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Abstract

It is well known that potential type integrals play an important role in research of the partial differential

equations. The present paper studies properties of Riesz potential in terms of local oscillation of functions.
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1. Introduction

Let R" be N -dimensional Euclidean space of the
points XZ(XI,XZ,...,XH) , and B(a, I‘):= {X eR":
|x—a| < I’} be a closed ball in R" of radius r >0

with the center at point & € R". Denote by LE)C (Rn ),
(l <p <OO), a class of all local P -power summable

functions defined on R" and by LT;C (Rn) the class of

n
all local bounded functions defined on R . By LP (Rn)
we mean the usual Lebesgue space on R", and we denote

by ||.||Lp the corresponding norm, that is

11, =1 o =| [T 06|

I<p<ow , and

1]l =l ||L°°(R”) = eSSsup{‘ f (X)‘: X e R”}.

. . n
Denote by Pk the totality of all polynomials on R
whose degrees are equal to or less than K .
Let f € Ll‘;C(R“), 1<p<ow,1<q<mw, keN

(N s the set of all positive integers). Define the following
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functions
K (y. —
Hi (X’r)p = ﬂleré,kfil |f _7[||Lp(8(x,r))’ r>0,
xeR",
K (o -
k | H'uf (.,r)p . if 1<q<oo,
Hi (r)pq - ) .
sup u (X;r)ID if q=oo.

xeR"
Let X= (X, X000 X, )€R™, V= (v, VsV, ),

Vv, (i=1,2,.,n) be

j integers,

non-negative

Vi V-
M=v +v, v, X =XTX2 X Apply
the orthogonalization process by the scalar product

(f,g)szj f(t)g(t)dt

(0.1)
to the system of the power functions {XV}, |V| <k,
(k eN U{O}) arranged by partially lexicographic
order'[1], where |E| is the Lebesque measure of the set
EcR" Denote by {(pv },

orthogonal normed system.
1 n
Let L (R ) . Suppose that ([2],[3]):

loc

V| <Kk the obtained

u
! It means that X' precedes X7 ifeither V| < |‘U| ,or V| = |,Ll| but

the first nonzero difference Vi - ,Ui is negative.
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-z mB(L)f(t)%(t_Tajdt ¢(X;r""j

It is obvious that Pk,B(a,r) f is a polynomial degree of

which is equal or less than K .

Denote
O, (f.B(ar)), = H = Persian | an
for fel, (Rn) (1 <p< OO) Let us call

Ok(f,B(a,r)) local oscillation of K -th order of the
function f on the ball B(a,r) in the metric of L".
Note that if K =0 then

f(t)dt=f,

1
Pk,B(a,r) f (X) - ‘B(a, r)‘ B(I (ar)°

a,r)

and therefore

Ol(f,B(a,r))1 =

It is known that (cf.[4]) for each polynomial 7T € Pk—l

and each ball B(X, r) cR" the inequality

[ =Pessien T SCIE=hogegeny

k—1,B(x,r)
is true, where the positive constant C does not depend on
p, f, B and 7 .Hence it follows that

AC >0, VxeR", Vr>0:
k(y. K(y-
i (1), <O (f,B(x,r), <C-uf(xr),.
It should be mentioned that the theory of spaces defined by

local oscillation has been developed by several authors, for
instance F.John and L.Nirenberg[5], S.Campanato[6],

LP(B(x,r))

N.G.Meyers[7], S.Spanne[8], J. Peetre[9], D.Sarason[10] etc.

(see also[11],[12]).
Let 1<p,g<oo

following denotations

Af (X;r)p::”f”Lp(B(x,r)) ’ (XERH’ r>0) ’

At (), = HA“ (o,r)pHLq(Rn), (r>0).

Let @ be a class of all positive monotonically increasing
on (0,+OO) functions. Let o e ®, 1< p,q<oo . By

fel], (Rn). We introduce the

M ﬁq we denote the set of all the functions
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f e LE)C (Rn ), for which
Af (r)pq = O((D(r))’ r>0.

We introduce the norm in the space M g}q by the
equality

A (r
— P r>0

#(r)

If q=oo and @(r)=r"", r>0, 0<A<n, then

[llyg, =sup

M gq = Lp,/l , where Lp,/l is the Morrey space, i.e.

