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Abstract The main intension of this paper is to determine reliability measures of a parallel system of two identical units
under the aspect of priority to preventive maintenance over repair and replacement of the unit. The unit has two
modes-operative and complete failure. The operation of at least one unit is sufficient for smooth functioning of the system. A
single repair facility is provided immediately to conduct repair activities. The unit undergoes for preventive maintenance after
fixed maximum operation time. However, the unit is replaced by new one if its repair is not possible by server in the given
maximum repair time ‘t’. Priority is given to preventive maintenance of one unit over repair and replacement of the other unit.
The unit works as new after preventive maintenance and repair. The random variables associated with failure, preventive
maintenance, repair and replacement times of the unit are statistically independent. The distributions of failure time and the
times to which unit undergoes to preventive maintenance and replacement are taken as negative exponential. But, the
distributions of preventive maintenance, repair and replacement times are assumed as arbitrary. The semi-Markov process
and regenerative point technique are used to derive expressions for system performance measures in steady state. A particular
case is considered to depict the graphical behavior of mean time to system failure (MTSF), availability and profit function.
The cost benefit analysis of the system model is done under different repair cost policies.
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. in a pre-specific time in order to avoid unnecessary expanses
1. Introduction on repair. Kumar et al.[4] analyzed a computer system with
maximum operation and repair times. Furthermore, the
concept of priority in repair disciplines proved as the one to
reduce down time of the system and to minimize the
operating cost. Malik and  Sureria[5]investigated
probabilistically a computer system with priority to hardware
repair over software replacement.

Incorporating the ideas of preventive maintenance,
replacement of the unit and priority in repair disciplines, here
a parallel system of two identical units is analyzed
stochastically in detail adopting semi-Markov process and
regenerative point technique. The unit has direct complete
failure from normal mode. The operation of at least one unit
is sufficient for smooth functioning of the system. There is a
single server who visits the system immediately to conduct
repair activities. The unit undergoes for preventive
maintenance after a fixed maximum operation time.
However, the unit is replaced by new one if its repair is not
possible by server in the given maximum repair time‘t’.

: _ Priority is given to preventive maintenance of one unit over
* Corresponding author: . . .
sc_malik@rediffmail.com (S. C. Malik) repair and replacement of the other unit. The unit works as
Published online at http://journal.sapub.org/ajms new after preventive maintenance and repair. All random
Copyright © 2013 Scientific & Academic Publishing. All Rights Reserved variables are statistically independent. The distributions of

The requirements of parallel operation of the components
in repairable systems have been increasing day by day to
maintain reliability and sharing of working stress. Therefore,
reliability models of parallel systems have been proposed by
the researchers including Kishan and Kumar[1] and Kumar
et al.[2] under the assumptions that faults are rectifiable and
systems can work for a long time without requiring any
maintenance. But continued operations and ageing of
operable systems reduce their performance, reliability and
safety. Thus, to slow the deterioration process as well as to
restore the system in a younger age or state, the preventive
maintenance can be conducted after maximum operation
time. Malik and Nandal[3] discussed a cold standby system
introducing the concept of preventive maintenance after a
maximum operation time. Also, sometimes it becomes
necessary to make replacement of a failed component (or a
unit) by new one when its repair is not possible by the server




American Journal of Mathematics and Statistics 2013, 3(6): 436-444

failure time and the times to which unit undergoes to
preventive maintenance and replacement are taken as
negative exponential whereas preventive maintenance,
repair and replacement times are arbitrarily distributed with
different probability density functions. The expressions for
system performance measures in steady state are derived. A
particular case is considered to depict the graphical behavior
of mean time to system failure (MTSF), availability and
profit function. The cost benefit analysis of the system model
is done under different repair cost policies.

2. Notations

E: Set of regenerative states

E: Set of non-regenerative states

A: Constant failure rate

ag: The rate by which system undergoes for preventive
maintenance (called maximum constant rate of operation
time)

Bo: The rate by which system undergoes for replacement
(called maximum constant rate of repair time)

FUr /FWr: The unit is failed and under repair/waiting for
repair

FURp: The unit is failed and under replacement

UPm: The unit is under preventive maintenance

WPm: The unit is waiting for preventive maintenance

FUR/FWR: The unit is failed and under repair / waiting
for repair continuously from previous state

FURP: The unit is failed and under replacement
continuously from previous state

UPM: The wunit is under
continuously from previous state

WPM: The unit is waiting for preventive maintenance
continuously from previous state

g(t)/G(t): pdficdf of repair time of the unit

f(t)/F(t): pdf/cdf of preventive maintenance time of the
unit

r(t)/R(t): pdf/cdf of replacement time of the unit

gij (t)/ Qj(t): pdf / cdf of passage time from regenerative
state S; to a regenerative state S; or to a failed state S; without
visiting any other regenerative state in (0, t]

