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Abstract A single unit system has been analyzed stochastically in detail considering different repair policies. The system
may fail completely either directly from normal mode or via partial failure. There is a single server who visits the system
immediately and is subjected to failure while performing jobs. Repair of the system is done at its partial and complete failures.
The system has been analyzed under two different inspection policies. In modell®, inspection of the unit is done at partial
failure to see the feasibility of repair while in 2" model; inspection is carried out at both partial and complete failure stages.
The unit is replaced by new one if inspection reveals that repair of the unit is not feasible to the system. An expert person (may
be a medical doctor) is called immediately for giving treatment to the failed server. The server is curable and resumes the job
after getting treatment. All random variables are statistically independent. The distributions of failure time of the server and
unit follow negative exponential while that of inspection; repair and treatment times are taken as arbitrary with different
probability density functions. The comparative study of mean time to system failure (MTSF) and availability of both models
have been made graphically with respect to treatment rate for fixed values of other parameters.
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1. Introduction

No doubt that redundancy technique has been considered
as one of the effective strategy to improve performance of
repairable systems. But there are many systems in which
redundancy cannot be provided either may because of high
cost of the spare or due to complexity of the structure.
Therefore, stochastic models of single-unit systems with
different failure modes have been proposed and examined by
the researchers including Malik and Bansal (2005), Chander
(2007) and Malik (2008) keeping in view of their practical
utility and common man’s affordability. In most of these
models, it is assumed that the repair facility neither fails nor
deteriorates. In fact, this assumption becomes unrealistic
whenever service facility meets with an accident may
because of one or more reasons such as mishandling of the
system, carelessness on the part of the server and poor
judgment skills of the server. And, in such a situation, the
server may resume the job after taking some treatments.

There are many systems in which repair of the unit at
different levels of damages may or may not be possible
which can be revealed by inspection. The system of an
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electric transformer can be cited as a good example of such
type of systems. The repair of the electric transformer at its
partial and complete failure is not possible respectively due
to the damage of cooling fans of auxiliary system and due to
excessive mechanical stresses like short circuit. In such
situations transformer may be replaced by new one to
enhance its capacity. Dhankar and Malik (2011, 2013) and
Dhankar at al. (2012) investigated single unit reliability
models with server failure and inspection to see the
feasibility of repair at different failure stages.

By considering all these facts, the present study is devoted
to the comparative analysis of some reliability measures of a
single-unit system under different repair policies and server
failure. Two reliability models are developed for the system.
The system may fail completely either directly from normal
mode or via partial failure. The unit is repaired both at its
partial and complete failure by a server who visits the system
immediately whenever needed. In model 1%, inspection of
the unit is done at partial failure to see the feasibility of repair
while in model 2™, inspection is carried out at both partial
and complete failure stages. The unit is replaced by new one
if inspection reveals that repair of the unit is not feasible to
the system. The server is subjected to failure while
performing jobs. An expert person (may be a medical doctor)
is called immediately for giving treatment to the server. The
server is curable and resumes the job after getting treatment.
All random variables are statistically independent. The
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distributions of failure time of the unit and server follow
negative exponential while that of inspection, repair and
treatment times are taken as arbitrary with different
probability density functions.

Various reliability characteristics such as mean sojourn
times, mean time to system failure (MTSF) and availability
are evaluated for both models in steady state using
semi-Markov process and regenerative point technique. The
graphical behaviour of the differences of MTSF and
availability of the models has been shown for a particular
case.

2. Notations

E: regenerative states.

O: The unit is operative and in normal mode.

SG: The server is good.

A/ X/ Ay Constant failure rate of the unit from normal
mode tocomplete failure / normal mode to partial failure /
partial failure mode to complete failure.

PU; / PUr / PW; / PW,: The unit is partially failed and
under inspection /under repair / waiting for inspection /
waiting for repair.

FU;/ FUr/ FW;/ FW,: The unit is completely failed and
under inspection / under repair / waiting for inspection /
waiting for repair.

