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Weighted (0, 1, 3)* — Interpolation on Unit Circle
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Abstract Let(1)z =1, z4+1 =—1, z  =cos Oy +isin Oy, z,.x =7, k= 1(1)2n be the vertical projections on unit circle of
the zeros of (1 — X )Pn(x), where P,(x) stands forn'™ Legendre polynomial having the zeros x¢ =cos 0 k=1(1)n, suchthat 1>
X > ... > X, >—1; Xie Siqing claimed regularity, explicit representation and convergence of (0, 1, 3) interpolation on the
nodes (1). The explicit forms of these polynomials are very complicated as such in this paper, we obtain regularity, simpler

explicit forms and quantitative estimate resulting convergence in the case of the weighted (0, 1, 3)—interpolation problem .
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1. Introduction

In a paper Xie Siqing[6] considered vertical projections of

the zeros of (1-x°) Pn(/ozl’ﬁ)(x) , neven or (1 + x)

Pg’ﬂ)(x), n odd; on unit circle and established regularity
2

of (0, 1, ..., r— 2, r) — interpolation under certain restrictions

on parameters o and B. In another paper[7], considering a

particular case for r = 3 and assuming the nodes as :

zy=Lz,,,=-Lz
=cos@, +isinb,,z,,,
=—z,,k=1Dn

to be the vertical projections on unit circle of the zeros of
(1-x%)P,(x), where P,(x) stands for n™ Legendre polynomial
having the zeros x, = cos 0. k = 1(1)n, such that 1 > x; >
X > ... > %> -1, Xie Siqing claimed regularity, explicit
representation and convergence of (0, 1, 3)—interpolation viz.
Ru(z) of degree < 6n + 3 on the nodes (1.1) satisfying the
conditions :

R(z,))=¢a,, Ri(z))=0a,, k = 0(1)2n+1
(1.2)

(1.1)

Rl/!(zk) — a3k ,

’ k = 1(1)2n

where o,i,p = 0,1,3 are arbitrary given complex numbers.
The explicit forms of these polynomials are very
complicated as such in the last set of conditions (1.2) instead
4
z=z;

ofprescribing  R”(z, ), weprescribe [Z_Zan (2)]
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k = 1(1)2n, which give simpler forms of the polynomials.

On the suggestion of P. Turdn, J. Balazs[1] for the first
time investigated weighted (0,2)-interpolation taking nodes
on the real line in[-1.1]. Later on L. Szili[5], K.K. Mathur
and R.B. Saxena[3] extended the study of weighted (0,2) and
weighted (0,1,3) —interpolations respectively on infinite
interval (—oo, 0).

Weighted lacunary interpolatory problems on unit circle
have not been considered on the literature so far, so the
object of this paper is to obtain regulatory, explicit
representation in a simpler form and a quantitative estimate
leading to a convergence theorem in the case of weighted
(0,1,3)—interpolation choosing special nodes on unit circles.
The authors[4] have also made similar study in the case of
weighted (0,2)-interpolation on unit circle.

2. Preliminaries

Let
R(z) = (Z - HW(2), (2.1

and

2n 2
W(z):lgl(z—zk)ang[l+Z jz” (2.2)

2z
where P, stands for n™ Legendre Polynomial and
2"n!
K,=—"——
(2n—1)!

In the well known differential equation :
(1-x*)P"(x)-2xP! (x)+n(n+1)P, (x) =0, (2.3)
2
taking X =

, we get

t(1—t)W"(t) = 2{n(1—t*) + >} W'(t) + 2ntW(t) = 0.(2.4)
Further owing to (2.1), (2.4) reduces to
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tA=2)’ R"(t)+2(1—- 1) {t> —n(1-*)}R'(¢)

(2.5)
~2t{(n+1)(1-£)=2}R() =0
Also fork = 1(1)n, we have
Wi'(z,)= —lK P (x,)(1-2z; )z}
(2.6)
! 1 !
W (Zn+k) :_EKnPn (Xk)(l Zn+k)Zn+k
W'(z,)=-K,Bi(x){n(1-z)+ 2}z
2.7
W”(Zn+k) = Kn n (xk){n(l Zn+k)+Zn+k}Zn+k
and for k = 1(1)2n, we have
R'(z,)=(z; -)W'(z,)
(2.8)

R"(z,) =2z, {z; —n(1-Z;)}W'(z,)

Weighted (0, 1, 3)* — Interpolation on Unit Circle

__ ) _
L(z)= ) k=11)2n @9

and
L(z)= R(2) k=0(1)2n+1.(2.10)

