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Abstract Application of the method of moments for the parametric distribution is common in the construction of a
suitable parametric distribution. However, moment method of parameter estimation does not produce good results. An
alternative approach when constructing an appropriate parametric distribution for the considered data file is to use the
so-called order statistics. This paper deals with the use of the order statistics as the methods of L-moments and TL-moments
of parameter estimation. L-moments have some theoretical advantages over conventional moments. L-moments have been
introduced as a robust alternative to classical moments of probability distributions. However, L-moments and their
estimations lack some robust features that belong to the TL-moments. TL-moments represent an alternative robust version of
L-moments, which are called trimmed L-moments. This paper deals with the use of L-moments and TL-moments in the
construction of models of wage distribution. Three-parametric lognormal curves represent the basic theoretical distribution
whose parameters were simultaneously estimated by three methods of point parameter estimation and accuracy of these
methods was then evaluated. There are method of TL-moments, method of L-moments and maximum likelihood method in
combination with Cohen’s method. A total of 328 wage distribution has been the subject of research.
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are estimated based on linear combinations of the order
statistics, i.e. L-statistics. L-moments are an alternative
system describing the shape of the probability distribution.
L-moments present the basis for a general theory, which
includes the characterization and description of the
theoretical probability distribution, characterization and
description of the obtained sample data sets, parameter
estimation of theoretical probability distribution and
hypothesis testing of parameter values for the theoretical
probability distribution. The theory of L-moments includes
such established procedures such as the use of the order
statistics and Gini’s middle difference and leads to some
promising innovations in the area of measuring skewness
and kurtosis of the distribution and provides relatively new
methods of parameter estimation for individual distribution.
L-moments can be defined for any random variable whose
the expected value exists. The main advantage of the
L-moments than conventional moments consists in the fact
that L-moments can be estimated on the basis of linear
functions of the data and are more resistant to the influence
of sample variation. Compared to conventional moments,
L-moments are more robust to the existence of outliers in the
data and allow better conclusions obtained on the basis of
small samples for basic probability distribution. L-moments
often bring even more efficient parameter estimations of

1. Introduction

Moments and cumulants are traditionally used to
characterize the probability distribution or the observed data
set in statistics. It is sometimes difficult to determine exactly
what information about the shape of the distribution is
expressed by its moments of third and higher order.
Especially in the case of a small sample, numerical values of
sample moments can be very different from the values of
theoretical moments of the probability distribution from
which the random sample comes. Particularly in the case of
small samples, parameter estimations of the probability
distribution obtained using the moment method are often
markedly less accurate than estimates obtained using other
methods, such as maximum likelihood method.

An alternative approach is to use the order statistics. Let X
be a random variable having a distribution with distribution
function F(x) and with quantile function x(F), and let X,
Xo, ..., X, is a random sample of sample size n from this
distribution. Then X1., < X2.,<...< X, are the order

statistics of random sample of sample size n, which comes
from the distribution of random variable X.
L-moments are analogous to conventional moments and

* Corresponding author:

Bilkova@vse.cz (Diana Bilkova)
Published online at http://journal.sapub.org/ajms
Copyright © 2014 Scientific & Academic Publishing. All Rights Reserved

parametric distribution than the estimations obtained using
maximum likelihood method, especially for small samples.
Theoretical advantages of L-moments over conventional
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moments lie in the ability to characterize a wider range of
distribution and in greater resistance to the presence of
outliers in the data when estimating from the sample.
Compared with conventional moments, experience also
shows that L-moments are less prone to bias estimation and
approximation by asymptotic normal distribution is more
accurate in finite samples.

Alternative robust version of L-moments will be now
presented. This robust modification of L-moments is called
“trimmed L-moments” and “labeled TL-moments”.

This is a relatively new category of moment
characteristics of the probability distribution. There are the
characteristics of the level, variability, skewness and kurtosis
of probability distributions constructed using TL-moments
that are robust extending of L-moments. L-moments alone
were introduced as a robust alternative to classical moments
of probability distributions. However, L-moments and their
estimations lack some robust properties that belong to the
TL-moments.

Sample TL-moments are linear combinations of the
sample order statistics, which assign zero weight to a
predetermined number of sample outliers. Sample
TL-moments are unbiased estimations of the corresponding
TL-moments of probability distributions. Some theoretical
and practical aspects of TL-moments are still under research
or remain for future research. Efficiency of TL-statistics
depends on the choice of a proportion, for example, the first

1 2
g)’lg)

sample TL-moments lgo), [ have the smallest

variance (the highest efficiency) among other estimations

r—1

from random samples from normal, logistic and double
exponential distribution.

When constructing the TL-moments, the expected values
of the order statistics of random sample in the definition of
L-moments of probability distributions are replaced by the
expected values of the order statistics of a larger random
sample, where the sample size grows like this, so that it will
correspond to the total size of modification, as shown below.

TL-moments have certain advantages over conventional
L-moments and central moments. TL-moment of probability
distribution may exist even if the corresponding L-moment
or central moment of the probability distribution does not
exist, as it is the case of Cauchy’s distribution. Sample
TL-moments are more resistant to existence of outliers in the
data. The method of TL-moments is not intended to replace
the existing robust methods, but rather as their supplement,
especially in situations where we have outliers in the data.