Ly =t Ul g =0( )0

Let @ is a positive number. We denote by @ a set of

all @e® such that (D(t)-ra
(0,40).

If keN, 1< p,q<oo, ¢€(Dk n» then we denote
n
p

almost decreases on

k’
by I—p’(g the set of all functions f € L} (Rn ) such that

[l <. wher
= sup{%(o(tt—)%: t> 0}.

k.o
If we consider the class I—p,q as a subset in the quotient
space LP . (Rn)/ P, then ” f ”LlE)% is the norm on

k,p K,
Lp,q . In the introduced norm the space Lpz is a Banach
space.

If @e®,, ke N, then we will denote by BMO);
fel

loc

the class of all the functions (Rn) for which the

following relation
AC >0, VaeR", Vr>0:
Qk(f , B(a, r)) =

1
a1 (O Feans  Ofetscotr

is valid.

k
We define the norm on B MO{{, by the equality

||f||BMoq;§ ::sup{ ‘r>0, ae R”}
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k=1, (D(I’) =1  then
BMOX = BMO, where BMO is the space of all local

summable functions of bounded mean oscillation. The class
BMO for the first time was introduced in[5].

It is easy to see thatif P=1, q=o0, (p(r)Zrnl//(r),

In  particular, if

K, k . .
then Lp,q = BMOW and their norms are equivalent.

Consider also a class VMO which was introduced
in[10]: VMO is the class ofall f € BMO for which the

relation

dt |=0

J ‘f (t)_ 1:B(a,r)

B (a’ I’)‘ B(a.r)

is valid. For T eVMO we define ”f”

lim| sup
r—0 acR"

o = Flawo-
Let 1< p<o . By Ep(Rn) we mean the weak

Lebesgue space on R", and we denote
p P .
(115 =TT =supt®[{x:| ()|>t)].

Potential type integrals play an important role in the
mathematical analysis. For the properties of Riesz potentials
in terms of mean oscillations we refer the readers
to[9],[4],[16] and the related papers for further information.

In this paper we study the properties of Riesz potential of
in terms of local oscillation of functions

a function f

when f belongs to Ep<Rn), Lp(Rn) or general

Morrey type spaces.

The structure of the paper is as follows. In section 2 some
inequalities and embedding theorems is proved. The mean
results of the paper are given in Theorems 5, 6 and 7, which
was proved in section 3.

2. Some Inequalities and Embedding
Theorems

f el® (R”) , 1<q, <

Proposition 1. Let loc

< (, < 0. Then the inequality

1o
A (X;r)ql < C-rn[q‘_qZJ- A, (X;r)qz
(XeR”, r>0)

is true, where the constant C >0 depends only on N, Q,

447

and (,.

Proof. Let 1<(, <(, <00 . Applying the Holder’s
Inequality we obtain

Axr)d = | f ()" dt
B(x,r)
1 1
q q'
<| [ [r@ffdt] | [ d
B(x.r) B(x.r)
= q=&, gq>1 —+ 1,:}
i g, qa q
a
1 0z
=B [ ()" d
B(x.r)
1l
=|B(0, 1) -r @ Af(x,r)gl2
Therefore

P n.[i_ij
A (xr), <[B(0.1)]a% -1 o RIA, (X:r)g, -
xeR", r>0.
The case 1 <0, <(, = is obvious.
Corollary 1. If f e ng(Rn)’ 1<q,<(, <o,

1 < p < 0, then the inequality

n 1_1] '
Af(r)q]péc'r [% ) -Af(l")qu’ r>0, is

true.
Proposition 2. Let 1<, <, <. Then there exists

a function f, € L?éc (Rn) such that

A 0), 2 ] A 00, o0

where the constant C > 0 is independent of f and TI.

