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Abstract  Log-logistic distribution is a very important reliability model as it fits well in many practical situations of 
reliability data analyses. Another important feature with the log-logistic distribution lies in its closed form expression for 
survival and hazard functions that makes it advantageous over log-normal distribution. It is therefore more convenient in 
handling censored data than the log-normal, while providing a good approximation to it except in the extreme tails. In this 
paper an attempt has been made to use Bayesian analytic and simulation methods for fitting the log-logistic reliability 
model. Real datasets are used for the purpose of illustrations. R code has been provided to implement in censored 
mechanism. Laplace approximation is implemented for approximating posterior densities of the parameters. Moreover, 
parallel simulation tools are also implemented with an extensive use of R. 
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1. Introduction 
The model for which the Bayesian inference is desired is 

log-logistic distribution. This model is also used in reliability 
applications. It has the advantage (like the Weibull and 
exponential model) of having simple algebraic expressions 
for survival and hazard functions. It is therefore more 
convenient than the log-normal distribution in handling 
censored data, while providing a good approximation to it 
except in the extreme tails. Moreover, its relation with 
logistic distribution facilitates a lot in lifetime data analyses, 
that is, if lifetime 𝑇𝑇 follows log-logistic distribution then 
logarithm of 𝑇𝑇  follows logistic distribution, which is a 
member of location-scale family of distributions. In many 
practical situations it has been seen that the non-Bayesian 
analysis of log-logistic distribution is not an easy task, 
whereas it can be a routine analysis when dealing in a 
Bayesian paradigm. Consequently, for the purpose of 
Bayesian analysis of log-logistic reliability model, two 
important techniques, that is, asymptotic approximation and 
simulation method are implemented using “Laplaces Demon” 
package of Statisticat LLC (2013). This package facilitates 
high-dimensional Bayesian inference, posing as its own 
intellect that is capable of impressive analysis, which is 
written entirely in R (R Core Team, 2013) environment and 
has a remarkable provision for user defined probability 
model (e.g., Akhtar and Khan, 2014). The function Laplace 
Approximation of Laplaces Demon package approximates  
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the results asymptotically while the function Laplaces 
Demon simulates the results from posterior by using one of 
the several Metropolis algorithms of MCMC. These 
techniques are used both for intercept and regression models. 
Real datasets are used to illustrate the implementations in R. 
Censoring mechanism is also taken into account. Thus, 
Bayesian analysis of log-logistic distribution has been made 
with the following objectives: 

● To define a Bayesian model, that is, specification of 
likelihood and prior distribution. 
● To write down the R code for approximating 

posterior densities with Laplace approximation and 
simulation tools. 
● To illustrate numeric as well as graphic summaries of 

the posterior densities. 

2. The Log-logistic Distribution 
If )log(TY =  follows logistic distribution with location 

parameter µ  and scale parameter σ  having probability 
density function  𝑓𝑓(𝑦𝑦) =  𝜎𝜎−1 exp((y − μ) σ⁄ )[1 +
exp(y−μ)σ]−2. Then the lifetime 𝑇𝑇 follows log-logistic 
distribution with scale parameter 𝛼𝛼 (> 0) and shape 
parameter 𝛽𝛽 (> 0) having probability density function of the 
form, 

𝑓𝑓(𝑡𝑡) = (𝛽𝛽 𝛼𝛼⁄ ) (𝑡𝑡 𝛼𝛼⁄ )𝛽𝛽−1�1 + (𝑡𝑡 𝛼𝛼⁄ )𝛽𝛽 �−2
, 𝑡𝑡 > 0    (1) 

where 𝛼𝛼 = exp  (𝜇𝜇)  and 𝛽𝛽 = 1/𝜎𝜎 . Corresponding 
reliability function and hazard function are, respectively,  

𝑅𝑅(𝑡𝑡) = �1 + (𝑡𝑡 𝛼𝛼⁄ )𝛽𝛽 �−1,            (2) 
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ℎ(𝑡𝑡) = (𝛽𝛽 𝛼𝛼⁄ ) (𝑡𝑡 𝛼𝛼⁄ )𝛽𝛽−1�1 + (𝑡𝑡 𝛼𝛼⁄ )𝛽𝛽 �−1.        (3) 

The mean of log-logistic distribution exists and is given by  
𝐸𝐸(𝑇𝑇) =  𝛼𝛼 Γ(1 + β−1)Γ(1 − β−1)  only if 𝛽𝛽 > 1. 