Qi ()/Qijw(t): pdf/cdf of direct transition time from
regenerative state Si to a regenerative state S; or to a failed
state S; visiting state Sy,S, once in (0, t]

M;(t) : Probability that the system up initially in state S; e
E is up at time t without visiting to any regenerative state

Wi(t) :Probability that the server is busy in the state S; up
to time ‘t” without making any transition to any other
regenerative state or returning to the same state via one or
more non-regenerative states.

m;;: Contribution to mean sojourn time (p;) in state S;

preventive maintenance

when system transits directly to state Sj so that ¢4 = Z m;
i

and m; = [tdQ, (t) = —; (0)
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@/@: Symbol for Laplace-Stieltjes convolution/Laplace

convolution
*[**. Symbol for Laplace Transformation /Laplace
Stieltjes Transformation

3. Transition Probabilities and Mean
Sojourn Times

Simple probabilistic considerations yield the following
expressions for the non-zero elements

Py :Qij (0) = J.: G (Hdt as 1)
~ 21 o
P o va, P 24 +a,’
pro= g (A+ag+ ).

A *
p13= m(l— g (A+ag+ ),

Fo _
m( g (/1+050+/30))

a—
T (A+ag+ )

3= (Bo) p37=1-9 (Bo) » Pao=T (A+0xg),

A *
pmmﬂ- r(A+ap)),

P (74 o)(l r(A+ap)),

A

p11.3_(1T0+ﬂ0)
24
(A+ap+ By)

l * *
p11_37:m(1—9 (Bo)A-9 (A+ay+fy)),

1-9" (A+ag+A)).

9 (Bo)A-9 (A +ap+f,)),

1-9 (A+ag+fy)),

P11s =

(04 *
Pe6.10= g +an) 1-f (A+ap)),

* a *
Peo= f (/1+a0) ) p6'10:(l+—0(,¥0)(1_ f (/1+a0)),

A *
P6,11=(/1+—a0)(1_f (A+a)) ,
A
Pars = A+ )(1 r (;H%))
A

D61.11= (A +ap) Q-1 (A+a)),
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Figure 1. State Transition Diagram

P26 = Ps1 = P71 = Pg1 =Poa = P1oe = P111-1 )
It can be easily verify that
Po1 +Poz = P10 +P13 +P14 P15 = Pao +Pas +Pa9 = P10 tP14 + P15
+P113 TP11.37 = Pao TPag +Pa1.8 = Peo TPs,10 TPs,11= Peo +Pss.10
+Per11=1
The mean sojourn times (y;) is in the state S; are
Ho = Moy + Moz, {1 =My +Myg +Myg+Mas, Uy = Mg, Uy =
Myo +Mag +Mag, s = Msy, flg = Meg,
M1 = Mo +Myg +Mys Mg ¥Migsz, Uy = Mag FMag +Myy g,
Ue = Meo +Mgg.10 +Me1.11

He=Mgpo+Me 10+ Mg 11 3)

4. Reliability and Mean Time to System
Failure (MTSF)

Let ¢ i(t) be the cdf of first passage time from

regenerative state S; to a failed state. Regarding the failed
state as absorbing state, we have the following recursive

relations for ¢ i(t):

Dy(t) = Qoi(t) ® Dy(t) + Qoo(t)
D;(t) = Quo(t) ® Do(t) + Qua(t) ® Dy(t) + Qu3(t) + Qus(t)

D4(1)=Qu0(t) © Do (t)+Qag(t) +Qus(t) 4
Taking LST of above relations (4) and solving for ®j*(s),

we have

R*(s)= ®)

1-¢7(s)
S
The reliability of the system model can be obtained by
taking Inverse Laplace transform of (5).
The mean time to system failure (MTSF) is given by
. 1-¢7(s
mTsF=lim1=9 () _n
S

! > where (6)
S

N= £y + Porth + Pog Pratty and
D=1- Po1 Pro = Poa Pia Pag ()
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5. Steady State Availability

Let A;(t) be the probability that the system is in up-state at
instant ‘t’ given that the system entered regenerative state S;

att=0. The recursive relations for A (t) are given as:

Ao(t) = Mo(t) + qu(t) © Al(t) + QQz(t) © Az(t)

