A,x, — (U + T2)X1p-

Where 1, = ﬁl[x3+9(x;\,l+x9)+71x3] and

x7,ly = xg, Qu = X9, Ay = Xy, SO that Ay = ﬁZ[x3+x7+nx;+6x9+€Ax10].
N =x; +x; +x3 + x4 + X5 + X6 + x7+Xg + X9+X10. The Jacobean of the system (2) is

-« 0 =B —B0 —B2 0 =B —Pin—Bn —P10 =0 —B0,

0 ki B B0 0 0 0 Bin B0 0

0 o —k, 0 0 0 0 0 0

0 0 q, —ks 0 0 0 0 0 0

Jo = 0 0 0 0 Bo—ky O B2 B2 B.0 B264
0 0 0 0 0 w —ks 0 0 0 0

0 0 0 0 0 0 —ks 0 0 0

0 0 0 0 0 0 (] —k7 TuH 0

0 0 0 0 0 0 0 Qur —kg 0

0 0 0 0 0 0 03 0y Os —kg

Where ky=o+wky=q,+u+7, ks=r,tput+rt ky=w+upuks =1,

ke=o0y+o,+uk; =0, +quy +u+7t, kg=o05+nry+u+t,kg=pu+1,;
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To analyse the dynamics of (2), we compute the Eigen and r* = v,(w; + 8w, + wgn + we6) > 0.
values of the Jacobean of (2) at the disease free equilibrium

(DFE). It can be shown that this Jacobean has a right Table 1. Description of variables of the model
eigenvector given by: Variables Descriptions
V = (vq, vy, V3, Vs, Vs, Vg, V7, Vg, Vg, V19)" S() Susceptible class
Where. v, = 0 v, = 2LV = (kika=o1Bvs g, — E®) Individuals Exposed to HSV-2 but show no clinical
v U1 » V2 PR K14y » V5 »v6 symptoms.
02V
0,v; ==, (o | "mdividuals infected with HSV-2 with clnical
6 symptoms.
Ve = (Binoy (krkg — Tun Quu) + ki Qui (Binontun + Pr0o1ks))vs Q) Individuals infected with HSV-2 whose infection is
s kik;(k7kg — Tun Quy) ’ quiescent.
(Binoituy + B1001k;)vs H(t) Individuals who are HIV positive
Vo = ky(k7kg — Tup Que) A(t) Individuals having AIDS.
v10 = 0. Iy (1) HSV-2 infected individuals having HIV.
And the left eigenvectors are given by Ey(t) Individuals who are exposed to HSV-2 and HIV positive.
W = (W, Wy, Wa, Wa, We, We, W, Wa, Wo, W T, where Individuals infected with HSV-2 whose infection is
( 1 Wa, W3, W, Ws, We, W7, Wg, Wo, Wip) Qn () quiescent and HIV positive.
wy = i((M) + Bows + (w Ay(t) Individuals in the AIDS class having HSV-2.
U k3 ks
B20 4 (run o4+k705) Table 2. The value of the parameters of the model
(B + By)0 + PATULATITy ), _ —
Variables Description Values
(kyks — q,m)ws qQuWs WWs . 60000/
Wy = p— Wy = . W = T : n Recruitment rate of humans. (1000*365)
ow B Effective contact rate of HSV-2. 0.06 [2]
uH Y9
w7 =0,wg = k, B Effective contact rate of HIV. 0.055 [6]
(r HOs + k7 05)W9 01 Forward transfer rate from | to E class. 0.04
u
Wio = Tk .
7kq o, Transfer rate between Ey and Iy 0.4
Now using (2) we have: 03 Transfer rate between E, and Ay. 0.6
. _ 1 0y Transfer rate between I; and Ay. 0.4
° T 1 (2(v2W2W4319 * UZWZWN‘BZHA Transfer rate between Q4 and A 0.3
o Wi . .
+U2W4W5ﬁ19 + U2W4W6ﬁ19 + 2U2W4W9,816 s " "
2 Forward transfer rate from Iy to Q
Fv,wswioB16 + vows 16 + vawswgBin G S 0.03
TV WsWo316 + vawewg 11 + VaWsWoB1 0 class.
+U,WgWyoB11 + VaWoWq o160 + v3wswgBan . Backward transfer rate between I; and 0.03
uH .
FU3W3Wo 20 + v3wzwyg 164 + vawswefon Qu class.
FUaWaWo 20 + VaWwaWig 204 — VW WgSom qu Forward transfer rate from I to Q class. 0.2
—VWoWo 320 — Uawowy 20,4 — VgW3Wgfan Backward transfer rate between I and Q
T 0.4
—UgW3Wo30 — vgw3wyo 204 — vowyawg o1 classes.
—VoW4Wof320 — VoWaWi0 264 + Vo Wows3fB 7 Death rate due to HSV-2. 0.04[2]
+2v2W2W5'82 + v2W§W5ﬁ1 + UZ‘QZ3W6'81 ) T, Death rate due to HIV. 0.09 [6]
Fv,wawyo By + vaws f10 + vowg fin + vowg 10 .
n Modification parameter. 11
FVU3W3Ws By + VywaWs B, — vyWoWs B — VgWaWs [, . e iy
odification parameter. .
—UgWyWs 85 + Vawowg i1 + Vo wowg 1) P
+v,w, W9,31 0+ VW, Wgﬁze + vyws W4ﬁ1 6, Modification parameter. 13
+v, W3W4ﬁ19 + v, W3W8ﬁl + V2W3W8517] + vyws W9,81 © ;FI;asrsfer rate between HIV and HSV-2 04
v, wswof10 + vawawe By 0 + v, wawefiin u Natural death rate. 0.0027 [7]