Because of its simple algebraic expression for the reliability 
and hazard functions, handling censored data is easier than 
with log-normal while providing a good approximation to it 
except in the extreme tails. The hazard function is identical 
to the Weibull hazard aside from the denominator factor 
�1 + (𝑡𝑡 𝛼𝛼⁄ )𝛽𝛽 �. For 𝛽𝛽 ≤ 1, the hazard function is monotone 
decreasing. For 𝛽𝛽 > 1, the hazard function resembles the 
log-normal as it increases from 0  to a maximum at 
𝑡𝑡 =  𝛼𝛼(𝛽𝛽 − 1)1 𝛽𝛽⁄ , and then approaches 0 monotonically as 
𝑡𝑡 →  ∞ (e.g., Lawless, 2003). 

3. The Half-Cauchy Prior Distribution 
The probability density function of half-Cauchy 

distribution with scale parameter 𝛼𝛼 is given by 
𝑓𝑓(𝑥𝑥) =  2𝛼𝛼 𝜋𝜋(𝑥𝑥2 + 𝛼𝛼2),⁄   𝑥𝑥 > 0, 𝛼𝛼 > 0. 

The mean and variance of the half-Cauchy distribution do 
not exist, but its mode is equal to 0. The half-Cauchy 
distribution with scale 𝛼𝛼 = 25 is a recommended, default, 
non-informative prior distribution for a scale parameter. At 
this scale 𝛼𝛼 = 25, the density of half-Cauchy is nearly flat 
but not completely (see Figure 1), prior distributions that are 
not completely flat  provide enough information for the 
numerical approximation algorithm to continue to explore 
the target density, the posterior distribution. The 
inverse-gamma is often used as a non-informative prior 
distribution for scale parameter, however, this model creates 
problem for scale parameters near zero, Gelman and Hill 
(2007) recommend that, the uniform, or if more information 
is necessary the half-Cauchy is a better choice. Thus, in this 
paper, the half-Cauchy distribution with scale parameter 
𝛼𝛼 = 25 is used as a non-informative prior distribution. 

 
Figure 1.  It is evident from the above plot that for scale=25 the 
half-Cauchy distribution becomes almost uniform 

4. The Laplace Approximation 
Many simple Bayesian analyses based on noninformative 

prior distribution give similar results to standard 
non-Bayesian approaches, for example, the posterior 
𝑡𝑡-interval for the normal mean with unknown variance. The 
extent to which a noninformative prior distribution can be 
justified as an objective assumption depends on the amount 
of information available in the data; in the simple cases as the 
sample size 𝑛𝑛  increases, the influence of the prior 
distribution on posterior inference decreases. These ideas 
sometime referred to as asymptotic approximation theory 
because they refer to properties that hold in the limit as n 
becomes large. Thus, a remarkable method of asymptotic 
approximation is the Laplace approximation which 
accurately approximates the unimodal posterior moments 
and marginal posterior densities in many cases. In this 
section we introduce a brief, informal description of Laplace 
approximation method.  

Suppose −ℎ(𝜃𝜃) is a smooth, bounded unimodal function, 
with a maximum at 𝜃𝜃� , and 𝜃𝜃  is a scalar. By Laplace's 
method (e.g., Tierney and Kadane, 1986), the integral 

𝐼𝐼 =  �𝑓𝑓(𝜃𝜃) exp[−𝑛𝑛ℎ(𝜃𝜃)]𝑑𝑑𝑑𝑑 

can be approximated by  

𝐼𝐼 = 𝑓𝑓�𝜃𝜃���2𝜋𝜋 𝑛𝑛⁄  𝜎𝜎 exp  [−𝑛𝑛ℎ�𝜃𝜃��], 
where 

𝜎𝜎 =   [𝜕𝜕2ℎ 𝜕𝜕𝜃𝜃2|𝜃𝜃�⁄ ]−1 2⁄ . 
As presented in Mosteller and Wallace (1964), Laplace's 

method is to expand about 𝜃𝜃� to obtain:  
𝐼𝐼 ≈  ∫𝑓𝑓�𝜃𝜃�� exp  (−𝑛𝑛[ℎ�𝜃𝜃�� + �𝜃𝜃 − 𝜃𝜃��ℎ′�𝜃𝜃�� + 

(𝜃𝜃 − 𝜃𝜃�)2 2⁄   ℎ′′ (𝜃𝜃�)])𝑑𝑑𝑑𝑑. 
Recalling that ℎ′�𝜃𝜃�� =  0, we have 

𝐼𝐼 ≈   ∫ 𝑓𝑓�𝜃𝜃�� exp  (−𝑛𝑛[ℎ�𝜃𝜃�� + (𝜃𝜃 − 𝜃𝜃�)2 2⁄   ℎ′′ (𝜃𝜃�)])𝑑𝑑𝑑𝑑 
   =  𝑓𝑓�𝜃𝜃�� exp  [−𝑛𝑛ℎ�𝜃𝜃��]∫ exp  (−𝑛𝑛 (𝜃𝜃 − 𝜃𝜃�)2 2𝜎𝜎2⁄ )𝑑𝑑𝑑𝑑 

    =  𝑓𝑓�𝜃𝜃���2π n⁄   σ exp�−𝑛𝑛ℎ�𝜃𝜃���.   