R'(z,)(z-z,) ’
With the help of (2.2) and (2.9), we define Ji as
jo Wdt , k=0
J(2)=

(2.11)

IOZL]k(t)dt ,  k=1(1)2n

J:(Hl)W'(t)dt , k=0

H,(2)= joz(t—l)W’(t)dt , k =2n+l 212

The fundamental functions of Lagrange interpolation z L,l (l‘)—L,i (Zk )Lk (¢) . k=100
based on the nodes as zeros of W(z) and R(z) respectively are .[0 (t-z,) ’ = 1(1)2n
given by k
[2LOLO- DLW, R
0 t—1
Sk (Z) —J_ J.Z 2L2n+1 (_1)L2n+1 (t) + (t — 1)L2n+l (t) dt , k=2n+1 (2.13)
0 t+1
Liz)+e(t-z )L (O -Li (1)
.[0 (t— Zk)
withe, :LK(Zk)—Lk (z,) , k=1(1)2n
For—1 <x <1, we have
(1-x)* |2, (o)< @1
mn
3
(1-x*)* |P/(x)|<+/2n, (2.15)
|P,(x) <1, (2.16)
|P.(x)[>1 forx>1. (2.17)

Let x's be the zeros of P,(x), then
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(1-x2)>k’n> , k:l(l)[ﬂ
2.18)
(1-x2)>(n-k+1)’n? , k:[ﬂﬂ,...,n
3 n
P/ (x,) 2 ck *n’ , k=1(1>H
(2.19)
3 n
IP'(x,) > c(n—k+1) 2n’ , k=[ﬂ+1,....,n.
For—1 <x <1, we have
YL (x)|<clogn . (2.20)
k=1
where ¢ is a constant and
P (x
1, (x) (%)

TP(x)(x-x,)

3. Regularity Ahd Explicit Representation of Interpolatory Polynomials

Let z's be given by (1.1). We seek to determine the regularity of the polynomials R,(z) of degree < 6n+3, satisfying the
conditions :

R (z)=0ay , Ri(z)=ay, k=0(1)2n+1
3.1)
[z"R, (D)=, =B, ., k=1(1)2n

where ok, o1 and B3 ’s are given arbitrary comp lexnumbers. We call such polynomials as weighted (0,1,3)—interpolation on
unit circle.

Theorem 1:In (3.1) if oy = ;= 0 fork = 0(1)2n + 1 and P, = 0 for k = 1(1)2n, then R,(z) =0.

Proof: Since R,(z) is a polynomial of degree at most 6n+3, we have R, (z) =W(z)R(z)q(z), where W(z) and R(z) are given by
(2.1) and (2.2) respectively and ¢(z) is a polynomial o f degree at most 2n+1.

Using the conditions (3.1), we get g’ (z;) = 0. Therefore, we may suppose ¢(z)=aJy(z)+b, where a and b are constants and

Jo(2) is given in (2.11). Now, applying R;l (£1) = 0,we get g(z)=0,leading to R,(z)=0, which completes the proof of the

theorem.
We write R,(z) satisfying conditions (3.1) as
2n+1 2n+1 2n
R, (2)= Z Qo Ay (2) + Z o, Ay (2) + Z:B3kA3k (2) (3.2)
k=0 k=0 k=1
where Aj (j = 0,1,3) are unique polynomials each of degree < 6n + 3 determined by the following requirements :
Ay (z,)=6, : ik=0(1)2n+1
Af(z;,)=0 ; j,k=0(1)2n+1 (3.3)

[ Ay (e =0 j=1(1)2n; k =0(1)2n+1
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A4,(z)=0 : i.k=0(1)2n+1
Al (z;)=06, ; J,k=0(1)2n+1 (3.4)
(274, (), =0 : j=1(1)2n; k =0(1)2n +1

4,(z))=0 : j=0(1)2n+1,k =1(1)2n

Agk(zj):() ; j=0(1)2n+1,k=1(1)2n (3.5)
(" 4, =8, 5 jk=1()2n

Theorem 2 : Let R(z), W(z) and Ji(z) be given by (2.1), (2.2) and (2.11), then under conditions (3.5), A3i(z) are given