+v,wgwo 316 + vowgwo 1))
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After some calculations we have s* < 0, when M; < M,,
where

My = Byo1k;(nkg + 0quu k1)
and M, = nryy quu (1 = ky).

Theorem 1. The model (1) has a unique endemic
equilibrium which is locally asymptotically stable when
Ry < 1 and unstable when R, > 1.

7. Numerical Simulations and
Discussions

The effect of the back and forth transmission between the
HSV-2 infected class (I (t)) and HSV-2 quiescent class (Q (t))
is monitored in figures (1) and (2). From the figures (1) and
(2), it is monitored that, if the forward transmission rate q,,
is bigger than the backward transmission rate, 7, , the
infected population as well as the disease prevalence
decreases, which is expected. On the other hand if the
backward transmission rate 7, is bigger than the forward
transmission rate, g, then the infected population as well as
the disease prevalence increases, which also is expected.

From figures (3) and (4), it is monitored that if we increase
the value of w, then the value of R, also increases. Hence
the number of infected population also increases. Here 6 is
the modification parameter which indicates the
infectiousness of the classes Q and Q.

Figure (5) (time series plot of co-infection) indicates that,
the number of total infected population increases
whenever Ry > 1.

Figure (6) (time series plot of co-infection) indicates that,
the number of total infected population increases whenever
RO < 1.

Figure (7) (time series plot of HIV-infection) indicates
that, the number of total infected population decreases
whenever R, < 1 and otherwise increases (Fig. 8).

Figure (9) and Figure (10) (time series plot of HSV-2
infection) indicates that, the number of total infected
population decreases whenever R, <1 and increases
whenever Ry > 1.
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Figure 1. Total infection for model (1) with different values of ¢, and 7,
where w =04 6 = 0.4
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Figure 2. The prevalence as a function of time for model (1) with different
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8. Numerical Examples

In this section we use model (1) to examine the impact that
prevalence of HIV may have on HSV-2 dynamics and vice
versa. We also present some numerical results on the
stability of Ro. The key parameters in the model are g, and
1, Which are the forward transmission rate from I to Q
class of HSV-2 progression in individuals and the backward
transmission rate from I to Q class of HSV-2. It is
mentioned that, if g, is bigger than 7, , the infected
population as well as the disease prevalence decreases. On
the other hand, if 7, is bigger than q,, then the infected
population as well as the disease prevalence increases. This
suggests that g, >r,, and in some cases, 1, >q, . Our
numerical studies indicate that only in certain cases, this
factor may play an important role for explaining the effect of
HSV-2 epidemics on the increased or decreased prevalence
level of HIV. Numerical simulations suggest that the
individual experiencing incident HSV-2 infections are at a
high risk of HIV acquisition compared to the individuals
who are not infected with HSV-2 or who have prevalent
HSV-2 infection. Thus the numerical simulation suggests
that the reduction of the effective contact rate of HSV-2 can
reduce the disease burden of co-infection. After controlling
the transfer rate from HIV class to the AIDS class disease
elimination is feasible. Maintaining the transfer rate from the
HSV-2 exposed class to the HSV-2 infected class disease
control is also feasible.

8.1. Impact of Parameters on the Total Infection and
Prevalence Level of Co-infection

In many epidemiological models, the magnitude of the
reproduction number is associated with the level of infection.
The same is true in model (1). That is, the reproduction
numbers for HSV-2 and HIV, R, are directly related to the
infection levels of the respective diseases. Such many
literatures have been studies earlier [14, 15]. Thus, we
consider the impact of HSV-2 on HIV by first examining the
effect of Ry on the prevalence of diseases. Notice that Ry =
max {R;, R,} are independent of the parameters, q,, 7,
w and @, the last two parameters indicates transfer rate
between HIV and HSV-2 classes and modification
parameter.

9. Conclusions

In summary, the main findings of this paper are itemized
below:

I.  Reduction of the effective contact rate p; of HSV-2
can reduce the disease burden of co-infection.

Il.  Controlling the transfer rate w from HIV class to the
AIDS class disease elimination is feasible.

I1l. Controlling the transfer rate o; from the HSV-2
exposed class (E) to the HSV- 2 infected class (1)
disease controls is feasible.
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