2. L-Moments

2.1. L-Moments of Probability Distributions

Let X be a continuous random variable that has a
distribution with distribution function F(x) and with quantile
function x(F). Let X1., < X 2., <...< X, are the order

statistics of random sample of sample size n, which comes
from the distribution of random variable X. L-moment of the
r-th order of random variable X is defined

1 r—1 .
j=0

The expected value of the r-th order statistic of random sample of sample size # has the form

n
r—D!(n-

E(X .n) =

1
Sy OF@Y T - P TAFE). @
"0

If we substitute equation (2) into the equation (1), we obtain after adjustments

1
,1r:J.x(F)'P;"_l[F(x)]dF(x), r=1,2,.., 3)
0

where

PHF@]= Y pt FOY a pi‘J=(—1)f—f-[’f]-(r+.jj, @
=0

J J

and Pf[F (x)] represents the r-th shifted Legendre polynomial. We also obtain substituting (2) into the equation (1)

r—1 _ 1
;Lﬁl-Z(—l)f-(r 1]r—!Ix(F)-[F(x)]r_j_l-[l—F(x)]de(x), r=1,2,. ()

= j ) @—j-nrjr]

The letter “L” in the name of “L-moments” stresses that the -th L-moment A, is a linear function of the expected value of
certain linear combination of the order statistics. Own estimation of the -th L-moment A, based on the obtained data sample
is then linear combination of ordered sample values, i.e. L-statistics. The first four L-moments of the probability distribution



82 Diana Bilkova: Trimmed L-Moments: Analogy of Classical L-Moments

in now defined

Table 1. Formulas for the Distribution Function or Quantile Function, and for L-Moments and Ratios of L-Moments of Chosen Probability Distributions

Distribution Distribution function F(x) or quantile function x(F) L-moments and ratios of L-moments
a+pf

Uniform x(F):a+(,B—a)-F(x) ﬂ,zzﬂ;a

73=0
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M=¢ta
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3
1

3=
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Generalized extreme value x(F) = 5 +a- P ~ 7. (1 _ 3—k) 3
3=~ _—r
1-2
1-627%+1037% 547"
T4 = —k
1-2
Source: Hosking (1990); own research
Table 1. Continuation
Distribution Distribution function F(x) or quantile function x(F) L-moments and ratios of L-moments
1-T(1+k)-T'(1-k
=g o ZLHOTOR
k
1_{1—F(x)} Jp=a T(1+k)T(1-k)
Generalized logistic F .
HF)=¢+a- () r3=—k
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0'2 (o)
Ar=exp| u +7 -erf(zj
Lognormal F(X) = q){ln [X(F) — 5] — ,Ll} o
o 2
X
erf| = |-exp(-x?) dx
Bl £ (ﬁ j Pl
erf (0)
2
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Vi x(F) | / . F(a + ;]
Gamma Fx)= | 2T -exp(——]dt - . f.
I'(a) { i A=z 2 T'(@)
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Source: Hosking (1990); own research
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A= EQx ) = [x(F)dF(x), ©)
0
1 1
2o =5 E(X 2o = X12) = [5(F)-2F () - 1]dF(x), )
0
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1
A3= %E(X 337 2X 3+ X13)= Ix(F)~{6 [F())P - 6F(x)+1}dF(x), ®)
0

1
A4=iE(X4;4—3X3;4 $3X 04— X, ) = [x(F)- O[F(0)F - 30[F)P + 12[F@)] -} d F(x). )
0

The probability distribution can be specified by its L-moments, even if some its conventional moments do not exist, but the
opposite is not true. It can be proved that the first L-moment A, is the level characteristic of the probability distribution, the
second L-moment A, is the variability characteristic, of a random variable X. It is convenient to standardize the higher
L-moments A,, 7 > 3, to be independent on specific units of the random variable X. The ratio of L-moments of the r-th order of
random variable X is defined

A
z-rz—r, r=3,4,... (10)
A2
It is also possible to define such a function of L-moments, which is analogous to the classical coefficient of variation, i.e.
the so-called L-coefficient of variation.

A 2

A1

The ratio of L-moments 13 is the skewness characteristic and the ratio of L-moments t, is the kurtosis characteristic of the
corresponding probability distribution.

Main properties of the probability distribution are summarized very well by the following four characteristics: L-location
M1, L-variation A,, L-skewness t; and L-kurtosis t4. L-moments A; and A,, L-coefficient of variation t and ratios of L-moments
13 and 14 are the most useful measurements for characterizing the probability distribution. Their most important features are:
the existence (if the expected value of the distribution exists, then all L-moments of the distribution exit, too) and uniqueness
(if the expected value of the distribution exists, then L-moments define only one distribution, i.e. no two distributions have
the same L-moments).

Using equations (6)—(9) and equation (10) we obtain formulas for L-moments, respectively for the ratios of L-moments for
the case of chosen probability distributions, see Table 1. More on the L-moments is for example in [1], [13], [14] and [17].

T (11)

2.2. Sample L-Moments

We usually estimate L-moments using random sample, which is taken from an unknown distribution. Since the r-th
L-moment A, is a function of the expected values of the order statistics of random sample of sample size 7, it is natural to
estimate it using the so-called U-statistic, i.e. the corresponding function of the sample order statistics (averaged over partial
subsets of sample size , which can be formed from the obtained random sample of sample size 7).

Let xy, X5, ...,x, is a sample and x1.,, < x2., <... < x,., is an ordered sample. Then the r-th sample L-moment can be

written as
-1
n 1 -1 (r—1
] = YYo= X, =02, 000 (12)
"oAr I<ii<iz<..<ir<n U _ J
Hence the first four sample L-moments have the form
1
11:7'2x1'5 (13)
o
1 (nY"
=5 | ZE (g xgm) (14)
i> ]
-1
l3—3'[3J ZZZ (x;,~ 2xj:n+ xk:n), (15)
i>j>k
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1
4

i>j>k>1

U-statistics are widely used especially in nonparametric
statistics. Their positive features are: the absence of bias,
asymptotic normality and some slight resistance due to the
influence of outliers.