Proof. Let 10, <@, <P <00 and fo(x):\x‘_%,

X € R". Then we have
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1/q, 1
a Now choosing A= : we obtain
0
| JIf (0 a=[e- 1 Igfs

o
_N%
_[ I |t| P dt} 4 g _[f]z.[f]t;—p.|8|:)(qp)
B(0.r)

0, P—dq
r o A U G
= J.r”_l I & » do, |d7 P-q
0 Sl’l—l :[14_ q j|B|l—g[f]q
Copona ) P-q ° |
=[|S"" -IT Pdr J From here we obtain the inequality (1) with
0 1 11
0 1/ n[i_l] C=(1+ p‘iq)q.|B(O,l)|q P,
=||s" —) T Remark 1. In the case p=(q the inequality (2), in
n( p_ql) general, is not true. For instance, the function
r > 0, and similarl _n ~
s w gy N TR
A, (0:r). =[[S"]- P J o \® P |f(X]de:+oo,
fo( )q2 [ n(p-a,) ’ B('([,l)

r>0,where S™" is the unit sphere, st is a surface Proposition 4. Let 1<q<p<o f0 (X) — ‘X‘_%
arca of S"'. From here we obtain the inequality (i). (X c Rn). Then fo c Ep (Rn) and there exists a constant
Proposition 3. Let 1 <g<p<o, fe Lp(Rn). ¢ >0, dependsonlyon N, P. O, such that
Then f el}, (Rn) and there exists a constant C >0 n(l_ij
independent of f , such that Af0 (0; r)q >c-r 1P [ f, ]p ®)
n[l_i) forall r>0.
Af (X; r)q <C-.r 1", [f ]p & Proof. We have
n
forall xeR" and r>0. vt>0 . |f,(x)>tf= {X: X® >t}={x: x<t_£}.
Proof. It follows from well known equality (see[17],
Chapter 1, Lemma 4.1) that (for any positive constant A) Therefore
% = su tp‘ X: ‘
[If @) dt=a[2%"[{x: |f(t)]>2}B|d2 .} { >
B 0
A —suptp{ X|<t”}
=q[ A" {x: |f(1)>2}nB|d2 >0
° P
o — tp
£af 27 |{x: |1 (t)> A} B|dA IR [ ! ]
A

<|B|- A? Jqu/lq‘p‘l AP (x| (1) > A} nB|dA
A

Al P i q-p-1 — .\ L ﬂ
S|B| A +[f]p qJ/;/i d4 |B| A +[f]p g q—p' This means that f ELp( )and [f] | ( }p'



American Journal of Mathematics and Statistics 2013, 3(6): 445-453

Further we obtain

(A, (0:1), )q

- _[ ‘fo(t)‘q dt
B(0.r)
n
[ It at
B(0,r)
r
_jrnl[ I |r§|_nT? do",:sz'
0 gn-1
r n-1=-"4
=[S -J.Tn ] Pdr
0
_lgmi|. P rnLI_gJ5 r>0
n(p-a)
where s™ is the unit sphere, ‘Sn_l‘ is a surface area of

n-1
S . From here

Ay, (O;F)q =

_L 1 11
_[BO.LP (g0 P q_r(q‘pj [f,]
- n(p-q)
r>0.

The previous proposition shows that it is impossible to
improve the estimation (2).

Proposition 5. Let 1S p<g<o, felP (Rn). Then
the inequality

‘Af (O;r)p ()

is true, where a constant C >0 is independent of f, I
Proof. At first we consider the case 1< p<(<o0.

Then we have
1
q
o < (Rj ‘Af (x;r)p‘q dx]

<Cr oy @

HAf (.;r)p
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, J‘{“f(t)px

R"\ R"

N
o
—
N—
o |
o
>
1
ola
Il ||
2
| |

(e

o=

9

where (, == 0 >1 . Further, applying the Minkowski’s

Inequality we have

A (%1),

LI(RY)

AN
—
7~ N\
—

SPIICREE)

N
T g

B(0.1)

n

q
r o)
where |B(0,l] is the volume of’ the unit ball

B(0,])cR".
In the case 1< P < (=00 the proof of inequality (4) is

obvious.
The following proposition shows that it is impossible to
improve the estimation (4) in the case p=(.