A(t) = My(t) + guo(t) © Ao(t) + qua(t) © Ag(t) + dus(t) ©
As(t) + (Q113()*+01137()) © Aq(t)

Aq(t) = gas(t) © Ae(t)

Ay(t) = My(t) + qao(t) © Ao(t) + dars(t) © Au(t) + das(t) ©
Aq(t)

As(t) = gs1(t) © Aq(t)

As(t) = Mg(t) + deo(t) © Ao(t) + Ges.10(t) © Ae(t) + Ger.11(t)
© Ay(Y)

Ao()=0oa()OAL(t) ®)

Where

Mo(t) = o~ (22+a0)t, My(t) :e—(/l+ao+ﬂo)tm‘

My(t) =e~AFEOIR() Myt =e~ AT E (D) (9)

Taking LT of above relations (8) and solving for Ag*(s).
The steady state availability is given by

A (o) = s“_qg) SAG (s)= % , where

1

(10)

Ny= (40 (1= Pgp,10) *+ 6 P2 (L1~ Pag)(Pyg + Prg) — PrgPyy g)
+(24(1— Pag) + 144 P14)(Po1 Peo + Pe1.11)

D1=(4io(1— Peg.10) + Hg Po2) (1= Pag)(Pro + Pua) — PraPar8)

(1 + 1515 )L Pag) + Prg (s + 6 Pig)) (P Pep + Py 1) (22)

(11)

6. Busy Period Analysis for Server
(a) Due to Repair

Let BiR (t) be the probability that the server is busy in

repair the unit at an instant ‘t’ given that the system entered
regenerative state S; at t=0. The recursive relations for

BR(t) are as follows:

Bg () =01 ()OBS (1) + oy (1) ©B5 (1)

B (t) =W (t) + Gy (VOB (1) + (0 37 (1) +
Oh.3(1))OBF (1) + 0 (Y OB (1) + s (1) OBE (1)
BJ' (t) = 06 () ©BE (1)

BA (1) =u(t)OB (1) +Qur gt
BE' (1) = 051 () OB (1)

B (t) = go (t)©By (1) + Gy 11 (1) OB (1) + g5 10 (1) OBg (1)

)OBR (t) +qyq (1) OB& (t)

+ g (t)
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Bg (t) = Go4 (1) OB (t) (13)

where,
W. (t) e~ ﬂ+a0+ﬂ0)t ( )+(le—(/1+a0+ﬂ0 t©1)G( ) (14)
Taking LT of above relations (13) and solving for

BOR*(S) . The time for which server is busy due to repair is
given by

* N
BE () = limsB§ (s)=—2 (15
s—0 D1
where
N2 =W, (0)(L- P4g)(Poz Peo + Pe111)
and D, is already mentioned. (16)

(b) Due to Replacement

Let BiRp (t) be the probability that the server is busy in

replacement the unit at an instant ‘t’ given that the system
entered regenerative state S; at t=0. The recursive relations

for BiRp (t) are as follows:
Bg (1) = os (DOBL (1) + Gop (DOB® (1)

B (t) = 4o () OB (1) + (0. 57 () + U1 3(1)) OB (1)
T4 (VOBFP (1) + s (OBLP (1)

B5 (t) = 026 () OBGP (1)
BAP (1) = 0o (t)OBF (t) + 0y 5 () OB (t) + g (t)OBY ()
BEP (1) = s, (1)©BP (1)

By (t) =W (t) + 0gp (OB (t) + gy ()OBY (1) + U 19 (OB (1)
B&P () = Goq () ©BSP (1) (17)
where,
W4 (t) — e—(l+a0)t@ n (le—(ﬂﬂlo)t@l)@ (18)

Taking LT of above relations (17) and solving for

BORp*(S) . The time for which server is busy due to
replacement is given by

* N
B{P (c0) = limsBgP " (s) = =2 (19)
s—0 Dl
Where
N3 = 244 P14 (Po1Pso + Pe1.11)
and D, is already mentioned. (20)