When calculating the r-th sample L-moment it is not
necessary to repeat the calculation across all partial subsets
of sample size r, but this statistic can be expressed directly as
linear combination of the order statistics of random sample
of sample size n. If we consider the estimation of E(X,.,),
which is taken using U-statistics, this estimate can be written
as rb,_,, where

1 (n-1\" n (j-1
= : xi, (17
br n( l’] j=Zr:+l[ r jxj’n n

specifically

bO e z Xjin> (18)
j=1
L2 G-
T E ey e 0
j=2
L& G-D-(G-2)
=y ATy, QO
P20 T =D -2
therefore generally
b=t % G-D-G=2)-....(G — 1) e

W, )y

Therefore the firs sample L-moments can be written as

12=2b,~ by, (23)
[3=6b,—6b,+hy, (24)
14=20b;-30b, +12b,~hy.  (25)
Thus, we can write universally
"%
1= 2P, b T=0Ln=1, 6
k=0~

where

-1
z4=-@ TIES (x,

-3x. +t3x,_ —x, ).
n jn

16
k:n I:n (16)

r—k
* —k (¥ (r+k -1 -(r+k)!
Prx= (=D [,J( k ):( )2 -@7)
(k") -(r=k)!

Application of sample L-moments is similar to the
application of sample conventional moments. Sample
L-moments summarize the basic properties of the sample
distribution, which are the location (level), variability,
skewness and kurtosis.

Thus, sample L-moments estimate the corresponding
properties of the probability distribution from which the
sample comes and can be used in estimating the parameters
of the relevant theoretical probability distribution. Under
such applications, we often prefer the L-moments before
conventional moments, since as a linear function of data,
sample L-moments are less sensitive to a sample variability
than conventional moments or to the size of errors in the case
of existence of outliers. L-moments therefore lead to more
accurate and robust estimations of the parameters or
characteristics of a basic probability distribution, see for
example [2-11].

Sample L-moments were used already previously in the
statistics, although not as a part of a unified theory. The first
sample L-moment /; is a sample L-location (sample average),
the second sample L-moment /, is a sample L-variability.

Natural estimation of the ratio of L-moments (10) is the
sample ratio of L-moments

/
t,,=l—r, r=3,4,...
2

Hence £; is a sample L-skewness and #; is a sample
L-kurtosis. Sample ratios of L-moments #; and #; can be used
as characteristics of skewness and kurtosis of the sample data
file. Gini’s middle difference is related to sample L-moments,
which has the form

(28)

-1

22X (X=X

i>j

n

G= (29)

and Gini’s coefficient, which depends only on a single
parameter ¢ in the case of two-parametric lognormal
distribution, but it depends on the values of all three
parameters in the case of three-parametric lognormal
distribution. Table 2 presents the formulas for estimation of
parameters of chosen probability distributions, which were
obtained using the method of L-moments.
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Table 2. Formulas for Estimations of Parameters Taken by the Method of L-Moments of Chosen Probability Distributions

Distribution Parameter estimation
Exponential (& known) (d = ll)
~ 1
o= L2
Gumbel In2
a=1,
Logistic ~
‘f =1 1
. 1 /
Normal o=m2 2
u=1
(& known)
r
k=4l _
Generalized Pareto / 2

Generalized extreme value

3+1,4 In3

~ 2
k =7,8590z + 2,9554 z
Ik
1-27M.-r+k)
. T(+k) -1
Lo DU+h)-1

o=

Generalized logistic

2
T(+k)-T(1-k)
A +lz—d

S=hrE

a=

Lognormal

8 _[l+1,
Z= =" — |?
ey

& =0,999 281z — 0,006 118 z° + 0,000 127 2°

ﬁzlnl—Z_f}_z
erf[o-j 2
2
A2
o

c_] —exp| i1+
S=1,—cxp| u >
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(& known)
(L2
A
1 z=ﬁ¢2
Gamma ifO0<zt< -, then: ~ 1-0,3080z
2 ax 2 3
z—0,05812z°+0,017 65z
z=1-t¢
. 0,7213z-0,5947 z?
1 ) a= 3
1f5£t<1,then- 1-2,1817z+1,2113z
~
p-1t
a

Source: Hosking (1990); own research

3. TL-Moments

3.1. TL-Moments of Probability Distributions

In this alternative robust modification of L-moments, the expected value E(X.;,) is replaced by the expected value
E(Xr+t,—j:r+t,+t,). Thus, for each » we increase the sample size of random sample from the original » to » + ¢, + ¢, and we
work only with the expected values of these r treated order statistics Xt,+1.r+t,+t,, Xty+2.r+t,+ty, ..., Xti+rr+t+t, by
trimming the #; smallest and the #, largest from the conceptual sample. This modification is called the r-th trimmed L-moment

(TL-moment) and is marked ﬂgl’tz). Thus, TL-moment of the -th order of random variable X is defined

1 (r—1
ﬂﬁ“’m):;'Z(—l)J'[ ; j-E(Xr+t1—j:r+t1+t2)a r=1,2,.. (30)
=0

It is apparent from equations (30) and (1) that the TL-moments simplify to L-moments, when ¢, = ¢, = 0. Although we can
also consider applications, where the values of trimming are not equal, i.e. #; # f,, we focus here only on symmetric case ¢,
= t,=t. Then equation (30) can be rewritten

1 V—l . r_l
Ag):;Z(_l)J[ J jE(Xr+t—]r+2t)’ }":1,2,.... (31)
j=0

Thus, form example,

0 _
1

E(X114142;) is the expected value of median from conceptual random sample of sample

size 1 + 2¢. It is necessary here to note that ,1%0 is equal to zero for distributions, which are symmetrical around zero.

First four TL-moments have the form for =1

/Ifl) =E(X153), (32)
1
A9 =2 E(X34= X24), (33)
m_1
A3 —EE(X4:5_2X3:5+X2:5)5 (34)
m_1
A4 _ZE(X5:6_3X4:6+3X3:6_X2:6)' (35)

Note that the measures of location (level), variability, skewness and kurtosis of the probability distribution analogous to
conventional L-moments (6)—(9) are based on /19), ,1(21), ﬂ,gl)a ﬂ,g).

