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A Family of Block Methods Derived from TOM and BDF
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Abstract In this paper, we introduced a family of self-starting Z(a)-stable linear multistep block methods (LMBMs) for
solving stiff initial value problems (IVPs) in ordinary differential equations (ODEs). The block methods are constructed by
pairing k-step Top Order Methods (TOMs) and 2k-step Backward Differentiation Formulas (BDF) and shifting them (2« - 2)
times as in Ajie et a/ (2014). The methods are of order 2k and their performance on the numerical examples considered shows
that their accuracies increase as the order increases.
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1. Introduction

Many mathematical problems don’t have known
analytical solutions, therefore there is need to provide good
numerical methods to approximate their solutions. In this
paper, we introduced aself-starting family of order 6, 8 and
10for stiff initial value problem of the form

y’:f(tey)ey,(tO):y05t€[thTn] (1-1)

where (1.1) assumed to be continuous and satisfies Lipschitz
condition as specified in Henrici (1962). Solving (1.1) using
k-step linear multistep methods require

(a) The provision of k-1 starting values

(b) A-stable method if it is stiff

(c) High order method if high accuracy is needed.

The Dahlquist order barrier on standard linear multistep
methods forced many numerical analysts to devise other
means to construct high order stable schemes that can solve
stiff problems. In this paper have we constructed high order
block schemes that can solve stiff problems without
requiring starting values. This is done using backward
differentiation formulas (BDFs) introduced by Curtiss and
Hirshfelder in 1952 and Top Order Methods (TOMs)
considered by Dahlquist in 1956.

Block methods were introduced to both improve the
stability of methods and provide the k-1 starting values to
k-step LMM. They can be seen as a set of linear multistep
methods simultaneously applied to (1.1) and then combined
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to yield better approximations. They have the capacity to
generate simultaneously k approximate solutions. Our
methods can generate simultaneously 2(k — 1) approximate
solutions. For block methods see the following references
Akinfenwa (2011), Ajie et al (2011), Fatunla (1991, 1994),
Zanariah and Suleiman (2007), Cash and Diamantakis
(1994), Brugnano and Magherini (2000, 2007), Muka and
Ikhile (2012), Brugnano and Trigiante (1997, 1998),
Shampine and Watts (1972), Onumanyiet al. (1994, 2001),
Bond and Cash (1979).

In the section that follows, we give the construction of the
methods; section three gives the stability analysis. In section
four, we give numerical examples and conclude in section
five.

2. Construction of the Methods

The general linear multistep formula (LMF) is given by

k k
zajyn+j_hn Zﬂjfn+j:0 (2.1)
j=0 j=0

where A, is the variable size,

» step

a; and ﬁ i
j=0,1,2,...,k are coefficients which can be uniquely
determined.
k
By introducing two polynomials p(z)= z a; 7/ ,
j=0
k .

o(z)= z ﬂjzj , (2.1) can be rewritten as

j=0

p(z)—ho(z)=0 2.2)
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Taking o(z) in its simplest form, o/(z) = S, K e Implicit Euler method y, -y, =h,f,. is the first

obtain a class of order k, k-step LMF known as BDF and are member of this family and the only one that is L-stable. It is

known to be of order one. It is in fact known that BDF of

given by order k>7 are zero unstable hence will not converge.
k Cases of order k= 4,6, 8 and 10that will be used in our
Z G Vpvr = hnﬂkf(xn+k>yn+k) (2.3)  constructions are given below:
r=0
order k=4
1 4 25
23t 3Vns2 = 4Vpi3 + g V4= Mo frva
order k=16
1 6 15 20 15 49
gyn _gyn-i—l +7)’n+2 _?yn+3 + ?yn+4 —6Y,45 +2—0yn+6 =Ny frr6
order k=38
1 8 14 56 35 56
gyn _7yn+1 +?yn+2 _?yn+3 +7yn+4 _?yn+5 +14yn+6 _8yn+7 +
761
ﬁyrHS = hmfn+8
order k=10
1 10 45 120 252 105
T00n g Y T g Y2 T Y 3514 T Vs T Va6 —40y,,7 +
45 7381
7)’n+8 —10y,.9 + ﬁ)ﬁmo =Ny fut10