4, (2) = a, R (2){J, (2) + aJ,(2)+a, } , k= 1(1)2n (3.6)
where
ZZn
a, = k (3.7)
6(z; W™ (z,)
* 1
=— J DH-J (-1 3.8
a 2Jo(l){k() (=D} (3.8)
and
skek 1
a =_E{Jk(1)+‘]k(_1)} (3.9)
Theorem 3 : Let Ly(z) and Hi(z) be given by (2.10) and (2.12), then under the conditions (3.4), Aj(z) is given by :
%[(z+zk)W(z)—{Hk(z)+ka0(Z)+b:}] , fork=0,2n+1
4,(z)= (3.10)
W(Z) 2 R(Z) * *k
L — H +b,J, +b } |+b, A , fork=1(1)2n
Wl(zk)|: «(2) R'(Zk){ (2)+bJ,(2)+ b} A5 (2) (1)
where
1
b, =— HMW)-H, (-}, k=0(1)2n+1 3.11
=g O DL k= o G
b,f =—%{Hk(1)+Hk(—1)}, k =0(1)2n+1 (3.12)
*k —2n " ' ’ 8 4
by =-3z {le(zk)+4Lk(zk)L1k(Zk)+4L/?(Zk)_Z_nLk(Zk) (3.13)
k
_4_”L{k(zk)+&’;’+l)} , k=1(1)2n
Zy Zy

Theorem 4 : Let L;i(z), Si(z), Asi(z) and A;i(z) be given by (2.9), (2.13), (3.6) and (3.10), then under the conditions (3.3),
Aoi(2) is given by :
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L)+ 2O s 5y 20+ G
R"(z,)
+C 4, (2), for  k=0,2n+1
4y (2)= (3.14)
L, (z){ﬁ (2)+(z-2,) R,((Z)) 5.2+ Cody()+ Cot)
+Co A, (2)+Cyp A, (2),  for  k=1(1)2n

where
C., = S, ()-8, (-1 k=0(12n+1 3.15
o 2J(1){ OEMNACINS (1)2n (3.15)
Cgkz—E{Sk(l)+Sk(—l)}, k=0(1)2n+1 (3.16)
1
—3(n+—j, k=0
2
sk 1
Co = 3(n+5), k=2n+1 (3.17)
(2L (z,) + L (2,)), k =1(1)2n
C,. =—z"[LI(z,)—L(z,)— 6L’ (z,)+ 6L, (z,)L(z,) + 6L/ (z,)L.(z,) (3.18)
4 [/ ’ ” 12
+6L1k(zk)Lk2(Zk)+15Lk(Zk)Lk(Zk)_ ZnL (z k){L (Zk)+2L1k(Zk)}
k
" 67’1 2l’l+1
O L) L)+ M{zu )+L1k<zk)——(n+1>}
z, z; 3z,
k=1(1)2n

Proof of Theorem 2: Let A3y (2) be in (3.6). Obviously A3yz) = 0 forj = 0(1)2n+1 and A3’ (z) = 0 forj = 1(1)2n. From

m

-2n
Z A z :| = 5 g = 2ny71 1 ' _ . . .
|: 3% ( ) z=z, i3 J k = 1(1)2n, we have 6zj w (Zj) (Zj )aka (zj)_ 5kj‘ForJ + k , result is obvious
and for j=k, we get @, givenin (3.7).

Now, from the conditions A;k (i‘ 1) =0, we get a: and az* as given in (3.8) and (3.9),which proves the theorem.

One can prove theorems 3 and 4 owing to conditions (3.4) and (3.5) respectively, so we omit the details of proof.

4. Estimation of Fundamental Polynomials

Lemma 1 : Let L;1(z) be given by (2.9), then
1

max Y | L, (z)[£cn?logn, 4.1
s Z| (2] g (4.1
where c is a constant independent of n and z.

Proof : Let z=x + iy and |z| = 1, then from (2.6) and (2.9), for 0 <arg z <mand k = 1(1)n, one can see that



342 Swarnima Bahadur efal.:  Weighted (0, 1, 3)* — Interpolation on Unit Circle

‘{(1—xxk>+(1—x2)2<1—xi)2}2Pn(x) (1-xx,)?P,(x) ‘

Ly (2)|= ‘ <

. N EGk(X) (4.2)
V2(1-x})?PL(x, )(x - x,) (1-x7)? P (x, )(x —x,)

Also,
1 L
‘{(l—xxk)—(l—xz)z(I—Xi)z}2
1
‘ V2(1-x3)2 P (x,)(x — )
Similarly, for n < arg z<2mand k= 1(1)n

Ly (D) <Gy (%) and [ Lina (D) <G (). (4.4)

Therefore, fora fixed z=x +1y, |z =1 and |7 = 1 and -1 < x< 1, we have

Lk (D) =

P, (x) <Gy (x) (4.3)

2 " <2 G, (x)+2 G (x)=1+1
DL (2)[€2) G (%) 21: o 21: o )
=l =l 1% —x}Zj(l—xk) 1, —x}<§(1—xk)
Now,
1
‘ (1-xx,)? P, (x) ‘ <A cl
4= Z;‘ 233 k S\/gk—l (1-x)| B/(x)|
=325 (-xp) [ (1= %) Pl(x, ) (x — x,) B K
Using (2.16), (2.18) and (2.19), we get
1 (4.6)