The expected value E(X.,) can be written using the formula (2). Using equation (2) we can re-express the right side of
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equation (31)
1

0 ) P G 15 TR SR Pty .
Ar rjz(:)( 1)/( DGt !x(F) [FOI "/ [1-F@)]*/ dF(x),r=1,2,....(36)

It is necessary to be noted here that /’LE,O) = A, isanormal the r-th L-moment without any trimming.
Expressions (32)-(35) for the first four TL-moments, where # = 1, can be written in an alternative manner

A =6 j X(F)-[F)]-{1- F)]dF ), (37)
2 =6 f X(F)-[FI[1= F)] [2F () =11 F (), (38)
A0 = 230 *(F)-[F @)1= F)]-{SIF )P - SF@) + 1} dF (), (9)
0
=2 [ ) PN 1 F)- (4IF P - 21F@F +OF @I -4 F@. o

0
Distribution may be identified by its TL-moments, although some of its L-moments or conventional central moments do
not exit; for example /151) (the expected value of median of conceptual random sample of sample size three) exists for
Cauchy’s distribution, although the first L-moment A; does not exist.

TL-skewness Tgt) and TL-kurtosis Tg) are defined analogously as L-skewness 73 and L-kurtosis 74

%
02 1)
L0
A2
()
= “2)
(0
A2

3.2. Sample TL-Moments

Letxy, x2, ..., x, is a sample and  x., < X2 S < Xn:n 1s an ordered sample. Expression

A 1 i1 (n—i
E(XjHNH)ZT‘;[ i j[ ; j'xi:n (43)
JH+I+1

is considered to be an unbiased estimation of the expected value of the (j + 1)-th order statistic Xj;,,++1 in conceptual random
sample of sample size (j + / + 1). Now we will assume that we replace the expression E(X,+—.-+» ) by its unbiased estimation

in the definition of the r-th TL-moment 1&1) in (31)

A 1 L i—1 n—i
E . Y — . “Xions 44
(Xr+t J: +2t) I’l izz;(r_'_t_j_lJ [f‘i'jj Xin (44)
r+2t

which we gain by assigningj — r+¢—j— 1 al— t+jin (43). Now we obtain the r-th sample TL-moment
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1 =t (r—1) 4
z£’>=—-2<—1>f'[ . j‘EorM_,-;Hz», r=1.2,...n-2t, (45)
"o J
ie.
14 (r-1 1 " i1 n—i
lgt):_'Z(_l)j'[ . j—Z[ . J[ -J'Xi:n’ r:1,2,...,7’l_2t, (46)
"% j n S\rti—j-1) i+
r+2t
which is unbiased estimation of the r-th TL-moment ,1&”. Note that for eachj = 0, 1, ..., » — 1, values x;,,in (46) are

nonzero only for » + ¢t —j <i < n—t —j due to the combinatorial numbers. Simple adjustment of the equation (46) provides an

alternative linear form

r—1 _
sl
n—t =0 J

) n—i
r+t—j=1)\t+j

i—1

1
15’) —_. Z
r i=r+t (

Table 3. Formulas for TL-Moments and Ratios of TL-Moments and
Formulas for Estimations of Parameters Taken by the Method of
TL-Moments of Chosen Probability Distributions (= 1)

Distributi TL-moments and ratios of Parameter
1stribution TL-moments estimation
1
a’ = N
m=I
A0=02970 !
Normal 1(1)
rg]) =0 6=—2
" 0,297
' =0,062
20 =4
() =0,5000 (D)
Logistic 2’21 ’ H= Zl
z-g =0 A 21(21)
) =0,083
AV =p
A (1
A0=0,698c a=0Y
Cauchy D )
Tg =0 6' _ 12
20,343 0,698
1 Sa
iy
1 (04
=7 61"
Exponential G=—1
m_2 5
73 9
1 1
-1

Source: Elamir & Seheult (2003); own research

(47)

" Xin-
n
r+2tJ

For example, we obtain for » = 1 for the first sample
TL-moment

n—t
t t
1= 2 win xis (48)
i=t+1
where the weights are given by
[i - 1} {n - ij
t t
OD=x s = 7 (49)

Win n
(2t + 1]

The above results can be used to estimate TL-skewness
and TL-kurtosis by simple ratios

) 1y

3 =0 (50)
13

0) 1y

ty :W. 5D
15

We can choose ¢ = no representing the amount of the
adjustment from each end of the sample, where a is a certain
proportion, where 0 < o < 0,5.

Table 3 contains the formulas for TL-moments and for the
ratios of TL-moments and the formulas for parameter
estimations obtained using the method of TL-moments of
chosen probability distributions. More on the TL-moments is
for example in [12].
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4. Lognormal Curves

4.1. Three-Parametric Lognormal Curves

Random variable X has three-parametric lognormal distribution with parameters p, 6> and 0, where —0 < p < 0, 6* > 0, —0
<0 < oo, if its probability density function have the form

PO SN (1) )l RO
fx; n, 0% 0) o0 J2n exp{ 22 } x>0, (52)

=0, else.

Lognormal distribution with parameters 1, 6> and 0 (beginning of distribution, theoretical minimum) is marked LN(y, %,
0). Probability density function of three-parametric lognormal distribution is asymmetric, positively skewed. Figures 1 and 2
show the graphs of the probability density function of three-parametric lognormal distribution depending on the values of the
parameters of this distribution.

Probability density function of three-parametric lognormal distribution is sometimes presented in the form

8 1
fx; v, 3, 0) ‘W'GXP{—z[Y+5'ln(x—e)]2}, x>0, (53)
=0, else.

1
where it is valid ( =— % and o= g between the expressions for probability density functions (52) and (53).

If we substitute 6 = 0 (distribution minimum) into expressions for the probability density function of three-parametric
lognormal distribution (52) and (53), we obtain formulas for the probability density function of two-parametric lognormal
distribution.