(c) Due to Preventive Maintenance

Let BiP (t) be the probability that the server is busy in
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preventive maintenance the unit at an instant ‘t’ given that _ _ M
the system entered regenerative state S; at t=0.The recursive Wa(t) =Ws (1) =W (t) = F(t),
relations for B;” (t) are as follows: W (t) = e (et E () + (aoe_(’HaO)t@l)% + 22)
By (1) =02 () ©BY (1) +doa (B3 (1) (26”0 en)F (1)
Taking LT of above relations (21) and solving for
By () = Qo (VOB 0+ (157 () + r 3BT M) oo . _ |
b 5 o (S) . The time for which server is busy due to
+034(t)OBy (t) + 05 (1) OB5 (t) preventive maintenance is given by
BS (t) =W, (t) + t6 (1) OB¢ (1) Bg (o0) = limsBg (s) = % (23)
s—0 1
By (1) =ip (VOBy (1) +ar s(DOBY (1) + Qg OB ()
P P
Bs (t) =Ws(t) + 051 (t)OBy (t) Ny _ 165{Po2(2— Pgg.10)((1— Pag)(Prg + P14) — PraPasg)
BY (t) =W (t) + 0go (1) OB (t) + gy 11 (OB (t) +(P1s(L— Pag) + P14 Pag)(Po1Peo + Pe1.11)}
05,10 (t)©Bg ) and Dy is already mentioned. (24)
B§ (t) =W (t) + dg4 (1) OB (t) (21)
Where

7. Expected Number of Repairs

Let Ri (t) be the expected number of repairs by the server in (0, t] given that the system entered the regenerative state S;

att = 0. The recursive relations for R; (t) are given as:

Ro () = Qo1 () GRy (t) + Qo2 (R, (L)

R (t) = Qo (O A+ Ry (1)) + Qua 3 (1) O+ Ry (1))

+Q11.37 (DOR (1) + Qs (ER4 (1) + Q5 () ORs ()

Ry (t) = Qo6 (1) SR (1)

R4 (t) = Qa0 ()R (1) + Q41,8 (N ERy (1) + Que (NER, (1)

Rs (1) = Q51 (DGR (1)

Re (t) = Qeo () SRy (1) + Qg1.11 (SR (t) + Q.10 () SR (1)

Ro (t) = Qo4 (NOR, (1) (25)

Taking LST of above relations (25) and solving for Ra* (S). The expected no. of repairs per unit time by the server are
giving by

ok N
Ro(e0) = limsRy () = — (26)
s—0 Dl
where
N5 = (Pio + P11.3)(d— Pag)(Po1Peo + Pe1.11) and Dy is already mentioned. 27)

8. Expected Number of Replacements

Let Rpi (t) be the expected number of replacements by the server in (0, t] given that the system entered the regenerative
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state S; at t = 0. The recursive relations for Rp; () are given as:
Rpo (t) = Qo1 (DERPy (1) + Qpz (Y ERP, (1)
Rpy (t) = Qo ()ERPy (1) + Qu1 37 (S L+ Rpy (1))
+Q11 3(ERPy () + Qua (YEORP4 () + Q5 (1) ORP5 (L)
Rpa (t) = Q26 (N SRPs (1)
Rp4 (1) = Qa0 (O + Rpg (1)) + Qu1 8 (1) S + Rpy (1))
+Q49 ()ORPy (1)
Rps (t) = Q51 (DERpy (1)
Rps (t) = Qso (1) ORPy (t) + Qg1.11 (HERPy (L)
+Qg6.10 (1) ORPg (1)
Rpg (t) = Qo4 () ORP4 (1) (28)

Taking LST of above relations (28) and solving for Rps*(s) . The expected number of replacements per unit time are
given by

- N
Rpo(e0) = limsRpq () = —2, (29)
s—0 D1
where
Ng = (1— Psag)(Pra + Pr1.37)(Po1Pso + Pe1.11) and Dy is already mentioned. (30)

9. Expected Number of Preventive Maintenances

Let P| (t) be the expected number of preventive maintenance by the server in (0, t] given that the system entered the
regenerative state S; at t = 0. The recursive relations for P, (t) are given as:

R (t) = Qo1 (SR (1) + Qoo (SR (1)

R(t) = Quo (DGR (1) + (Qu1.3(t) + Qu1.37 (1)) ORL(Y))

+Qu (NOP, (1) + Qs (HOR (1)

R (t) = Qs (G A+ 5 (1))

P4(t) = Qao (R (1) + Qa1.8 ER (L) + Que (SR (1)

R (1) = Qs (HEA+R(1)

P (t) = Qoo (NE @+ Ry (1)) + Qp1.11 (NS + R (1))

+Qp6.10 (® L+ F5 (1))

Ry (1) = Qoq (NE A+ P4 (1)) (31)
Taking LST of above relations (31) and solving for POM(S) . The expected number of preventive maintenances per unit

time are given by

Py (o) = lim sk, (s) = Ny (32)
s—0 Dl
where
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N7 = Py (2=Pss10)(Po + Ra)—Pig) —PsPpg) +(Rs@—Pag) +P4Pag)(Po1Pso + Ps1.11)
and D, is already mentioned. (33)

