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Abstract Functions belonging to each of the subclasses U ;, (a,A,B) and us, (@, A,B) of normalized analytic
functions in the open unit disk U ={z:|z|< 1} are investigated when (@=20-1<B <A <1,m€Nn € N, ), and
several subordinations are obtained. A number of interesting consequences of these subordination results are also discussed.
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1. Introduction and Definitions

Let denote the class of functions of the form
f@=z+ X ,0a 7. (1.1)

Which are analytic in the unitdisk U={ z: |z | <1 }

Shu-Hai and Tang in 2010[1], introduced the classes
u; . (a,A,B), us . (a,4,B) and gave the following
definition:

Definition 1. Let U, , (a, A, B) denote the subclass of
A consisting of functions f(z) which satisfy the following

inequality:

™ £(2) ™ £ (z) A

Pl g 2 LE g« 22 (¢>0,-1<B <
D" f(z) p" f(z) 1+Bz

A<1, meN, ne Nu{0}, (1.2)

Definition 2. Let U$, , («,4,B)s € NU{0} be the
subclass of A consisting of function f(z) which satisfy the
following condition:

f@eus,, (@A4B) D f(z) € U, , (a4 B)(13)
Where D™ (n € N) is the Salagean derivative operator
defined as:
D’ f(2 = f@
D f@=2zf@
D" f(z2) = D(D" ! f(2)) (see[2])
For s = 0, it is easy to see that
uf ., (@AB)=1u,,(AB)
We denote by & the class of convex functions i.e.

k={g €A :Re (1+M > a,z € U)}

P®)
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Definition 3. (Hadamard product or convolution) Given
two functions f(z) and g(z) where f(2) is as defined in
(1.1)and g(2) is given by

9@) = z+ X2, b 7 (1.4)

The Hadamard product (or convolution) f* g of

f(@and g(z) is defined by
(fxg)@ = z+ X2, a bz = (g* 2

Definition 4. (Subordination principle)

Let f(z) and g(2) be analytic in the unit disk U .
Then f(2) is said to be subordinate to g(z) in U and we
write f(z) < g(2), z € U, if there exists a Schwarz
function w(z) , analytic in U with w(0) = 0,|w(z) | < 1
such that

(1.5)

f@= gw®@), zeuU (1.6)
In particular, if the function g(z) is univalent in U, then
f(2) is subordinate to g(2) if

) =g, f@w cg.

Definition 5. (Sugordinating factor sequence)
A sequence {Cj}j=1 of complex numbers is said to be a

(1.7)

subordinating factor sequence if whenever f(z) ofthe form
(1.1) is analytic, univalent and convex in U, the
subordination is given by

Y2 a6z <f(2), z € Ua =1

We have the following theorem
Theorem 1.1 (Wilf [3])
The sequence {Cj }j=1 is a subordinating factor sequence

ifand only if

Re{14+2X%,¢2z}>0,z€ U  (18)
Theorem1.2. [1]
If f(z) € Asatisfies
7, @ (m,n,k,A,Bla;|I< A —B (1.9)

where
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& (m,n,j,a,A,B) =1 +2a) |j™ — j* | +1Bj™— Aj" |
for some (@ >0,—1 <B <A <1m€ N,n €

NO, then fz € Um,na, 4, 5. (1.10)
Theorem1.3. [1]
If f(z) € Asatisfies
X2, jsomn,k,AB)lgl< A-B  (L11)
where
& (m,n,j,a,A,B) = (1 +2a) |[j™ — j" | +1Bj™— Aj" |

for some (@ 20,-1 <B <A <1,m € N,n € N, ),
then f(z) € us, ,(a,AB). (1.12)

In view of Theorem 1.2 and Theorem 1.3, we now
introduce the subclasses U, , (a,A,B) c um‘n(a,A,B)
and U7, (a,A,B) U, (a,A,B) which consist of
functions f(z) € A whose Taylor-Maclaurin coefficients
a; satisfy the inequalities (1.9) and (1.11) respectively.

In our proposed investigation of functions in the classes
uy . (a,A4B) and U, (a,A, B) we obtain shap
subordination results for these classes and also investigate
some applications of the main results which give important
results of analytic functions.

2. Main Theorem

Subordination results for the class U, , (a,4,B)

Theorem2.1. Let U}, (¢,4,B) € U, ,(a, A B)
where

U, @AB) ={f €eA: X2°,j°®(m,n,k,A B)lg|<

A-B}, (2.1
and
@ (mn,j,a,A,B) =1+ 2a)|j™— j" | +|Bj™— 4j"|
for some
(@>0,-1 <B<A<1me€eNnEeN).
Then
(@)

(1+2a)l2" —2"1+12" B-2" Al (Fe)(2)
2[(4-B)+(1+2a)2" =2"+2"B-2"A | (2.2)
-<g(z),(zeU,geK),

and the constant factor
(1+2a)[2™— 2" | + |2 B— 2"A| 2.3)
2[(A-B)+(1+2a)|12m—2n |+ |2m B— 21 A|]
is best possible.
(b)
Re(f(z))>—[(A B)+(1+2:)2n 2m+2 Ij 2 All
(1+2a)R2" -2"}+12" B-2" Al (2.4)
(zeU).