Distribution function of three-parametric lognormal distribution has the form

F(x)zd{w} x>0, (54)
(e}
If the random variable X has three-parametric lognormal distribution LN(u, 6°, 0), then the random variable
Y=In(X-6) (55)
has normal distribution N(u, 6°) and the random variable
U=%:y+5-ln(X—9) (56)

has standardized normal distribution N(0; 1). Parameter p is the expected value of random variable (55) and parameter o~ is
the variance of this random variable. Parameter 6 is the beginning of the distribution, i.e. theoretical minimum of the random
variable X.

For o =exp(o 2) the 7-th common and central moments of three-parametric lognormal distribution have the form

\ 2"
p,=E(X")=0+exp r-u+r2 , (57)
r r T . .
tr = (X = ) 1=/ 3 (<1) ( -]'w("”“—f 2 |exp (- ), (58)
J=0 J
specifically
2

2
Hy =0 (@-1) (@ +20° +307 - 3).cxp(4-p). (©0)
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We obtain the expressions for the expected value and variance of random variable X having three-parametric lognormal
distribution from (57) and (58)

2
E(X)=0+exp(,u+%), (61)
D(X)=exp (2 i+ 0%)-[exp(a?) —1]=exp (2 p)- @-( —1). (62)
The expression for median
Median(X) = 6 +exp (1) (63)
comes from the expression for 100 P% quantile of this distribution

x P=0+exp (u+o0-up). (64)

Three-parametric lognormal distribution is unimodal with one mode
Mode(X)=t9+exp(,u—02)=«9+M. (65)

@

The relationship between the expected value, median and mode follows from the equations (61), (63) and (65)
E(X) > Median(X) > Mode(X), (66)

which is typical just for positively skewed distribution.
The coefficient of variation of three-parametric lognormal distribution is a function of all three parameters p, o> and 6 of
this distribution

2 2
exp(,u—ki)«/exp(o-z) -1 exp(u+62)1/a) -1
67
0 + exp| u+Z- 0 + exp| u+Z-
2 2
0.22 +
0.2 —+
_H=0
0.18 | — =1
_p:2
0.16 u=3
—pu=4
0.14 + u=5
012 +
o+
0.08 —+
0.06 +
0.04 +
0.02 + M —
—_—
0 T T L e S e e L e

1E- 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Source: Own research

Figure 1. Probability density function of three-parametric lognormal distribution for the values of parameters ¢ = 2 (c* = 4); 6 =2
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Figure 2. Probability density function of three-parametric lognormal distribution for the values of parameters p=3;0 =2
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Figure 3. Probability density function of four-parametric lognormal distribution for the values of parameters 6 =2 (¢*> =4); 6 =2; 1 =20

Gini’s coefficient of three-parametric lognormal distribution depends on all three parameters ., 6> and  of this distribution,
too

2
exp y+6— cerf| &
G= .
o2
0 +exp y+7
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Moment measurements of skewness and kurtosis depend on single parameter ¢°
2
B1 =+Jexp(c?) = 1[exp(O ) +2]=Jo-1-(0+2),
2 2 2 4 3 2
B2 =[exp(40 ) +2exp(B30 ) +3expRO ") -3]=(w" +20 +30" -3).

4.2. Four-Parametric Lognormal Curves
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Figure 4. Probability density function of four-parametric lognormal distribution for the values of parameters 6 =2 (¢*> =4); 6 =2; 1 =20
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Figure 5. Probability density function of four-parametric lognormal distribution for the values of parameters p=—1; 6 =2; 1 =20

93

(69)

(70)

Random variable X has four-parametric lognormal distribution with parameters L, 62, 0 a1, where —o < p < oo, o’ > 0, —0

<0 <1 <o, if its probability density function has the form
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1x—6 2
0, 1) = (r - 6) Teox F 0<x<rt 71
f(x H,G T) a(x—&) (r—x)\/i eXp| — 202 s b ( )

=0, else.

Lognormal distribution with parameters p, o, 0 a t is marked LN(u, 6 0, 7). The probability density function of
four-parametric lognormal distribution can have very different shapes depending on the values of the parameters of the

distribution, see  Figures Distribution ~may be also bimodal for o° > 2 and

|u|<o?y1-2/c% - Ztanh_ls/(l—Z/O'

Probability density function of four-parametric lognormal distribution is often presented in the form

2
S-(r — 0) 1 X — 6
. 8.0 = exp| ——| y+J0-In s 0 <x<r 72
Six; 7, 9,0, 1) (x—@)-(r—x)-\/ﬁ p 2[7 z'—xj > (72)
=0, else.

where it is valid between the expressions for probability density function (71) and (72) u=-— g and o= é

If the random variable X has four-parametric lognormal distribution LN(p, 6% 0, 1), then the random variable

X -0
Y =In (73)
r -
has normal distribution N(u, 6°) and the random variable
X -0
o Tx X -0 4
U=—T1"2 i . (74
o T - X

has standardized normal distribution N(0; 1). Parameter p is therefore the expected value of a random variable (73) and the
parameter o° is the variance of this random variable. The parameter 0 is the beginning of the distribution (theoretical
minimum) of a random variable X and the parameter t represents the end point of the distribution (theoretical maximum) of
the random variable X.

More on the lognormal distribution is for example in [6], [7], [9] or [10].

5. Methods of Parameter Estimation

We focus here only on the parameter estimation of three-parametric lognormal distribution, which is the basic theoretical
probability distribution of this research. Various methods of parametric estimation can be used for estimating the parameters
of three-parametric lognormal distribution. There are for example the maximum likelihood method, moment method,
quantile method, Kemsley’s method, Cohen’s method, L-moment method, TL-moment method, graphical method, etc. We
focus on maximum likelihood method and on lesser-known methods of parametric estimation, i.e. Kemsley’s method and
Cohen’s method.