Proposition 6. Let 1 < P <oo. Then there exists the

function f, e L° (Rn) such that for 0<r<1 the
inequality

HAfO (1),

n
LP(R") 2C.r? ” fo|||_p(Rn) O]
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is true, where a constant C >0 is independent of f and

r.
Proof. Let

L if <2,
fO(t)_{o, it f>2

If1<p<ow, Xe B(O,l), 0 <r <1, then we obtain

A, (1) = [ [f (1) dt

B(x,r)

o

~Bxr)f

=| [ dt

B(x.r)

If |X|24, 0<r <1, then Afo (X;r)p =0 . Besides,

forall XeR", 0<r<l1

A (xr), < (x;r]lp.

[ dt]| =[B

B(x;r)

Thus the function Afo (X; r)p is integrable on the R"

with respect to argument X . Further we obtain that if

0<r <1, then

[

>
o)

j ‘Afo(x;r)p‘pdx
B(0.1)

=1

=[B(x, r)ﬁ : |B(0,1fp = |B(0,1)|% e

It is obvious that

1

p
oo = [1rcor ][ T -

R" B(0,2)
=B 02)|p —|B(01)|p 2
Therefore we obtain that
n
HAfO (.;r)p LP(RH) =C.r P || f0|||_p(Rn)
O0<r<l.

In the case P =oo the arguments are similar.

With help of Proposition 3, Proposition 5 and Corollary 1
we obtain correspondingly, the following theorems.

Theorem 1. Let I<qQ<p<wo
Ep(Rn)C M(;poo and

Then

Some Embedding Theorems and Properties of Riesz Potentials

3C >0 ‘v’feL( ) “f”W_

i)

Theorem 2. Let 1< p<q<oo0, go(r)= re (r >0).
Then Lp(Rn)CMq) and

[l

where (p(r)z , r>0.

n

3C>0 viel’(R"): ||f||M¢ <C||f||LP R)-
Theorem 3. Let 1<(, <Q, <o, 1< pSoo and

¢ v
(pECD.Then qu,p - Mql,p and

sco0 Vi eMd | flhy  <Clflhye
L_LJ
where W(r)=¢(r)-r”[% % ,r>0.

3. Properties of Riesz Potentials

Consider the following potential type integral operator

Rk f (X) =
= Rjﬂ {Ka (x- y)—[vgll% D'K,, (—y)j X{\t\>1} (y)}
x f(y)dy
where
K, (x)= X", 0<a<n, v= (Vs VyrensVy )
v (i = 1,2,...,]’1) are non-negative integers,
V=v,+v,+..4v,, keN,
V olg

D"g =
OX; 1 OXy2 -+ OXp

Xﬂt\>1} is the characteristic function of the set
fer™:f>1}.

Operator Ra,k f s a certain modification of the Riesz

L= ) g

R" |X_y|

It should be noted thatif f < P (R”) and 1< p <ﬂ,
[04

potential

y.

then the integral Ra,k f differs from integral | af by a

polynomial power of which is equal or less than K —1. If
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p Zﬂ , then the potential |af is defined not for all
(24

functions f e L” (Rn).

n
Moreover, if 1< p <00 and K+ B >« , for example,

then for f e Lp(Rn) integral Ra’kf(X) absolutely

converges almost everywhere.
Note that modified Riesz potential similar to the

Ra,k f was considered, for example, in T.Kurokawa[13],

T.Shimomura and Y. Mizuta[14] etc. (see also[15]).
The following assertion holds true.

Theorem 4[16]. Let f € LEC(R“), Isp<o
keN, O<a<n, ycgr and
T k—Dia-l
Jt 7 A (xt),dt < +o0.

1
Then the inequality

kel kMgt
y?(x;ﬁ)psc-é pJ.t P Af(x;t)pdt, §>0,(6)
5

is valid, where f = Ra,k f , and constant C >0 does
O and X.

f eLfgc(R”), 1<p,q<oo,

not depend on f ,

Corollary 2. Let
keN, O<a<n and

< —k—%m—l

[t A, (t),qdt < 40
1

Then inequality

o
is valid, where f := R, f ,and constant C >0 does not

dependon f and J.