PROOF OF THEOREM 2.1

Let f(z) defined by (1.1) be any member of the class
u; . (a,A B) and suppose that

9@ = z+ ijzj € K.
j=2

Then
(1+2a)R" —2"+[2" B-2" Al
2[(4-B)+(1+2a)2" ~2"+2"B-2"Al
<g(2)
_ (1+2a)R" =2"+2" B-2"Al y
2 (4-B)+(1+2a)2" -2"+2"B-2"Al|

J(f*g)(Z)

(2.5)

(z+ Z a b;z))
j=2
Thus, by Definition 5 the subordination (2.2) will hold if
the sequence,
(142a)12m—2"| +|2MB— 2" A|
{2[(A—B)+(1+2a)|2m— 21| +|2mB— Z”AI]}J- -1

[0

(2.6)

is a subordinating factor sequence with a; = 1.
Therefore by Theorem 1.1, it is sufficient to show that

(1+2a)2™ ~2"1+2" B—2" Al

1 2}
I=U[(a-B)+(1+20)2" -2" +2" B-2" A

Re{l+ a
2 T

>0;(zeU)

Now,

(1+2a)l2" ~2"[+2" B-2" Al .
Reil+ Z a2’
S[(4-B)+(1+2a)2" —2"1+2" B-2"Al]
(1+2a)l2" —2"|+2" B~2" Al
z
[(4=B)+(1+2a)2" -2" +2"B-2"A]
1

=Re X
[(4-B)+(1+22)2" 2" +2"B-2"A

2o, (1+2a)2" —2"k2"B-2"Al 2.8)

o (1+2a)R2" —2"+2" B-2" Al .
[(4=B)+(1+2a)2" -2" +2"B-2"A]
1
[(4-B)+(1+2a)2" —2"+2mB—2"AJX

Zf’;:z [(1+2a)l2" =2"+12" B-2"Alll a,| #/

because ®(m,n,j,a,A,B) = (1 + 2a)j™
Aj™ | is an increasing function of m, n.
Thus,

— j"| +|Bj™ -

~ (1+2a)R" -2"+R2"B-2"Al
[(4-B)+(1+2a)2" ~2"+2"B-2"A |
1

— X

[(4-B)+(1+2a)2" =2"+2"B-2"A |

i[l+2a

Jj=2

2"-2"+2"B-2"Al]l a)| I

(1+2a)R" —2"12" B-2" Al

>1-
A-B)+(1+2a)2" -2"+2"B-2"A

r—
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(4-8B) )

[(A-B)+(1+2a)2" -2"+2" B-2" Al]
(1+2a)l2" =2"+12" B-2" Al

[(A-B)+(1+2a)2" —2"+2" B-2" Al]

=1-r>0;( zl=r<1).

=1-{

+r

2.9)
Thus, (2.4) holds true in U and consequently proves (2.2).
Next we show that

A-B)+(1+2a)2" -2" +2"B-2"Al
Re(f(z))>—[( ) ( ) }
+2a -2"+ -
(1 2 )|2”’ 2"+2" B-2" Al
Now taking

,(zeU).

Z
=—=¢€K
9@ T
and (f * g)(2) = f(2) in (2.2) we have that
(1+2a)2" =2"|+2" B 2" Al
2[(4-B)+(1+2a)2" ~2"+2" B-2"A

Jf(2)<ﬁ(2.10)

Therefore since
z
Re (
11—z
(142a)12™ — 2" + 12™ B— 2" A|
(4-B) +(142a)12™ — 2" | 4+ [2MB— 2N A|

)> —%,Izl<r

Re{; - f @) > —%, (2.11)

which implies that
(14+2a) 12™— 2™ | + 2™ B — 2" A|
2[(A-B)+(1+2a) [2Mm— 21 | + |2MmB— 2" Al]

Re(f@) > - - (212)
Hence, we have
A-B)+(1+2a)2" -2"+2"B-2"A
Re(f(z))>_[( )+(1+2a) + ]
(1+2a)\2’" —2"42" B-2" A
(zeU).