10. Cost-Benefit Analysis

The profit incurred to the system model in steady state can be obtained as
P= KoAy — KiBg' —K,BgP —K3Bg —K4Ry —KsRpy — KgPy

Where

Ko = Revenue per unit up-time of the system

Ky = Cost per unit time for which server is busy due to repair

K, = Cost per unit time for which server is busy due to replacement

K3 = Cost per unit time for which server is busy due to preventive maintenance

K4 = Cost per unit time repair

Ks = Cost per unit time replacement

K = Cost per unit time preventive maintenance

11. Particular Case

Suppose g(t)=ge—, r(t)= Ige—ﬁt , ()= gt
We can obtain the following results:

22 o B 0 Bo

p01:2/1+a0 p02_2/1+a0 p10_9+/1+a0+,80 pl4:9+}t+a0+ﬂo

Dy = 7] _ A _ Lo _ A0
17045 Pra O+ A+ay+ By Pis 0+ A+ay+ By P13 O+ A+ay+ B0+ fBy)
Py = =2 a7 = *Fo Prig=——0 po=— L
0By T O+ Atag+B)O0+By) P 0+dtap+fy P A+ Btay
p _ 2, p _ ao p _ ﬂ p _ o ao
8 A+ +a 9 A+ p+a 418 A+ +ap) o0 A+a+a 610 A+a+a
Peit = ———— Per1t=———— Peo.10 = ——2——

6.11 A+a+a 61.11 A+a+ap) 66.10 A+a+ap)

Also
_ 1 B 1 B 1 B 1

#o (2}L+oco)"ul (9+/’t+ao+ﬂ0)"u4 (/1+,6’+a0)"u6 A+a+ap)’

B0+ fo) + B+ ) . pHA : 1

t BO+A+ag+By)0+B)  ° _m’ﬂz = Hs = Hg = Hy = —
And
N =(A+B+a)(0+A+ay+ fo) + 2A(A+ f+ ) + 24f5,

D=(A+8+a)(0+A+0ag+ By) A+ ) —240(A+ B+ o) — 2250,
+AQ2(a+A) +ag)(a(B+ Bo)(B+ )0+ A+ By)

+Bay(0+ Bo)(B+ A+ )
Ny =afB(0+ fo)(a+A+ag)(B(O+ Fy) + A10) + A(2(A + ) + ap)(A + B+ )

Dy = B0+ Bo)(a + o) (e + A +ap) + Aap) (B0 + ) + A0)
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N, = %ﬂaﬁ(ﬂ + )0+ L) 2(A+a)+ay)(@+ )

N3 = Aaffy (0 + So)(A+ B)2(A+a) + o)

Ny = a0+ So)(2(A+a) +ap)(B(O+ So) + A0+ B+ A+ )
N5 = aA0B(0+ A+ [o)(A+ B)(2(A +a) + o)

N = aAB(A+ B) (5o (0 + So) + A0)2(A+ ) + )

N7 =aapB(0+ o) (24 +a)+ag)(B(O+ Fo) + A0+ B+ A+ay))

MTSF Vs Failure Rate ()
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Figure 2. MTSF Vs Failure Rate (1)

Availability Vs Failure Rate (A)
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Figure 3.  Availability Vs Failure Rate (A)
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Profit Vs Failure Rate (A)
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—=—00=0.2,0=3,6=2.1,0=5,3=10
13800 -
BO=1
13600 - ——0=4.1
—¥—00=0.201
13400 - a=7
=5
13200 - P
S 13000 -
1
[a
12800
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
Failure Rate () ———>

Figure 4. Profit Vs Failure Rate (A)

12. Conclusions

The theoretical results related to mean time to system
failure (MTSF), availability and profit function are
authenticated through graphs drawn for arbitrary values of
various parameters and costs as shown respectively in
figures 2, 3 and 4. It is found that MTSF decreases with the
increase of failure rate (A) and the rate (o) by which unit
under goes for preventive maintenance while MTSF keeps
on increasing with the increase of repair rate (0), the rate (o)
by which unit under goes for replacement and replacement
rate (B). However, there is no effect of preventive
maintenance rate (o) on MTSF. Figures 3 and 4 indicate that
availability and profit of the system model go on decreasing
with the increase of rates A, By and a,. On the other hand,
their values go on increasing with the increase of rates 0, f3
and o. Thus, the study reveals that a parallel system of two
identical units in which priority is given to preventive
maintenance of one unit over repair and replacement of the
other unit can be made more profitable by increasing
preventive maintenance and repair rates of the unit instead of
its replacement by new one.
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