[ < cn? logn-
Further for—1 <x <1, we have

3 n
L= > Gxs \/;ZI L(x)[<clogn (4.7)
Px—x; }<%(1—x,%) k=1

(4.5) with the help of (4.6) and (4.7) proves the lemma.
Lemma 2 : Let Jy(z) be given by (2.11), then

K
| J,(z2) € —= for |z| < 1 (4.8)
n+1
and
J, 1) > K, for |z| > 1 (4.9
n+l1
where K, is defined by (2.2).
Proof : To prove (4.8), we see that
Z Z n z n K”
1@ F W(t)dt‘:‘Kn ['2, 0ot dt‘ <K rE%x|Pn(x)|‘ REE g

because of (2.16).
1 1
again Jo(1)=[W(eht =K, [ P,(x)"dt
0 0
using (2.17), we get the result.
Lemma 3 : Let A31(z) be given by (3.6), then
3

2n d
Dz Ay (z)[<cn 2 logn for [z < 1. (4.10)
k=1

Proof : It is sufficient if we prove the lemma to be true for |z|= 1. Let z= ¢'* (0< a < 2n). From (3.6), we see that
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2n 2n
D127 A () €2 2 REW () | 4 [ ()] + | Jo(2) |+ ]
k=1 k=1
< 6Z| Z ' R(2)W(z2) || a, |max 1 J,(2)] @.11)
k=1
because from (3.8), lemma 2 and (3.9), one can see that
4, [ Jo(2) <17, ()] and  Ja, [<J, (D)
From (3.7) and (2.6), we have
la, [< 12Ki I_Xi)_yz ’[P;(Xk)]l_z (4.12)
From (4.11), (4.12) and
|2 REW (D) 1S 2 " REW (2) |, = 2K (1) | P2 ()] @.13)

2

L owing to (2.1), (2.2) and (2.14), we have
nm

<

L V=X | B ()|

2n
Z| ZﬁznAsk(Z) [< Z
k=1

From (2.18) and (2.19), we have

2 - (! ia
e INENCEIE

which proves (4.10) owing to lemma 1.
Lemma 4 : Let Hi(z) be given by (2.12), then

|H, (2)|<4K, , for k=0,2n+1

4.14)

for |z <1

2n
Y| H(2)|<cn™logn,
k=1

Proof : The estimate of [Hi(z)|, for k = 0, 2n+1 follow
from (2.12) and (4.8), so we omit the details.

k=1
R'(t
®
R'(z,)
On further differentiating and rearranging terms, we get

L=—0 Lo o

——(t
2R'(z,) 2
From (2.12), we obtain
[ O~ LEILO dt‘
0

SIH@EY
=1

L. ()=

z, )L, (t), for k= 1(1)2n.

k=1 (t_Zk)
J- (l+l‘Zk)W(Z) dr
o (1-2z)R'(z,)

= (1=x)" | B(x)[

1 .
INREBIE!

+n

L Lo ,
k=1 Zk t

"

\+2§"wg<zk>|\ J; Eoa

j le(t)dt‘
2n
Z j tL, (t)dt‘
k=1|UL—
EIl+Iz+I3+I4+IS+16. (4.15)
A little computation yields
3
[, <cn?logn (4.16)
3
I,+1,+I, <cn?logn (4.17)
and
3
I, +1,<cn?logn. 4.18)
From (4.15) — (4.18) follows the lemma.
Lemma 5 : For |z| <1, we have
2n+1
S @) <enlogn @19
k=0

where Aj1(2) is given by (3.10).
Proof : Considering (3.10), we have

2n+1

z | Z_znAlk(Z) =l Z_znAlo(Z) |+ Z_znAlan (2)[(4.20)
k=0
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2n | ,—2n L 2n -2n
z sz) (2) L@ iz s Wgz)f(z)
k=1 W'(z,) K, =)z =) B (x,)

2n
x| H, (2)+bJo(2)+b, |+ ]b, [ 27" 4y (2) [= 1,
k=1

* * * *
+L+ 1 +1,+ 5.