SFU, / SFUr: The server is failed and under treatment /
under treatment continuously from previous state.

u: Constant failure rate of the server.

p/ q: Probability that repair of the unit at partial failure is
not feasible / feasible.

m / n: Probability that repair of the unit at complete failure
is not feasible / feasible.

Model 1

Comparison of Reliability Measures of a System under Different Failure and Repair Policies

g(t) / G(t) / gi(t) / Gy(t): pdf / cdf of repair time of the
completely failed unit and partially failed unit.

f(t) / F(t): pdf/ cdf of treatment time of the server.

hy(t) / Hy(t): pdf / cdf of inspection time of the unit at
partial failure.

k(t) / K(t): pdf / cdf of inspection time of the unit at
completefailure.

qij(t) / Q;(t): pdf and cdf of direct transition time from a
regenerative state i to a regenerative state j without visiting
any other regenerative state.

qijk(t) / Qjk(t): pdf and cdf of first passage time from a
regenerative state i to a regenerative state j or to a failed state
j visiting state k once in (0,t].

M;(t): Probability that the system is up initially in state S;
€ E is up at time t without visiting to any other regenerative
state.

Wi(t): Probability that the server is busy in state S;up to
time t without making transition to any other regenerative
state or returning to the same via one or more non
regenerative states.

m;: Contribution to mean sojourn time in state S; when
system transits directly to state S; (S;, Sj e E ) so that p; =

%mij where m;; = Ifinj () =-q;”(0) and s the mean

sojourn time in state S; ¢ E

(s) / ©: Symbol for Stieltjes convolution / Laplace
convolution.

~ / *: Symbol for Laplace Stieltjes Transform (LST) /
Laplace Transform (LT).

The state transition diagrams for both models are shown
respectively in figures 1 and 2.
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FW,
SFU;

Figure 1.
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3. Transition Probabilities and Mean A .
Sojourn Times p= o tl—m(u+4,)}
(1+4)
Simple probabilistic considerations yield the following U
expressions for the non-zero elements: ps= ———{=m(u+4)}
(u+4)

pii=Qj ()= Tq[j(t)dt as
0

For Model 1:

A A

Pos = ﬁ,+ﬂ1 51)02*1_’_/11 , Pro= gl(ﬂ+ﬁz),
A .

T A
Py, (,u+27){ g (u+4,)}

__H
T i)
P24:1—g*(,u),P31:Psszf*(ﬂ‘z)v
P32A7:P52A7:{1_f*(ﬂ‘2)}*f*(0)s
P37:P57:1_f*(12)»P42: f*(o)
P6o:ph>1k(/”+iz)’l°61: QhT(ﬂ+/12)

{l—g:(,u+/12)} on:g*(,u),

It can be easily verified that

Po2t Pos = Prot P12t P13 = Paot P24= P31 T P32.7= P42
=pset Ppsar=1

Mean Sojourn times are:

- 1
Ho:m02+m06:£P(T>t)dt :m,
{1-g/(u+4,)}
(u+4,)
1-g'(u)
—

L =myy+mp; +myz =

M2 = Mypo + Mpg =

Ms = Mse + Ms7 =[13
1- f (Zz)
4,

=mztmy; =
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/_ _
Ws=m3; M3y ;7 = W's= Msg + Msy 7

-4 (0)
/12

py=mp=—1"(0),

{1 _hT(/‘ +4)}
(u+4,)

K6 = Mg+ Mgy + Mgy + mMgs =

For Model 2:

21 ﬂ/ *
Pos = m,pos: m,plo:g,(;ﬁﬂz),

A .
- —2 - )},
Pis (ﬂ+/12){ gl(:u+ )}

S R 7
P13 (,Ll+/12){ g1(;u /12)} )
P20=g (1), P2a= 1- & (W), P31 = pse =F (R2)
pas7 = pss7 = {1-f *(kz)}f(o),
P42 = P78 = Pog = f*(O),
Peo = phi( + 22)