Intuitively, if exp[−𝑛𝑛ℎ(𝜃𝜃)] is very peaked about 𝜃𝜃�, then 
the integral can be well approximated by the behaviour of the 
integrand near 𝜃𝜃�. More formally, it can be shown that 

𝐼𝐼 = 𝐼𝐼[1 + 𝑂𝑂(1 𝑛𝑛⁄ )]. 
To calculate moments of posterior distributions, we need 

to evaluate expressions such as:  
𝐸𝐸[𝑔𝑔(𝜃𝜃)] = ∫ 𝑔𝑔(𝜃𝜃)exp[−𝑛𝑛ℎ(𝜃𝜃)]𝑑𝑑𝑑𝑑/∫ exp  [−𝑛𝑛ℎ(𝜃𝜃)]𝑑𝑑𝑑𝑑 ,  

where exp[−𝑛𝑛ℎ(𝜃𝜃)] =  𝐿𝐿(𝜃𝜃|𝑦𝑦)𝑝𝑝(𝜃𝜃) (e.g., Tanner, 1996). 

5. Fitting of Intercept Model 
5.1. Fitting with Laplace Approximation 

The Laplace approximation is a family of asymptotic 
techniques used to approximate integrals. It seems to 
accurately approximate unimodal posterior moments and 



164  Md Tanwir Akhtar et al.:  Log-logistic Distribution as a Reliability Model: A Bayesian Analysis  
 

 

marginal posterior densities in many cases. Here, for fitting 
of linear regression model we use the function Laplace 
Approximation which is an implementation of Laplace's 
approximations of the integrals involved in the Bayesian 
analysis of the parameters in the modelling pro- cess. This 
function deterministically maximizes the logarithm of the 
unnormalized joint posterior density using one of the 
several optimization techniques. The aim of Laplace 
approximation is to estimate posterior mode and variance of 
each parameter. For getting posterior modes of the 
log-posteriors, a number of optimization algorithms are 
implemented. This includes Levenberg-Marquardt (LM) 
algorithm which is default. However, we find that the 
Limited-Memory BFGS (L-BFGS) is a better alternative in 
Bayesian scenario. The limited-memory BFGS (Broyden- 
Fletcher-Goldfarb-Shanno) algorithm is a quasi-Newton 
optimization algorithm that compactly approximates the 
Hessian matrix. Rather than storing the dense Hessian 
matrix, L-BFGS stores only a few vectors that represent the 
approximation. It may be noted that Newton-Raphson is the 
last choice as it is very sensitive to the starting values, it 
creates problems when starting values are far from the 
targets, and calculating and inverting the Hessian matrix 
can be computationally expensive, although it is also 
implemented in Laplace Approximation. The main 
arguments of Laplace Approximation can be seen by using 
the function args as:  

 
function (Model, parm, Data, Interval=1e-06,   
 Iterations=100, Method="LM", Samples=1000, 
 sir=T,Stop.Tolerance= 1e-05)  
NULL 

 
First argument Model defines the model to be 

implemented, which contains specification of likelihood 
and prior. Laplace Approximation passes two arguments to 
the model function, parm and Data, and receives five 
arguments from the model function: LP (the logarithm of 
the unnormalized joined posterior density), Dev (the 
deviance), Monitor (the monitored variables), yhat (the 
variables for the posterior predictive checks), and parm, the 
vector of parameters, which may be constrained in the 
model function. The argument parm requires a vector of 
initial values equal in length to the number of parameters, 
and Laplace Approximation will attempt to optimize these 
initial values for the parameters, where the optimized values 
are the posterior modes. The Data argument requires a listed 
data which must be include variable names and parameter 
names. The argument sir=TRUE stands for implementation 
of Sampling Importance Resampling algorithm, which is a 
bootstrap procedure to draw independent sample with 
replacement from the posterior sample with unequal 
sampling probabilities. Contrary to sir of LearnBayes 
package, here proposal density is multivariate normal not 𝑡𝑡. 

5.1.1. Roller Bearing Failure Time Data 
Let us introduce a lifetime dataset taken from Hamada et 

al. (2008) on page 110, so that all the concepts and 
computations will be discussed around that data. This 
dataset (see Table 1) comprises 11 observed failure times 
and 55 times when a test was suspended (censored) before 
item failure occurred (∗) for a 4.5 roller bearing in a set of 
J-52 engines from EA-6B Prowler aircraft (Muller, 2003). 
Degradation of the 4.5 roller bearing in the J-52 engine has 
caused in-flight engine failures. The random variable is the 
time to failure T, and reliability is the probability that a 
roller bearing does not fail before time 𝑡𝑡. 