5.1. Maximum Likelihood Method

Let the random sample of the sample size n comes from three-parametric lognormal distribution with probability density
function (52) or (53). Then the likelihood function has the form

2 1 2
L(x; 1, 5 ,9)=Hlf(x,-;ﬂ,g ,0)=
1=

n _ _ 12
= 1 exp{ Y _[ll’l (xi 02) #]
@' e M- U7t 2

i=1

(75)
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We determine the logarithm of the likelihood function

2
(-0 )] n

2 n
lnL(X;fuao' 70):.221_ 2
= 20

"ot m@n)-Sh(.-g). (6
2 2 =1 !

We put in the equality to zero the first partial derivation of the logarithm of the likelihood function according to p and

according to ¢” by

2

OlnL(x; 1,5, 0)

S Gy~ )~ 4]

ou

n 2
O L(x; 1, 5% 0) 2In(x; =6 )~ 4]

2
oo

We obtain maximum likelihood estimations of the
parameters p and o” for the given parameter 0 after treatment

> In(y.—9)
f(6) = H—, (79)
n
n 2
, Zl[ln(xi—ﬁ )= a(0)]
G () == (80)

n

If the value of the parameter 6 in known, we get the
maximum likelihood estimations of the remaining two
parameters of three-parametric lognormal distribution using
the expressions (79) and (80). However, if the value of the
parameter 6 is unknown, the problem is more complicated. It
can be proved that if the parameter 0 closes to min{X; X, .
X,}, then the maximum likelihood approaches to infinity.
The maximum likelihood method is also often combined
with Cohen’s method, where we put the smallest sample
value to be equal to the 100- (n + 1) -percentage quantile

Xmn = 0 TeXP(Z +6 u@sn)- @D

Equation (81) is then combined with a system of equations

(79) and (80).

_i=l _
: 2 _0’ (77)
(o2
n
2 — > =0. (78)
20 20

where ,[t(é) and OA'(é) satisfy equations (79) and (80)

with the parameter 0 replaced by @. We may also obtain the
limits of variances

n 2.
n-D(0) = o exg(zﬂ) . (84)
m-[a)-(l . )—202—1}

o2 [0 +0°)-207]
n-D(f1) = 7 , (85

0] +o )—20'2—1

2.1 2,

n'D(Oﬂ_): o [Co (1 + 0o ) 1] ‘ (86)

2
o] +07)-20"-1
Especially difficulties related with the use of the equations
(79), (80) and (82) lead us to think about other methods.
5.2. Kemsley’s Method

Kemsley used the estimation method, which is a
combination of moment and quantile methods of parametric
estimation. This method of parametric estimation put into

equality the sample quantiles XXI and xl\i pp and the

corresponding theoretical quantiles of the probability

For solving of maximum likelihood equations (79) and (80) distribution. We get the last equation so that we put sample

it is also possible to use @ satisfying the equation

S (o — )4zl 00 5 (g
2005 5 *

where
NIy DLV G I

60

average equal to the expected value of the probability
distribution (“K” means Kemsley’s estimation).

X};l =% +exp (,uK + GK-uPI), (87)

K
x=0% + exp(,uK - GT), (83)
(89)

V. _ K K
xp =0 +exp(u _GK"/‘Pl)'
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Now we solve a similar system of equations as in the case
of quantile method of parameter estimation and

K
exp| T |- exp(oKou )
K 2 Pi xp
fle™)= 2K]= v — (90)

X1-py) X
exp(—o-K.uPl) —exp{az a=F

K
The proposal for the solution of equation (90) o2

determines approximately using Figure 6. Then we obtain
the values of the remaining two parameters using the
expressions

K
fE =I5 )| exp(oo ) —exp| o [, OD

oK = x}’/l —exp (,uK + GK'”PI)' (92)

5.3. Cohen’s Method of the Smallest Sample Value

It is known that parameter 6 determines the beginning of
three-parametric lognormal distribution. In this case, an

1,6 T

1,2 T

0,8 T

Trimmed L-Moments: Analogy of Classical L-Moments

appropriate estimation would be a function of the smallest
sample value. This method constitutes an alternative to the
method of maximum likelihood. This keeps the equations
(79) and (80) and needed the third equation is based on the
smallest sample value xp;, If the value x;, is contained
nmin-times in the sample, then the sample quantile of order
Nmin/n in the third equation is putted into equality to the
corresponding theoretical quantile of the distribution. Thus,
Cohen’s method represents a combination of maximum
likelihood method and the quantile method. We can get the
parameter estimations obtained by Cohen’s method with the
system of equations (“C” means Cohen’s estimation)

i=1

pt=eE 93)
n
3 in ;- 0€) - 1]
o gt (94)
(7 - )
n
0€=." —exp(uC+oC-
X nmin/n p ’u o Z/lnmin/n)' (95)

0,4 0,8

1,2 1,6

()

Source: Own research

2K
Figure 6. Graph o

for Kemsley’s method of parametric estimation for p; = 0,05; 0,10 and 0,20
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6. Appropriateness of the Model

It is also necessary to assess the suitability of constructed
model or choose a model from several alternatives, which is
made by some criterion, which can be a sum of absolute
deviations of the observed and theoretical frequencies for all
intervals

k
S= -21| ni—nz| 96)

1=

or known criterion
k ; .
X=r—" 7

where #; are the observed frequencies in individual intervals,
m; are the theoretical probabilities of membership of
statistical unit into the i-th interval, n is the total sample size
of corresponding statistical file, n - m; are the theoretical
frequencies in individual intervals, /=1, 2, ..., k, and k is the
number of intervals.