Almost all the families of linear multistep methods are obtained by imposing one restriction or the other on the structure of
the polynomials p(z) or o(z). The family of TOMs is constructed without restrictions on such polynomials by imposing

maximum order 2k on (2.1) in order to get the coefficients o j and )= 1,2,...,k . This family was presented as

unstable methods by Dahlquist (1956), their stability properties as boundary value methods (BVMs) were studied by Amodio
(1996) and used by Brugnano and Trigiante (1998). Examples are the fourth, sixth, eighth and tenth Order TOMs below
which we used in constructing our family of methods.

order2k = 4

-1 1 1 2 1

7yn+EJ’n+2:hm(gfn+§fn+1+gfn+2J
order2k = 6

-11 9 9 11 1 9 9 1

— Y, —— +— +— =h,| —f,+— +— +—

0 Yn 20Yn+1 20Yn+2 60)’n+3 m(zofn 20fn+l 2Ofn+2 20fn+3j
order2k = 8

=5 8 8 5 1 8 18 8 1
—y, —— +— +— =h,| —f,+—9f, 1 +— +— +—
84yn 21yn+1 21yn+3 84yn+4 m[70fn 35 fn+l 35fn+2 35fn+3 70fn+4j
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order2k = 10
137 325 50 50 325 137
7560 Yn 1512);}1+l 189 Yn+2 189 Yn+3 1512yn+4 756Oyn+5
1 25 25 25 25 1
h,| —f, +— +— +— +— +—
m(zszfn 252fn+1 63 fn+2 63 fn+3 252fn+4 252fn+5j

The objective of this paper is to derive efficient higher order block methods which are L(a) — stabe among block LMF
for efficiency. Higher order methods are considered for p =6,8,10 where p is the order. These are obtained by pairing
TOMs of step k£ and BDFs of step 2k (the same order).The pairs are then shifted forward simultaneously repeatedly (k—2)

times to give a set of 2(k - 1) equations which can be solved to obtain the unknowns vy, 1, V425 Vy43s++5 Yna2(k-1) - For

values of &k =2,3,4,5, the construction yields the new one step block methods of the form

where
Y1 =( )5 Y, =( M
o+l = Wt V2 V3o Vurk) 5 Lo = Vp—ki1o5Vn=2>Vn-1-Vn) >
_ T. _ T
Fa)+1_(fn+l7fn+2’fn+3>"'9fn+k) ’Fa)_(fn—k+1""’fn—29fn—19fn) (2.6)
Order 4
0 ? 0 o0 o0 o0
2 1 4
1 21l o 000
-4 3 4 B g g todaoao -2 ER coooo 3
0 0 0 1 00
; ooooo0 32
_% o L0 0 o P L2100 ooo0OoGo a0
= . . 2 rA=|0D00DDO0O O i By=| 8 3 & 3D=U|]|]|]|]|]
0 -1 g L g 00000 O u%%%nn ocoooo00
2 2 0O0O0DODTODTOD
0 LI -4 5 _g BB \ooooo o) 0 0 0 0 01
1 4 3 12
Order 6
-2 5 14 0 o o 0 0 O O
20 20 &0
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&0 20 20 63 0 00DO0DO0DOODTUOTUO X
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6 5 4 3 2 20 0 0O0DOO OO OTO®OTUOGODOGOD 1]
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Ay = ) . 20 1s s ;Ag=|0 0D 0D O0DODOODODO 0O |
O r &2 = A B g 2 o 0
5 p 3 2 =0 00 0DO0DO0ODODODOTG O O
1] 0 -1 _s5 3 1 0 0 0 0 0 00O0CODTODODOODOO O
50 20 &0 00 00DO0DOOTODODTG O O
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Order 8
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Pairs for Stiff Ordinary Differential Equations

Order 10
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We have constructed the one-step block LMF of order
p=4,6,8and 10 in this section using only the pairs of

LMF. The problem of looking for additional methods to form
blocks are overcome.

3. Stability Analysis of the Methods (See
Akinfenwa et al. (2011))

Applying (2.5) to the test equation

From (3.3), we obtain the stability function R(z)which is a
rational function of real coefficients given by

R(z) = Det[IR — D(z)] (3.4)

where / is a k x k identity matrix. The stability domain S of a
one-step block method is

S={ze CR(z)<1}

From the analysis given we easily obtain as follows the
rational functions R(z) for order =4 and 6 which

3.5)