Table 1.  Roller bearing lifetime data for the Prowler attack aircraft 

Failure Times (in operating hours) 

1085* 1500* 1390* 152* 971* 966* 997* 887* 977* 1022* 2087* 
646  820* 897 810* 80* 1167 711 1203 85* 1070* 719* 1795* 
1890 1145* 1380* 61* 1165* 437* 1152* 159* 3428* 555* 727* 
2294* 663* 1427* 951 767* 546* 736* 917* 2871* 1231* 100* 
1628 759* 246* 861* 462* 1079* 1199* 424* 763* 1297* 2238* 
1388 1153* 2892* 2153* 853* 911* 2181 1042* 799* 750 

5.1.2. Data Creation 

The function LaplaceApproximation requires data that is 
specified in a list. For roller bearing failure time data the 
logarithm of failureTime will be the response variable. 
Since intercept is the only term in the model, a vector of 1’s 
is inserted into design matrix 𝑋𝑋 . Thus, 𝐽𝐽 = 1 indicates 
only column of 1’s in the design matrix.  

failTime<- c(1085,1500,1390,152,971,966, 
 997,887,977,1022,2087,646,820,897,

 810,80,1167,711,1203,85,1070,719, 
 1795,1890,1145,1380,61,1165,437, 

 1152,159,3428,555,727,2294,663, 
 1427,951,767,546,736,917,2871, 
 1231,100,1628,759,246,861,462, 
 1079,1199,424,763,1297,2238,1388, 
 1153,2892,2153,853,911,2181,1042, 
 799,750)   

N<-66   
J<-1   
X<-matrix(1,nrow=N,ncol=J)  
y<-log(failTime)  
censor<-c(rep(0,11),1,0,1,0,0,1,1,1, 
 rep(0,4),1,rep(0,13),1,rep(0,7), 
 1,rep(0,10),1,rep(0,5),1,0,0,1)  
mon.names<-c("LP","sigma")   
parm.names<-as.parm.names(list(beta=rep 
 (0,J),log.sigma=0))   
MyData<-list(N=N,J=J,X=X,mon.names= 
 mon.names,parm.names=parm.names, 
 censor=censor,y=y)    

In this case, there are two parameters beta and log.sigma 
which must be specified in vector parm.name. The 
logposterior LP and sigma are included as monitored 
variables in vector mon.names. The number of observations 
is specified by 𝑁𝑁, that is, 66. Censoring is also taken into 
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account, where 0  stands for censored and 1  for 
uncensored values. Finally, all these things are combined in 
a listed form as MyData at the end of the command. 

5.1.3. Initial Values 

The function LaplaceApproximation requires a vector of 
initial values for the parameters. Each initial value is a 
starting point for the estimation of a parameter. Here, the first 
parameter, the beta has been set equal to zero, and the 
remaining parameter, log.sigma, has been set equal to log(1), 
which is zero. The order of the elements of the initial values 
must match the order of the parameters. Thus, define a vector 
of initial values  

Initial.Values<-c(rep(0,J),log(1))  

For initial values the function GIV (which stands for 
“Generate Initial Values”) may also be used to randomly 
generate initial values. 

5.1.4. Model Specification 

The function LaplaceApproximation can fit any Bayesian 
model for which likelihood and prior are specified. To use 
this method we must specify a model. Thus, for fitting of the 
roller bearing failure time data, consider that logarithm of 
failureTime follows a logistic distribution, which is often 
written as  

𝑦𝑦 = 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿(𝜇𝜇,𝜎𝜎) 
and expectation vector 𝜇𝜇 is equal to the inner product of 
design matrix 𝑋𝑋 and parameter 𝛽𝛽, 

𝜇𝜇 = 𝑋𝑋𝑋𝑋. 
Prior probabilities are specified respectively for regression 

coefficient 𝛽𝛽 and scale parameter 𝜎𝜎, 
 𝛽𝛽𝑗𝑗  ~ 𝑁𝑁(0, 1000),      𝑗𝑗 = 1, … , 𝐽𝐽 

                              𝜎𝜎 ~ 𝐻𝐻𝐻𝐻(25).                                  
The large variance and small precision indicate a lot of 

uncertainty of each 𝛽𝛽, and is hence a weakly informative 
prior distribution. Similarly, half-Cauchy is a weakly 
informative prior for 𝜎𝜎. 