From maximal principle, we have

W(2)[S max | W (2) H W (=K, @20
From (3.11), (3.12) and Lemma 2,
for k = 0(1)2n+1. (4.22)

%
Now, for the estimation of 11 , we have

* 1 -2n
1, Smlz ’ R()W(2)[[2|W(z) [+3max | H, ()]
Using (4.13), (4.14) and (4.21), we get
7

I <— 4.23)
nrw
Similarly, one can have
I < (4.24)
nrw
Further, we have
| A@G@ |
< L (z
Z|(1 1/2P(k)|| k()|
< cn*Z| L (z)|<cn'logn. (4.25)
k=1
From (4.22), (4.13) and (4.14), we get
« 3 |z”R@W(2)
4 S 22 | 32| pr2 | 4 X |H, ()|
2K, = A=x)" | B (%) Tk
ok
<— ax |H,(z2)[<c n210 n 4.26
MZ —ymax| H,(2)|S c(n® logn).  (426)
From (3.13), we have
b, < cn.
Using this estimate and lemma 3, we get
1
15 cn®logn. (4.27)

Thus, (4.20) owing to (4.23)—(4.27) complete the proof of
the lemma.
Lemma 6 : Let Sy(z) be given by (2.13), then

2n 7
Z|Sk(z) I<cn?logn for |z < 1.

k=1
Proof : Let ek(zk) = Lﬁ(Zk)—Lf(Zk),

4.28)

Weighted (0, 1, 3)* —

Interpolation on Unit Circle

L (z)L,(2)-L\(2)

Si(2) =&, ()L (2) + (4.29)
(z-z,
and
z—-27,.)5,(2)}
Szk (Z) — {( k) lk( )} , (430)
(z-2z,)
then
S, (z) =-S,, (2)+S,,(0)+ J-O S, (tdt, @31
where Si(2) is given by (2.13).
Using (4.29) and Lemma 4, one can see that
2n
<cn? 1 4.32
rngXZl Sy (2)|<cn?logn.  (432)
Similarly, we have
2n 7
max DSy (2)I<en? logn.  (433)
z|<1 =
Finally, the lemma follows from (4.31)— (4.33).
Lemma 7 : For |z| <1, we have
2n+1
Z| A, (2)|< cn2 logn. (4.34)

The proof of the lemma is similar to that of Lemma 5, so
we omit the details.

5. 8 uantitative Estimate and
onvergence Problem

In this section, we shall prove the following :
Theorem 4 : Let f(z) be continuous in the region |z| <1
/R, } defined by

and analytic in |z| < 1, then the sequence {
2n+1 2n+1

R, (f,2)= Z S(z) A4, (2) + Z S'(z)4,(2)E.D)
k=0 k=0

satisfies the relation :

|z_2"[Rn(f,Z)—f(z)] I< cn? logn a)z(f,%j (5.2)

where c is independent of n and z, wy(f, 9 is the modulus of
smoothness of f{z).

Remark : Let f(z) be continuous in |7 < 1 and f'eLip. a,
o > Y, then the sequence {R,} converges uniformly to f(z) in
|7zl < 1, which follows from (5.2) and

@, (f,%) <n’'e (f’,%j =0(n"""%).

To prove theorem 4, we need the following well known
Jackson’s theorem :

Let f(z) be continuous in the region |7 < 1 and analytic in
|7] <1, then there exists a polynomial F,(z) of degree <2n — 2
such that

1£7(2)-F"(z) | cnrwz(f,%j ,r=0,1 (5.3)
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where z = eie, 0<6 <27
To prove our theorem, we shall also require

[z7"F,(2)!_,, [Scn’a, [ S %j (5.4)

which is an easy consequence of an inequality of ),

Kis[[21,[32]] viz.
|F™(z) < cnmcoz(f,lj, m=0,1,..
n

and

2, (s, <420 [ F (20

LI ER N P ER]
B 1 FED)

Z:Z](

+1z." [|[F"(z,) |-

Proof of the main Theorem 4 : Since R,(z) given by (3.2)
is a uniquely determined polynomial of degree < 6n + 3,
therefore, the polynomial F,(z) satisfying (5.3) and (5.4) can

be expressed as

2n+1 2n+1

F(2)= 2 F(z,)4,(2)+ z F(z)A4,(2)
k=0 k=0

2n
FY[22F (], Ay (2)
k=1

Then

127" R, (f,2)-f(2)} [<] 2" (R, (f,2) - F, (2)} |

+|2 " {F, (2) - £(2)} |

2n+1

<Y FE)-F ()27 4y (2) |
k=0

2n+1

+z | f(z) = F(z) ] ZﬁznAlk(Z) |
k=0

2n
Y E (Y, (127 4, ()|
k=1

+|27" || F,(2) - f(2)|.

Taking z= ¢® 0<0<2nand using (5.3), (5.4), Lemma 3,
Lemma 5 and Lemma 7, we get (5.2) which completes the
proofofthe theorem.
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