V'=1y;A<0 (3.1) satisfies (3.5).
gives order =2
e 6+5
YaH_l:D(Z)Yw,Z—ﬂh (3.2) R (z) = oz
6-Tz+222
where
-1
D(Z) = (A(l) — ZB(I)) (A(O) + ZB(O)) (33)
order = 4
r () 45000 +123675 z + 146418 z” + 88423 z° + 16006 z* + 168 z°
z) =
45000 - 146325 z + 214368 z2 - 183935 z3 + 98692 z! - 30480 z5 + 4032 z6
order = 6
912452702280 + 4438612059420 z + 10141284207180 2° + 142659794921725 27 + 135143902155592 £° 4+ 5649951148717 2° +
R (2) 3249267317378 2° + 449637707960 2 + 6952214800 =¥ + 216000 2°
= =
(-49 +202)2 (-7755720 + 30332820 z - 55691220 22 + 63063875 z? - 48434858 z4 + 25861577 2° - 9172512 zf + 35217027)
25 : : : : : : :
20
15
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5
@ 0
-5
10
15
20
25
220 15 10 -5 0 5 10 15 20
2

Figure 2.

Solution (solid line) of example 4.2 using ode45 in MATLAB and discrete approximation (star *) using order 6 of the proposed block method
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The boundary locus plots of the stability domain for order
4, 6, 8 and 10 are given in figure 1.

Hence we conclude from the stability analysis of the four
new methods in section 3.0 that order 4 and 6 are

L(a)—stable  since p(|D(oo)|):O (see Chartier

(1994)). Since we cannot compute the rational functions of
order 8 and 10 with the machine we have, we conclude from

the boundary locus plot that they are A(«) — stable .

4. Numerical Experiments

Example 4.1

The test equation y' =—10y; y(0)=1 is solved with

h =0.01 using the four methods, order 4, 6, 8 and 10 and the
results displayed in the table 1 below:

Table 1. Absolute errors in example 4.1 when solved with different order
of the proposed methods

X Errors in Errors in Errors in Errors in

order 4 order 6 order 8 order 10

0.02 -1.24e-007 7.93e-009 3.01e-010 8.08¢-012
0.04 -2.11e-007 7.36e-009 2.55e¢-010 6.67 e-012
0.06 -2.61e-006 6.83e-009 2.09¢-010 5.45¢e-012
0.08 -2.21e-006 7.023e-009 1.71e-010 4.46¢e-012
0.10 -1.87e¢-006 -2.12¢-008 1.01e-010 3.63 e-012
0.12 -2.87e-006 -1.45e-008 -5.81e-011 3.00 e-012
0.14 -2.39e-006 -1.15e-008 -7.20e-011 1.07 e-012

It can easily be seen that the accuracy increases as the
order increases.

129

Example 4.2 Lorenz chaotic attractor (see Sparrow
(1982))

- 0 »
y={ 0 -o o]ly
-y p -l
p—1 0
Ye=| N |5 Yo=Ye+|0
n 3

8
p=28; o=10; ﬂ=§; n=~Bp-D;

The above Lorenz equation is solved using order 6 of our
method and step size h = 0.01. The result is compared with
the one computed using ode45 and are displayed in the figure
2 below

The blue dot is the computed results using our new block
method while the red line is the one computed with ode45.

Example 4.3

!
Yi=>n

!

25. _ —

Yo ==+ uy(=37); 11(0) =2, »,(0)=0

The Vander Pol problem is used to demonstrate the ability
of the methods to solve stiff nonlinear problems. The above
Vander Pol is solved for £ =100, using order 6 of our
method and step size 2 = 0.001. The phase diagram of the
computed solution is displayed in figure 3 below.

YWander Pol phase diadram
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Figure 3. Solution of problem 4.3 in phase plane, computed with order 6 of the proposed method ( {L = 100 andn= 0.001)
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5. Conclusions

A new family of block methods that is self-starting has
been introduced. This family includes the order six method
which is the highest order in the family we constructed in
Ajie et al. (2014). They combine the accuracy of TOMs and
the stability properties of BDFs in the block implicit pairs
formed for adequate block-by-block forward integration. A
close examination of example 4.1 shows that order 8 and 10
provide better results than the order six which is the best in
the earlier family in Ajie et al. (2014). The analysis of the
stability ~properties shows that the methods are
L(a) — stable for order 4 and 6. It is also conceivable that
order 8 and 10 are L(«a)— stable but since the machine
available to us cannot compute their rational functions, to be
on the safe side, we use the boundary locus plot to conclude
that they are A(a)—stable . The numerical experiments
considered showed that the accuracies increase as the order

increases and that the methods are comparable to existing
ones.