Model<-function(parm,Data)  
{ 
##Parameter  
beta<-parm[grep("beta",Data$parm.names)]  
sigma<-exp(parm[grep("sigma",Data$parm.names
)])  
##Log(Prior-Densities)  
beta.prior<-sum(dnormv(beta,0,1000,log=TRUE))  
sigma.prior<-dhalfcauchy(sigma,25,log=TRUE) 
##Log-Likelihood  
mu<-tcrossprod(Data$X,t(beta))  
LL<-sum(censor*dlogis(Data$y,location=mu, 
 scale=sigma,log=T)+(1-censor) 
 *plogis(Data$y,location=mu,scale=sigma, 

 log.p=TRUE,lower.tail=F))  
LP<-LL+beta.prior+sigma.prior  
Modelout<-list(LP=LP,Dev=-2*LL,Monitor= 
 c(LP,sigma),yhat=mu,parm=parm) 
return(Modelout)  
}    
 

In the beginning of the Model function contains two 
arguments, that is, parm and Data, where parm is for the set 
of parameters, and Data is the list of data. There are two 
parameters beta and sigma having priors beta.prior and 
sigma.prior, respectively. The object LL stands for 
loglikelihood and LP stands for logposterior. The function 
Model returns the object Modelout, which contains five 
objects in listed form that includes logposterior LP, deviance 
Dev, monitoring parameters Monitor, fitted values yhat and 
estimates of parameters parm. 

5.1.5. Model Fitting 

To fit the above specified model, the function 
LaplaceApproximation is used and its results are assigned to 
object Fit. Its summary of results are printed by the function 
print, which prints detailed summary of results and it is not 
possible to show here. However, its relevant parts are 
summarized in the next section. 

Fit<-LaplaceApproximation(Model=Model,  
 parm=Initial.Values,Data=MyData, 
 Iteration=1000,Samples=20000, sir=TRUE)  
print(Fit) 

5.1.6. Summarizing Output 

The function LaplaceApproximation approximates the 
posterior density of the fitted model, and posterior 
summaries can be seen in the following tables. Table 2 
represents the analytic results using Laplace approximation 
method while Table 3 represents the simulated results using 
sampling importance resampling method. 

From these posterior summaries, it is obvious that, the 
posterior mode of intercept parameter 𝛽𝛽0 is 7.79 ± 0.18 
whereas posterior mode of log⁡(𝜎𝜎) is −0.97 ± 0.22. Both 
the parameters are statistically significant also. In a 
practical data analysis, intercept model is discussed merely 
as a beginning point. More meaningful model is simple 
regression model or multiple regression model which will 
be discussed in section 6. Simulation tool is being discussed 
in the next section. 

Table 2.  Summary of the asymptotic approximation using the function 
LaplaceApproximation. It may be noted that these summaries are based on 
asymptotic approximation, and hence Mode stands for posterior mode, SD 
for posterior standard deviation, and LB, UB are 2.5%  and 97.5% 
quantiles, respectively 

Parameter Mode SD LB UB 

beta 
log.sigma 

7.79 
-0.97 

0.18 
0.22 

7.43 
-1.42 

8.14 
-0.53 
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Table 3.  Summary of the simulated results due to sampling importance 
resampling method using the same function, where Mean stands for 
posterior mean, SD for posterior standard deviation, MCSE for Monte Carlo 
standard error, ESS for effective sample size, and LB, Median, UB are 
2.5%, 50%, 97. 5% quantiles, respectively 

Parameter     Mean     SD     MCSE     LB     Median      UB 
beta        7.85      0.19     0.00     7.52      7.83      8.30 
log.sigma    -0.90      0.23     0.00    -1.32     -0.92      -0.45     
Deviance     51.95     1.88     0.01     50.01     51.40     56.89   
LP           -34.05     0.94     0.01    -36.52    -33.77    -33.08   
sigma         0.42      0.10     0.00     0.27       0.40      0.64 
 

5.2. Fitting with Laplaces Demon 

In this section simulation method is applied to analyse 
the same data with the function Laplaces Demon, which is 
the main function of Laplace's Demon (Statisticat LLC, 
2013). Given data, a model specification, and initial values, 
Laplaces Demon maximizes the logarithm of the 
unnormalized joint posterior density with Markov chain 
Monte Carlo (MCMC) algorithms, also called samplers, and 
provides samples of the marginal posterior distributions, 
deviance and other monitored variables. Laplace's Demon 
offers a large number of MCMC algorithms for numerical 
approximation. Popular families include Gibbs sampling, 
Metropolis-Hasting (MH), Random-Walk-Metropolis 
(RWM), slice sampling, Metropolis-within Gibbs (MWG), 
Adaptive-Metropolis-within-Gibbs (AMWG), and many 
others. However, details of MCMC algorithms are best 
explored online at http://www.bayesian-inference.com/mcm
c, as well as in the “LaplacesDemon Tutorial” vignette. The 
main arguments of the LaplacesDemon can be seen by 
using the function args as:  

function(Model, Data, Initial.Values, 
 Covar=NULL, Iterations= 1e+05,  
 Status=1000, Thinning=100,  Algorithm= 
 "RWM", Specs= NULL,...)  
NULL  