The question of the appropriateness of the given curve for
model of the distribution of wage is not entirely
conventional mathematical-statistical problem in which we
test the null hypothesis

Hp: The sample comes from the supposed theoretical
distribution against the alternative hypothesis
H;: non Hy,

because in goodness of fit tests in the case of wage
distribution we meet frequently with the fact that we work
with large sample sizes and therefore the tests would almost
always lead to the rejection of the null hypothesis. This
results not only from the fact that with such large sample
sizes the power of the test is so high at the chosen
significance level that the test uncovers all the slightest
deviations of the actual wage distribution and a model, but it
also results from the principle of construction of the test. But
practically we are not interested in such small deviations, so
only gross agreement of the model with reality is sufficient
and we so called “borrow” the model (curve). Test criterion
x* can be used in that direction only tentatively. When
evaluating the suitability of the model we proceed to a large
extent subjective and we rely on experience and logical
analysis.

7. Database

In the past L-moments were mainly used in hydrology,
climatology and meteorology in the research of extreme
precipitation, see for example [14]. There are mainly small
data sets in this case. This study presents an application of
L-moments and TL-moments on large sets of economic data,
Table 4 presents the sample sizes of obtained sample sets of
households.

Regions of the Czech Republic

Source: www.zemepis.com

Figure 7. Map of the Czech republic (Bohemia and Moravia)
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Table 4. Sample Sizes of Income Distributions Broken Down by Relatively Homogenous Categories

Classification Year
1992 1996 2002 2004 2005 2006 2007
Gender
Men 12,785 21,590 5,870 3,203 5,456 7,151 8,322
Women 3,448 6,558 2,103 1,148 2,027 2,524 2,972
Country
Czech Republic 16,233 28,148 7,973 4,351 7,483 9,675 11,294
Bohemia 9,923 22,684 5,520 2,775 4,692 6,086 7,074
Moravia 6,310 5,464 2,453 1,576 2,791 3,589 4,220
Social group
Lower employee 4,953 4,963 1,912 1,068 1,880 2,385 2,811
Self-employed 932 1,097 740 391 649 802 924
Higher employee 3,975 4,248 2,170 1,080 1,768 2,279 2,627
Pensioner with s EA 685 594 278 178 287 418 493
Pensioner without EA 4,822 4,998 2,533 1,425 2,577 3,423 4,063
Unemployed 189 135 172 131 222 258 251
Municipality size
0-999 inhabitants 2,458 3,069 999 727 1,164 1,607 1,947
1,000-9,999 inhabitants 4,516 4,471 2,300 1,233 2,297 3,034 3,511
10,000-99,999 inhabitants 5,574 5,755 2,401 1,508 2,655 3,347 3,947
100,000 and more inhabitants 3,685 2,853 2,273 883 1,367 1,687 1,889
Age
To 29 years 1,680 2,809 817 413 627 649 827
From 30 to 39 years 3,035 4,718 1,398 716 1,247 1,620 1,655
From 40 to 49 years 3,829 6,348 1,446 738 1,249 1,609 1,863
From 50 to 59 years 2,621 5,216 1,642 919 1,581 2,051 2,391
From 60 years 5,068 9,057 2,670 1,565 2,779 3,746 4,558
Education
Primary 9,302 15,891 3,480 553 940 1,183 1,385
Secondary 4,646 3,172 2,493 3,186 5,460 7,168 8,371
Complete secondary 1,951 6,356 1,129 118 282 266 319
Tertial 334 2,729 871 494 801 1,058 1,219

Source: Own research

The researched variable is the net annual household
income per capita (in CZK) within the Czech Republic
(nominal income). The data obtained come from a statistical
survey Microcensus — years 1992, 1996, 2002, and statistical
survey EU-SILC (The European Union Statistics on Income
and Living Conditions) — the period 2004-2007, from the
Czech Statistical Office. Total 168 income distributions were
analyzed this way, both for all households of the Czech
Republic together and also broken down by gender, country
(Bohemia and Moravia, see Figure 7), social groups,
municipality size, age and the highest educational attainment,
while households are classified into different subsets
according to the head of household, which is man in the vast
majority of households. Sharply smaller sample sizes for
women than for men in Table 4 correspond to this fact. Head
of household is always a man in two-parent families of the
type the husband and wife or two partners, regardless of the

economic activity. In single-parent families of the type only
one parent with children and in non-family households,
where persons are not related by marriage or by union
partner, nor parent-child relationship, the first decisive
criterion for determining the head of household is the
economic activity and the second aspect is the amount of
money income of individual household members. This
criterion also applies in the case of more complex types of
households, such as the case of joint management of more
than two-parent families.

8. Results and Discussion

Method of TL-moments provided the most accurate
results in almost all cases, with the negligible exceptions.
Method of L-moments results as the second in more than half
of the cases, although the differences between the method of
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L-moments and maximum likelihood method are not
distinctive enough to turn in the number of cases where the
method of L-moments came out better than maximum

likelihood method.

Table 5. Parameter Estimations of Three-Parametric Lognormal Curves
Obtained Using the Method of TL-Moments of Point Parameter Estimation

and the Value of y” Criterion

Parameter estimation
Year N e 0 r
1992 9.722 0.521 14,881 739.512
1996 10.334 0.573 25,981 1,503.878
2002 10.818 0.675 40,183 998.325
2004 10.961 0.552 39,899 494.441
2005 11.006 0.521 40,956 731.225
2006 11.074 0.508 44,941 831.667
2007 11.156 0.472 48,529 1,050.105
Source: Own research

Table 6. Parameter Estimations of Three-Parametric Lognormal Curves
Obtained Using the Method of L-Moments of Point Parameter Estimation

and the Value of y* Criterion

Parameter estimation
Year n o’ 0 x
1992 9.696 0.700 14,491 811.007
1996 10.343 0.545 25,362 1,742.631
2002 10.819 0.773 37,685 1,535.557
2004 11.028 0.675 33,738 866.279
2005 11.040 0.677 36,606 899.245
2006 11.112 0.440 40,327 959.902
2007 11.163 0.654 45,634 1,220.478
Source: Own research

Table 7. Parameter Estimations of Three-Parametric Lognormal Curves
Obtained Using the Maximum Likelihood Method of Point Parameter