Pe1=qhi (1 +23), pes = ﬁ [1—hi(n+2)],
A2

21— i+ )]

pso=mK (1), psa=m k (), pso= 1- k()

It can be easily verified that

Pos+ Pos = P1o + P13t Pis = P20+ P24 = P31t P3s7 = Paz

= Pss+ Pss.7 = Peot Pe1 t Pes T Pes = Psot Psat Pso= pos = 1

Pes =

Mean Sojourn times are:

° 1
Lo = Mgyt Mye= IP(T>Z‘)dl :/1—
0

+4,7
1-g (u+
Wy =myotmy; tmg = d-g(u+4))
(u+4,)
1_ *
H2 =Mgo+ My = ﬂ,
7
1-f*(x
H3=m3; + m3y = U/ 0z f)\z( 2)

(17 ODN1-22f* (O]

H3= mg; +M3g7 =ls= Mss + Msg 7 = I

P4 = My =Ug = Mogg= —f~ (0),

[1-h1(k+2A2)]
= mgo+ Mg + Mgs + Mgy = ——————
He 60 61 65 68 (1+12)
[1-k* (W]

Hg = Mgy + Mg+ Mgy = "

4. Reliability and Mean Time to System
Failure (MTSF)

Let ¢l(l‘) be the cdf of the first passage time from

regenerative state S; to a failed state. Regarding the failed
state as absorbing state, we have the following recursive

relations for ¢I (1):
For Model 1:
By () = Qus(t) () @5 (1) + Qoat)
$,(1) = Qu(® () (1) +Quis() () B (?) + Quat)
@,(1)=Qx1(t) (5) P (¥) + Qar(1)
&5 (1) = Qss(t) (s) @, (¢) +Qso(1)
P (1) = Qo) (5) (1) +Qai(®) (5) 4 (¢¥)
+ Qes(t) (5) ¢5(1) +Qet) Q)
Taking LST of above relations (1) and solving for (130 (s),

we have
R(s) = L2 @)
S

The reliability R(t) of the system model can be obtained by
taking Inverse Laplace transform of (2). The mean time to
system failure is given by

. " N
MTSF (T)) = im R (s) - El,where 3)
1

3 (1= P33 ) Ay (L= PsgPes) + s Po Pes T+ s Pos §

+Dos o1 (44 + 15D13)
D= (1= p;3p3){(1= Pss Pgs) — PosPeo} — PosPs1 Pro

For Model 2:
B, (1) = Qos(t) (s) (1) + Qus(t)
$(1)=Qu(® (s) B()+Qus® () F(1) +Qis(t)
P (1) =Qa(t) (5) # () +Qu(®)
95 (1) = Qse(t) (5) @5(1) + Qsa(t)
G5 (1) = Qeo(®) () () +Qa(v) (s) (2
+Qes(t) (5) P5(2) + Qes(t) 4)
Taking LST of above relations (4) and solving for ¢?0 (s).

Using this, we have

R = =h) 5)
S

The reliability R(t) of the system model can be obtained by

taking Inverse Laplace transform of (5). The mean time to
system failure is given by



American Journal of Mathematics and Statistics 2014, 4(4): 179-185

) * N,
MTSF(T,) =lim R (s) = 3‘ where  (6)
1

Ny = (1 —piapas {1 (1 — PsePes) + HsPosPes +
UsPps}+ PosPes (s + UaPys)
Dy = (1 = p13p31)(1 — PsePes — PosPeo) — PosP1oPe1

5. Steady State Availability

Let Aj(t) be the probability that the system is in upstate at
instant t given that the system entered regenerative state S; at
t = 0. The recursive relations for A;(t) are as follows:

For Model 1:

Ag(t) = Mo(t) + qos(t) © Ag(t) + qoa(t) © Ax(t)

Ai(t) = Mi(D) + qio(t) © Ag(t) + qia(t) ©Ax(t)
+qus(t) ©As(t)

As(t) = qao(t) © Ag(t) + qaa(t) © Ay(t)