 
The arguments Model and Data specify the model to be 

implemented and list of data, which are specified in the 
previous section, respectively. Initial. Values requires a 
vector of initial values equal in length to the number of 
parameter. The argument Covar=NULL indicates that 
variance vector or covariance matrix has not been specified, 
so the algorithm will begin with its own estimates. Next two 
arguments Iterations=100000 and Status=1000 indicate that 
the Laplaces Demon function will update 10000 times 
before completion and status is reported after every 1000 
iterations. The Thinning argument accepts integers between 
1 and number of iterations, and indicates that every 100th 
iteration will be retained, while the others are discarded. 
Thinning is performed to reduced autocorrelation and the 
number of marginal posterior samples. Further, the 
Algorithm requires abbreviated name of the MCMC 
algorithm in quotes. In this case RWM is short for the 

Random-Walk-Metropolis. Finally, Specs=Null is default 
argument, and accepts a list of specifications for the MCMC 
algorithm declared in the Algorithm argument. 

5.2.1. Initial Values 

Laplace's Demon requires a vector of initial values for the 
parameters. Each initial value will be the starting point for an 
adaptive chain, or a non-adaptive Markov chain of a 
parameter. If all initial values are set to zero, then Laplace's 
Demon will attempt to optimize the initial values with the 
LaplaceApproximation function using a resilient 
backpropagation algorithm. So, it is better to use the last 
fitted object Fit with the function as.initial.values to get a 
vector of initial values from the LaplaceApproximation for 
fitting of LaplacesDemon. Initial values may be generated 
randomly with the GIV function. Thus, to obtain a vector of 
initial values the function as.initial.values is used as:  

Initial.Values<-as.initial.values(Fit) 

5.2.2. Model Fitting 

Laplace's Demon is stochastic, or involves 
pseudo-random numbers, its better to set a seed with set.seed 
function for pseudo-random number generation before 
fitting with LaplacesDemon, so results can be reproduced. 
Now, fit the prespecified model with the function 
LaplacesDemon, and its results are assigned to the object 
name FitDemon. Its summary of results are printed with the 
function print, and its relevant parts are summarized in the 
next section.  

 
set.seed(666)  
FitDemon<-LaplacesDemon(Model=Model, 
 Data=MyData,Initial.Values) 
print(FitDemon) 

5.2.3. Summarizing Output 

The LaplacesDemon simulates the data from the posterior 
density with Random-Walk-Metropolis and approximate the 
results which can be seen in the following tables. Table 4 
represents the simulated results in a matrix form that 
summarizes the marginal posterior densities of the 
parameters over all samples which contains mean, standard 
deviation, MCSE (Monte Carlo Standard Error), ESS 
(Eective Sample Size), and 2.5%, 50%, 97.5% quantiles, and 
Table 5 summarizes the simulated results due to stationary 
samples. The complete picture of the results can also be seen 
in Figure 2. 

Table 4.  Posterior summary of the simulated results due to all samples 

Parameter     Mean    SD     MCSE    LB    Median    UB 

beta          7.88     0.23     0.01     7.53    7.85      8.46 
log.sigma     -0.88    0.24     0.01    -1.28    -0.89     -0.37 
Deviance      52.21   2.20     0.07     50.03    51.51    58.33 
LP           -34.18   1.10     0.03    -37.24   -33.83   -33.09 
sigma          0.43    0.11     0.00      0.28     0.41     0.68 
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Table 5.  Posterior summary of simulated results due to stationary samples 

Parameter    Mean    SD     MCSE    LB    Median    UB 
beta         7.88      0.23     0.01    7.53     7.85     8.46 
log.sigma    -0.88     0.24     0.01    -1.28    -0.89    -0.37 
Deviance    52.21     2.20     0.07    50.03    51.51   58.33 
LP         -34.18     1.10     0.03    -37.24   -33.83  -33.09 
sigma        0.43     0.11     0.00     0.28     0.41     0.68 

 

 
Figure 2.  Plots of posterior densities of the parameters 𝛽𝛽0 and 𝜎𝜎 for the 
posterior distribution of log-logistic model using the functions Laplace 
Approximation and Laplaces Demon. It is evident from these plots that 
Laplace Approximation is excellent as it resembles with Laplaces Demon. 
The difference between the two seems magically 

6. Fitting of Regression Model 
6.1. Fitting with Laplace Approximation 

6.1.1. Lifetimes of Steel Specimens Data 

Kimber (1990) and Crowder (2000) discuss data on the 
times to failure of steel specimens subjected to cyclic stress 
loading of various amplitudes. The same data is discussed in 
Lawless (2003); they are for 20 specimens at each of the 14 
stress amplitudes 32.0, 32.5, 33.0, ..., 38.0, 38.5. Failure 
times 𝑡𝑡  are in numbers of thousands of stress cycles. None 
of the 280 times are censored. Figure 3 shows box plots of 
the log failure times at each stress amplitude. This suggests 
that log failure times tend to be smaller at higher amplitudes, 
and also that the dispersion decreases as the amplitude 
increases. Further exploratory data analysis suggests that a 
log-logistic distribution may provide a satisfactory 
description. 