REFERENCES
[1] Ajie, L. J., Ikhile, M. N. O., andOnumanyi P., (2014) ‘A
Family of L(«a)—stable Block Methods for Stiff

Ordinary Differential Equations AmericanJournal of
Computational and applied mathematics, vol. 4, number 1.

Akinfenwa, O., Yao N. and Jator, S., (2011) ‘Implicit two step
continuous hybrid block methods withfour Off-Steps point
for solving stiff ordinary differential equation.” In
Proceedings of the International Conference on
Computational and pplied Mathematics, Bangkok, Thailand,
p. 425-428.

[3] Akinfenwa, O., Yao, N. and Jator, S., (2011) “A Self-Starting
Block Adams Mathods for Solving Stiff Ordinary Differential
Equation,” in Computational Science and Engineering
(CSE), 2011 IEEE 14th International Conference, p. 127-136.

Amodio, P. (1996) A-stable k-step Linear Multistep Formulae
of Order 2k for the Solution of Stiff ODEs, Report 24/96
Dipartimento di Matematica, Universita' degliStudi di Bari.

Bond, I. and Cash, J., (1979) ‘A Block Method for Numerical
Integration of Stiff systems of ODEs.’BIT, vol. 19, no. 2, p.
429-447.

Brugnano, L. and Magherini, C. (2000), Blended
implementation of block implicit methods for ordinary
differential equations, Appl. Numer Math. 42, 29-45.

Brugnano, L. and Magherini, C. (2007), Blended implicit
methods for solving ordinary differential equations and delay
algebraic problems and their extention for second order
problems, J. Comput. Appl. Math. 205, 777-790.

(8]

[13]

[14]

(20]

Brugnano, L. and Trigiante, D., (2001) Block Implicit
Methods for ODEs in: D. Trigiante (Ed). Recen Tends in
Numerical Analysis, New York: Nova Science Publ. Inc..

Brugnano, L. and Trigiante, D. (1998), Solving differential
problems bymultistep initial and boundary value methods.
Published by Gordon and BeachScience Publishers.

Brugnano, L. and Trigiante, D. (1997), Boundary Value
Methods for the approximation ordinary differential
equations, Lecture notes in comput. Sci. 1196, 78-89.

Cash, J. and Diamantakis, M., (1994) “On The
Implementation of Block Runge-Kutta Methods for Stiff ivps,”
Ann Numer. Math., vol. 1, no. 2, p. 385-398.

Charter, P. (1994) ‘L-stableparallelone-blockmethodsfor
Ordinary differential equations’ SIAM J. numer. anal.Vol. 31,
No. 2, pp. 552-571.

Curtiss, C. F. and Hirshfelder, J. O. (1952) Integration of stiff
equations, Proc. Nat. Acad. Sci. U.S.A. 38 p. 235-243.

Dahlquist, G., (1956) “Convergence and stability in the
numerical integration of ordinary differential equations, Math.
Scand. 4, p. 33-53.

Fatunla, S. O., (1991) “Block Method for Second Order IVPs”
J. Compt. Maths, vol. 41, p. 55-63.

Fatunla, S.O. (1994), Parallel methods for second order
ordinary differential equations. Proceedings of the
International Conference on Computational Mathematics,
University of Ibadan Press, pp 87-99.

Henrici, P., (1962) Discrete Variable Methods ODEs. New
York: John Wiley. Journal of The Nigerian Mathematical
Society, vol. 12.

Muka, K.O. and Ikhile, M.N.O. (2012), Parallel
multi-derivative backward differentiation type block II
methods for stiff ODEs. 417—434.

Onumanyi, P., Awoyemi, D. O., Jator, S. N. and Sirisena, U.
W., (1994) ‘‘New Linear Multistep Methods with Continuous
Coefficients for First Order IVPs” Journal of The Nigerian
Mathematical Society, vol. 13.

Onumanyi, P., Sirisena, W.U. and Chollom, J. P., (2001)
Continuous hybrid methods through multistep collocation.
Abacus, Journal Mathematical Association of Nigeria pp
58-64.

Shampine, L. and Watts, H. A., (1972) “A-Stable Block
One-Step Methods,” BIT, vol. 23, p. 252-266.

Sparrow, C. (982) The Lorenz Equations: Bifurcations,
Chaos, and Strange Attractors, Springer-Verlag, New York,
1.

Zanariah, M. and Suleiman, M., (2007) ‘Implementation of
Four-Point Fully Implicit Block Method for Solving Ordinary
Differential Equation,” Applied Maths and Comp.,vol 184, p.
513-522.