As(t) = Ms(t) + g1(t) © Ay(t) + qs27(t) ©A(Y)

Ay(t) = qaa(t) © Ax(t)

As(t) = Ms(t) + gse(t) © Ag(t) + qs27(t) ©A(1)

Ag(t) = Me(t) + geo(t) © Ag(t) + qei(t) ©A(t)
462 OA(t)Tqes() OAs(t) (7

where,

Mo(t) = 08 My(1) = 421 G, (£) , My(0) =

Ms(t) = ™ F (1), M(t) = 2 H (1)

Now taking LT of relations (7) and obtain the value of
Ay (s). By using this, the steady state availability is given by

. . N,
A= 1313} sA, (s) :F , where ®)
2

 HoPr (1= PsgPss) + PosPao {1 = P13 D31)
=
(UsDgs + Mg} + Py (14 + 1D15) )

HoPa (1= Pso s )= PrsDsy) + PosPoo U4 Pes + Hs Pis P
(s Pes + H (1= Ppa)}+ (Do + 1)1 = Pipyy)
(1= PssPes = PosPeo) ~ PosProPer}
For Model 2:
Ao(t) = Mo(t) + qos(t) © Ag(t) + qos(t) © Ag(t)
Ay(t) = Mi(t) + quo(t) © Ag(t) + qis(t) ©As(t)

+ qus(t) ©OAg(t)

D2:
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As(t) = qao(t) © Ag(t) + qua(t) © Ay(t)
As(t) = M;(t) + q31(t) © Ay(1) + qss.7(t) ©Ag(t)
A1) = qaa()OA(D)
As(t) = Ms(t) + qs6(t) © Ag(t) + gss (1) ©As(t)
Ag(t) = Mi(t) + qoo(t) © Ag(t) + qei(t) ©A(t)
* qes(t) © As(t) + qes(t) ©As(t)
As(t) = qso(t) © Ag(t) + gsa(t) ©As(t) + qso(t) ©A(t)
Aog(t) = qos(t) © Ag(t) ©)

where

M,(t)= e , M (1) = RIS 61 (f) ,

My(®) = Ms(t) = € F (), Mg(t) = 7' (8)
Now taking LT of relations (9) and obtain the value of
Ay (s). By using this, the steady state availability is given as

(10)

lim gp * N,
A, = ¢ SAy (s) :F’ where
2

Nl:pzn(j- - pgg}[(i - pizpzi}{(i — PssPss)lig T
Pos(UsPss + s} + PosPsr(l + Uapys)]

D3=P20 (1 — Poa ) [(1 — paapas Mo (1 — psepss) +
UsPosPes + HePos) + PosPes (1 + !J-:;p:lz}] +{(1-
PiaPa1 )1 — PssPes — PosPso) — PosPioPss HPez (L +
WyPay)+ P20 (Mg + HoPao)}

6. Comparative Study

For a particular case g(t) = o e™, gi(t) = o ™", f(t) =P

e, hy(t) =y, and k(t) = 5 ¢, various graphs are drawn
respectively in figures 3, 4, 5 and 6.

6.1. Comparison of MTSF

The mean time to system failure (MTSF) of the model 1
and 2 is same as shown in figure 3.

6.2. Comparison of Availability

Availability of the model 2 is always more than that of the
model 1 as shown in figure 6.

Hence we conclude that the concept of inspection for
replacement of the unit immediately by new one at its two
stages of failure — partial and complete is more beneficial
over the concept of inspection for replacement of the unit at
its partial failure if preference is given to the replacement of
the units over repair.



184 Joginder et al.: Comparison of Reliability Measures of a System under Different Failure and Repair Policies

Model 1 and 2: MTSF Vs Treatment Rate (B)
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Figure 3.

Model 1: Availability Vs Treatment Rate (B)
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Figure 4.

Model 2: Availability Vs Treatment Rate ()
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Figure 5.
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( Availability Difference (A2-A1) Vs Treatment Rate y
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Figure 6.
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