6.1.2. Data Creation 

For fitting of lifetimes of steel specimens data with 
LaplaceApproximation, the logarithm of lifetime will be the 
response variable and stress level will be the regressor 
variable. Since an intercept term will be included, a vector of 
1's is inserted into design matrix 𝑋𝑋. Thus, 𝐽𝐽 =  2 indicates 

that, there are two columns of independent variables, first 
column for intercept term and second column for regressor, 
in the design matrix.  

 
N<-280 
J<-2  
X<-cbind(1,as.matrix(log(steelSpecimen$ 
 stress))) 
y<-log(steelSpecimen$lifetime) 

 

 

Figure 3.  Box plots of steel specimen log failure times at 14 stress levels 

mon.names<-c("LP","sigma")  
parm.names<-as.parm.names(list(beta=rep(0,J), 
 log.sigma=0))  
MyData<-list(N=N,J=J,X=X,mon.names=mon.names, 
 parm.names=parm.names, y=y) 

In this case of steel specimens data, all the three 
parameters including log.sigma are specified in a vector 
parm.names. The logposterior LP and sigma are included as 
monitored variables in a vector mon.names. Total number of 
observations is specified by 𝑁𝑁, which is 280. Censoring is 
not included here. Finally, all these things are combined with 
object name MyData which returns the data in a list.  

6.1.3. Initial Values 

The initial value is taken as a starting point for the 
estimation of a parameter. So the first two parameters, the 
beta parameters have been set equal to zero, and log.sigma 
has been set equal to log(1), which is equal to zero.  

 
Initial.Values<-c(rep(0,J),log(1)) 

6.1.4. Model Specification 

Fitting of the model with LaplaceApproximation, one 
must specify a model. For lifetimes of steel specimens data, 
consider that logarithm of lifetime follows logistic 
distribution. In this linear regression model with an intercept 
and one independent variable, the model may be specified as 

𝑦𝑦 = 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿(𝜇𝜇,𝜎𝜎) 
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and expectation vector 𝜇𝜇 is an additive, linear function of 
vector of regression parameter 𝛽𝛽, and design matrix 𝑋𝑋  

𝜇𝜇 = 𝛽𝛽0 + 𝛽𝛽1𝑋𝑋 = 𝑋𝑋𝑋𝑋. 
Prior probabilities are specified respectively for regression 

coefficients, 𝛽𝛽 and scale parameter, 𝜎𝜎, 
                             𝛽𝛽𝑗𝑗  ~ 𝑁𝑁(0, 1000),      𝑗𝑗 = 1, … , 𝐽𝐽 
                              𝜎𝜎 ~ 𝐻𝐻𝐻𝐻(25).                                  

It is obvious that all prior densities defined above are 
weakly informative. Thus, to specify above defined model 
create a function called Model as 

Model<-function(parm,Data)  
{ 
##Parameter  
beta<-parm[grep("beta",Data$parm.names)]  
sigma<-exp(parm[grep("sigma",Data$ 
 parm.names)])         
##Log(Prior-Densities)  
beta.prior<-sum(dnormv(beta,0,1000,log= 
 TRUE))  
sigma.prior<-dhalfcauchy(sigma,25,log= 
 TRUE)                 
##Log-Likelihood  
mu<-tcrossprod(Data$X,t(beta))  
LL<-sum(dlogis(Data$y,location=mu, 
 scale=sigma,log=TRUE))  

LP<-LL+beta.prior+sigma.prior  
Modelout<-list(LP=LP,Dev=-2*LL,Monitor= 

 c(LP,sigma),yhat=mu,parm=parm) 
return(Modelout)  
} 

6.1.5. Model Fitting 

Now, fit the above specified model using the function 
LaplaceApproximation by assigning the object name Fit, and 
its results are summarized in the next section. 

 
Fit<-LaplaceApproximation(Model=Model,  
 Initial.Values,Data=MyData, 
 Iterations=10000,Samples=100000, 
 Method="LBFGS",sir=TRUE) print(Fit) 

6.1.6. Summarizing Output 

The relevant summary of results of the fitted regression 
model is reported in the following tables. Table 6 represents 
the analytic result using Laplace approximation method, and 
Table 7 represents the simulated results using sampling 
importance resampling method. 