Theorem 5. Let 1< Q< p<oo, k+%>a.lf fe

™~ k
Lp(Rn), then Ra,kf € Lq(i and

"): [Rex Pl <C-[7]

Lg% P

Ic >0 Vi eE"(R

where (0() r , r>0.
Proof. With help of Proposition 3 and Theorem 4 we have

451

#z (%8),
© kMg o[ 1L
<C- 5k+jt el pj.[f] dt
1 n
=C-[f] 5[qu 5P jk?t :
5t+7—a+
o1
— ; C [f]p,é'(q p) 550,
k+ - -«

where f = Ra,k f . From here the theorem statement
easily turns out.

Corollary 3. Let l<p<o , fe Ep(Rn) ,

k+—>a keN, —<a Then
p p

3Ic>0 vfe(R"), vxeR", vr>0:

Q, (?,B(x,r))gc.[f]p.ra?’

where f = Ra,kf .

Corollary 4. Let 1< p <o Fe Ep(Rn), oa=—

Then R  F €eBMO and
acso VPR R, f|. . <C[f],
Corollary 5. If I<g< p<oo’ fe Ep(R"),
ﬂ>0{ ,  then Raylf € L;i: ,  where
53]
v=nN|——— |+, and
q p
2c>0 v el’(R): |Ru f||Lq§v <C-[f] .

Theorem 6. Let ISquSOO’ O<a<n,keN,

k+n(l—lj>0{, f eLp(Rn). Then R, f ELI;’IG
P q ’ ’
and

c >0, vf e L’ (Rn):HRa,k f HL‘B{G < C” f “Lp(Rn

+a

where l//(r)_rq , F>0. In the case
4=% i addition ﬂ$(5)pw=0( “), 50,

I<p<ow
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where T = R.. .

Proof. Taking into account the inequalities (4) and (7), it is
easy to obtain the inequality

N
Hi(0)pg <C-0% |flpppry @

where a constant C > 0 is independent of f, O . From
here we obtain that
Reic iy SClFlopr). vf e LP(R")
If 1<Sp<ow, g=oo, then limAf(t) =0 .
t—0 pa

Therefore if 1< p<oo, q=o0 and f € Lp(Rn), then

from  estimation (7), in addition, we have
1(5),, =0(6). 5 0.
Corollary 6. Let f e Lp( ) 1<p <n
a 1l
O<a<n, p<q<o, k+n(lp—%j>a. Then

af (S Lkpya and
3C > 0,vf e LP (R”):|||af||Ll|<o,% SC”f“Lp(R”)’

n
—+a

where '//(r):rq , r>0. In the case (=00, in

addition, we have ,Ll:(af (5) =0(5a), 0—-0.

Poo
Corollary 7. Let fe Lp(Rn), I<p<ow p:ﬂ.

1 9 a

Then f = Ra’]f eVMO and

H?HVMO < const || f ||Lp(Rn).

n
Corollary 8. Let 0 <a <n, E< p<oo, keN,

k+%>a. If feL"(R”), then f=R ,kf IS BMO;

and

3C>0,vf el’(R"): HRa,kaBM% sC||f||Lp(Rn),

n
o—

where l//(5)=5 P (5>O).

Q, (F.B(x.r))= o(ra_gJ T 0.

If p<oo, then in

addition,
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Theorem 7. Let 1< p,q<o, keN, O<a<n,

¢€CDk+ﬂ_a and
k+lg® k=gl
s Pt P g(t)dt=0(4(5)). s>0.
)
K.gh
If f € Mpq,then Ra,kf € Lpbq and

sco0 v eMp: [Ruc kg <Clflyg,

where Pt (5): 0" '60(5), 0>0.

A

Y
Let (D(t)—t , 0<A<n. Then Mgw:LM

kd ok 55
and Lp:oo =L ,oo . From Theorem 7 we obtain that
A n
pls pgoo, keN, O<a<n, —<k+——«a,
p
k5 "
then Ra,k p.A — L , 1.e. the operator Ra,k

att

. Kk,
boundedly acts from Lp’ , into Lp’OO

Corollary 9. If O0<A<n-ap ,  then
5 k 5a+&
. k,0 . >
Ra,l'Lp,/l_)L o (|a.LM—)L Y
Corollary  10. If A=n-ap>0 . then

R,.1:L,, — BMO.

Corollary 11. If n—ap</1<n—ap+kp, keN,

0<A<n, then Ra,k : Lp,/l — BMO , where
ot

p(6)=5 °
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