>

For
F(z) = z[(14+2a)12™ = 2" |+ |2™ B— 2" A ] -(A—B)z2
(142a)[2m—2n| 4 |2m B— 21 A |
By max/min principle
_ —[(+42a)12™—2"| + |2™B—-2"Al] -(A-B)

(2.13)

ReF(2);1 = (1+42a)2m— 21| +|2m B—2nA|
_ [(A42a)12™—2"| +12™B—2"Al] -(A-B)
ReF(2);-, = (rzozn s zrg—zral (21
Hence,
[(1+2)2" 2" +2"B-2"Al]-(4-B)
inReF (z)=—
minReF (z) (1+20)2" —2'F2" B—2"Al (2.16)
1+2a)2" =2"|+2" B—2" Al
min{Re ( a)| [+ | F(z)}
2[(1+2a)l2" —2"+2" B-2" All
(1+2a)l2" =2"+2" B—-2" Al
=— (2.17)

2[(1+2a)2"-2"+2"B-2"A ]

[(1+2a)|2”‘—2"|+|2’”B—2"A|]—(A—B))_ 1
(1+2a)R™ -2"+2" B-2" Al 2
which shows that the constant

(1+2a)12M 2" +12mB—2"A|

2[(A-B)+(1+2a)|12m— 21| 4+ |2mB—2nA]]

is the best possible and thus complete the proofo ftheorem
2.1.

Subordination result for the class U 3, , (a,A,B)

Our proof of Theorem 2.2 below is much akin to that of
Theorem 2.1. Here we make use of Theorem 1.3 in place of
Theorem 1.2 and let s = 0.

Theorem2.2. Let US;, (a,4,B) € U, ,(a,A,B)

usr, (a,AB) =
{(f@ea: X, jom,nk A Blagl
<A -B}

(2.18)

where
@ (m,n,j,a,A,B) = (1 +2a)|j™ — j" | +|Bj™ — Aj" |
for some(@>0,-1 <B <A <1m € Nn € N;)
Then

(a)
25 (142a)12m— 21| + |2MB— 2" A|
2[(A—B)+25 (142a)[2m— 21| + | 2m B— 2nA|] (f+9)(2) <
9(2), (z € Ug € K),and the constant factor

(2.19)
25 (142a)|2m— 2" 2MmB—2"A
(1+2a)| |+ [ (2.20)
2[(A-B)+(1+2a)|2m—2n| +|2m B—2nA]]
is best possible.
(b)
(4-B)+2° (1+2a)2" —2"+2"B-2"A
Re(f(z))>_[ s m n m n ]
2°(1+2a)2" =2"+12" B-2" Al (2.21)

(zeU).

3. Some Applications

Taking m =1,n=0 in Theorem 2.1; we obtain the
following:

Corollaryl.
If the function f(2) defined by (1.1)be in the
class U7, (a,A,B) and satisfies

X2, #1,0,j,a,A,Blagl<A-B (3.1)

(2.14) where

@ (1,0,j,a,AB) =1 +2a) | G—1D+|Bj— Al

for some « 20,—1 <B <A < 1,then for every

g € K;one has
(1+2a)+2B - Al

(/*g)(z)<g(2).

2[(4-B)+(1+2a)+2B-A] (3.2)
(zeU,gekK)
and
[(4-B)+(1+2a)+2B-A]
Re(f(2))>- (1+2a)+2B-Al (3.3)

(z € U).
The constant factor
(1+2a)l+2B - 4
2[(A4-b)+(1+2a)+2B—A]
is the best estimate.
Remark 1:
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The casea = 0,B = —1,and A =

1 was obtained by Frasin[1], Selvaraj

and Karthikenyan[5], and singh[6]

Taking m = 2,n

= 1in Theorem 2.1; we obtain the following:
Corollary?2.

If the function f(z) defined by (1.1)be in the class
U3, (a,A4,B) and satisfies

X2, oQ2,1,j,a,A,B)lqgI<A-B (3.4)

where
@ (2,1,j,a,AB) =1+ 201G —D+IBj— Al
forsome a>20,—-1 <B <A <1,
then for every g € K;one has

(1+2a) | + 12B— Al
(4-B)+2(1+2a)+ 212B- A| (f*g)(z) <g(Z)’ @z e ) (33

and )
(4-B)+2(1+2a)+212B - Al
Re(f(2) > —( 2(1+2a) + 212B— Al

The constant factor
(1+2a)+2B- 4
[(4-B)+2(1+2a)+22B- 4]
is the best estimate.

Remark 2:
The case ¢ =1, B=0,and 4 =1was obtained by Frasin
[4], and Selvaraj and Karthikeyan [5].and Karthikeyan [5]
Taking s
= 0 in Theorem 2.1; we obtain the following:
Corollary3.
If the function f(2) defined by (1.1)be in the
class U0, (@, A,B) and satisfies

Yo, ®(n,nj,a,AB)la|< A—B

), (z € U). (3.6)

(3.7
where

& (m,n,j,a,A,B) =10 +2a0)x G—1)+|Bj— Al
for some a 20,—-1 <B <A <

1,then for every g € K;one has

the Theorem 2.1 and all the corollaries under it.
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