Table 6.  Posterior summary of the analytic approximation using the 
function Laplace Approximation, which is based on asymptotic 
approximation theory 

Parameter       Mean       SD         LB        UB 
beta[1]          49.08       2.15       44.77       53.38  
beta[2]         -12.22       0.60       -13.42     -11.01  
log.sigma       -1.14        0.05       -1.24       -1.04 

Table 7.  Posterior summary of the simulation due to sampling importance resampling method using the same function 

Parameter Mean SD MCSE ESS LB Median UB 

beta[1] 49.21 2.16 0.01 100000 44.94 49.22 53.45 
beta[2] -12.25 0.61 0.00 100000 -13.44 -12.26 -11.06 

log.sigma -1.13 0.05 0.00 100000 -1.23 -1.13 -1.03 
Deviance 487.83 2.46 0.01 100000 485.02 487.19 494.25 

LP -257.62 1.23 0.00 100000 -260.80 -257.30 -256.22 
sigma 0.32 0.02 0.00 100000 0.29 0.32 0.36 

6.2. Fitting with Laplace Demon 

In this section, the function LaplacesDemon is used to analyze the same data, that is, Lifetimes of Steel Specimens. This 
function maximizes the logarithm of unnormalized joint posterior density with MCMC algorithms, and provides samples of 
the marginal posterior distributions, deviance and other monitored variables. 

6.2.1. Model Fitting 

For fitting the same model with the function LaplacesDemon by assigning the object name FitDemon, the R codes are as 
follows. Its summary of results is printed with the function print.  

 
Initial.Values<-as.initial.values(Fit)  
FitDemon<-LaplacesDemon(Model=Model, 
 Data=MyData,Initial.Values,  
 Iterations=60000,Status=1000,  
 Thinning=100,Algorithm="RWM")  

print(FitDemon) 
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6.2.2. Summarizing Output 

The function LaplacesDemon for the regression model, simulates the data from the posterior density with 
Random-Walk-Metropolis algorithm, and summaries of results are reported in the following tables. Table 8 represents the 
posterior summary of all samples, and Table 9 represents the posterior summary of stationary samples. The graphical 
summary of the results can be seen in Figure 4. 

Table 8.  Posterior summary by the simulation method due to all samples using the function Laplaces Demon 

Parameter     Mean     SD      MCSE     ESS      LB      Median      UB 
beta[1]        50.92     2.14      0.79      6.48     46.98      50.96     53.95 
beta[2]       -12.73     0.60      0.22      6.41     -13.59     -12.74     -11.63 
log.sigma     -1.15      0.05      0.01     26.59     -1.22      -1.15      -1.04 
Deviance     488.64     2.49      0.78     15.57     485.07     488.33    495.84 
LP          -258.11    1.33      0.43     14.18    -261.91    -257.99    -256.27 
sigma         0.32      0.02      0.00      26.52     0.29       0.32       0.35 

Table 9.  Posterior summary by the simulation method due to stationary samples using the same function 

Parameter      Mean      SD      MCSE      ESS        LB       Median       UB 
beta[1]        49.20      1.25      0.64       3.95      46.98       49.95       51.58 
beta[2]       -12.24      0.35      0.18       3.97      -12.90      -12.45      -11.63 
log.sigma     -1.15       0.03      0.01     19.09       -1.18       -1.15        -1.03 
Deviance     487.32      2.13      0.84     14.44      485.49      486.90     495.14 
LP         -257.36      1.10      0.43     14.29     -261.40      -257.19    -256.40 
sigma          0.32       0.01      0.00     18.91        0.31        0.32        0.36 

 

Figure 4.  Plots of posterior densities of the parameters 𝛽𝛽0, 𝛽𝛽1, 𝑙𝑙𝑙𝑙𝑙𝑙(𝜎𝜎) and 𝜎𝜎 of log-logistic model using the two different methods, that is, asymptotic 
approximation and simulation methods 

7. Discussion and Conclusions 
In this article, Bayesian approach is applied to model the 

real reliability data using log-logistic distribution. Two 
important techniques, that is, asymptotic approximation and 
simulation method are implemented using the functions of 
“Laplaces Demon” package of Statisticat LLC. The main 

body of the manuscript contains the complete description of 
R code both for intercept and regression models of 
log-logistic distribution. The function Laplace 
Approximaion approximates the results asymptotically and 
simulation is made by the function Laplaces Demon. Results 
of these two methods are very close to each other. The 
excellency of these approximations seem clear in the plots of 



170  Md Tanwir Akhtar et al.:  Log-logistic Distribution as a Reliability Model: A Bayesian Analysis  
 

 

posterior densities. It is evident from the summaries of 
results that the Bayesian approach based on weakly 
informative priors is simpler to implement than the classical 
approach. The wealth of information provided in these 
numeric and graphic summaries are not possible in classical 
framework (e.g., Lawless, 2003). On the other hand, it is 
quite simple in Bayesian paradigm using tools like R. 
Furthermore, this approach can also be used for multiple 
regression models, and can be extended for hierarchical 
modelling relevant in reliability. Software developed in this 
paper can also be applied for Bayesian survival analysis. 
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