Estimation and the Value of  Criterion

Parameter estimation
Year n R 0 o
1992 10.384 0.390 -325 1,227.325
1996 10.995 0.424 52.231 2,197.251
2002 11.438 0.459 73.545 1,060.891
2004 11.503 0.665 7.675 524478
2005 11.542 0.446 -8.826 995.855
2006 11.623 0.435 -42.331 1,067.789
2007 11.703 0.421 -171.292 1,199.035
Source: Own research

Tables 5-7 are the typical representative of the results for
all 168 income distributions. These tables provide the results
for the total household set in the Czech Republic. They
contain the estimated values of the parameters of
three-parametric lognormal distribution, which were
obtained simultaneously using the method of TL-moments,
method of L-moments and maximum likelihood method, and
the value of test criterion (97). This is evident from the
values of the criterion that the method of L-moments brought
more accurate results than maximum likelihood method in
four of seven cases. The most accurate results were obtained
using the method of TL-moments in all seven cases.

The estimation of the value of the parameter 0 (beginning
of the distribution, theoretical minimum) obtained using the
maximum likelihood method is negative in 1992 and
2005-2007. This means that three-parametric lognormal
curve gets into negative values initially its course in terms of
income. Since at first the curve has very tight contact with
the horizontal axis, it does not matter good agreement of
model with real distribution.

Figures 810 allow the comparison of these methods in
terms of model probability density functions in choosing
years (1992, 2004 and 2007) for the total set of households
throughout the Czech Republic together. It should be noted
at this point that other scale is on the vertical axis in Figure 8
than in Figures 9 and 10 for better legibility, because income
distribution just after the transformation of the Czech
economy from a centrally planned to a marked economy still
showed different behaviour (lower level and variability,
higher skewness and kurtosis) than the income distribution
closer to the present. It is clear from these three figures that
the methods of TL-moments and L-moments bring the very
similar results, while the probability density function with
the parameters estimated by maximum likelihood method is
very different from model probability density functions
constructed using the method of TL-moments and the
method of L-moments.

Figure 11 also provides some comparison of the accuracy
of these three methods of point parameter estimation. It
represents the development of the sample median and the
theoretical medians of lognormal distribution with
parameters estimated using the method of TL-moments,
method of L-moments and maximum likelihood method in
the researched period again for the total set of households of
the Czech Republic. It is also clear from this figure that the
curve representing the course of the theoretical medians of
lognormal distribution with parameters estimated by
methods of TL-moments and L-moments are more tightly to
the curve showing the course of sample median compared
with the curve representing the development of theoretical
median of lognormal distribution with parameters estimated
by maximum likelihood method.

Figures 12-14 show the development of the model
probability density functions of three-parametric lognormal
distribution again with parameters estimated using three
researched methods of parameter estimation in the analysed
period for total set of households of the Czech Republic.
Also, in view of these figures income distribution in 1992
shows a strong difference from the income distributions in
next years. Also here, we can observe a certain similarity of
the results taken using the methods of TL-moments and
L-moments and considerable divergence of the results
obtained using these two methods of point parameter
estimation from the results obtained using the maximum
likelihood method.
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Figure 8. Model probability density functions of three-parametric lognormal curves in 1992 with parameters estimated using three various robust
methods of point parameter estimation
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Figure 9. Model probability density functions of three-parametric lognormal curves in 2004 with parameters estimated using three various robust
methods of point parameter estimation
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Figure 10. Model probability density functions of three-parametric lognormal curves in 2007 with parameters estimated using three various robust
methods of point parameter estimation
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Figure 11. Development of model and sample median of net annual household income per capita (in CZK)
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Figure 12. Development of probability density function of three-parameter lognormal curves with parameters estimated using the method of
TL-moments
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Figure 13. Development of probability density function of three-parameter lognormal curves with parameters estimated using the method of L-moments
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Figure 14. Development of probability density function of three-parameter lognormal curves with parameters estimated using the maximum likelihood

method
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Figure 15. Model ratios of employees by the band of net annual household income per capita with parameters of three-parametric lognormal curves
estimated by the method of TL-moments in 2007
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Figure 16. Model ratios of employees by the band of net annual household income per capita with parameters of three-parametric lognormal curves
estimated by the method of L-moments in 2007
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Figure 17. Model ratios of employees by the band of net annual household income per capita with parameters of three-parametric lognormal curves
estimated by the maximum likelihood method in 2007
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Figure 18. Sample ratios of employees by the band of net annual household income per capita in 2007
Figures 15-17 then represent the model relative TL-statistics depends on the choice of o, for example,

frequencies (in %) of employees by the band of net annual
household income per capita in 2007 obtained using
three-parametric  lognormal curves with parameters
estimated by the method of TL-moments, method of
L-moments and maximum likelihood method. These figures
also allow some comparison of the accuracy of the
researched methods of point parameter estimation compared
with Figure 18, where are the really observed relative
frequencies in individual income intervals obtained from a
sample.

9. Conclusions

Relatively new class of moment characteristics of
probability distributions were here introduced. There are the
characteristics of location (level), variability, skewness and
kurtosis of probability distributions constructed using
L-moments and TL-moments that are robust extension of
L-moments. Own L-moments have been introduced as a
robust alternative to classical moments of probability
distributions. However, L-moments and their estimations
lack some robust features that belong to TL-moments.

Sample TL-moments are linear combinations of the
sample order statistics, which assign zero weight to a
predetermined number of sample outliers. Sample
TL-moments are unbiased estimations of the corresponding
TL-moments of probability distributions. Some theoretical
and practical aspects of TL-moments are still the subject of
research or they remain for future research. Efficiency of

150)’ lgl), ]%2) have the smallest variance (the highest

efficiency) among other estimations for random samples
from normal, logistic and double exponential distribution.

The above methods can be also used for modeling the
wage distribution or other analysis of economic data (among
other methods, see for example [15] or [16]).
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