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Abstract This paper has been designed with an object to determine reliability measures of a parallel system of two
identical units with priority to maintenance over repair subject to random shocks. The unit has a direct failure from normal
mode. There is a single server who visits the system immediately to perform maintenance and repair of the system. The unit
undergoes for maintenance if it is affected by the impact of shocks while repair of the unit is done if it fails due to the reasons
other than shocks. The unit works as new after maintenance and repair. Priority is given to maintenance of the shocked unit
over repair of the failed unit. All random variables are statistically independent. The shock and failure times of the unit are
exponentially distributed where as the distributions of maintenance and repair times are taken as arbitrary with different
probability density functions. The expressions for some important measures of system effectiveness are obtained in steady
state using semi-Markov process and regenerative point technique. Giving particular values to various parameters and costs,
the results forMTSF, availability and pro fit function are obtained to depict their graphicalbehavior with respect to shockrate.
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unit fails completely directly from normal mode. There is a
single server who visits the system immediately to perform
maintenance and repair of the system. The unit undergoes for
maintenance if it is affected by the impact of shocks while
repair of the unit is done if it fails due to the reasons other
than shocks. The maintenance and repair of the unit are
perfect. Priority is given to maintenance of the shocked unit
over repair of the failed unit. The shock and failure times of
the unit are exponentially distributed where as the
distributions of maintenance and repair times are taken as
arbitrary. Various reliability indices including transition
probabilities, mean sojourn times, mean time to system
failure (MT SF), availability, busy period of the server due to
repair and maintenance, expected number of maintenance
and repair and profit function are evaluated in steady state

1. Introduction

It is a common knowledge that frequency of failure of
repairable systems can be reduced up to a desired extent by
the method of redundancy. Therefore, parallel unit systems
have attracted the attention of many researchers and
reliability engineers due to their wide applications in modem
appliances. Kishan and Kumar[1] and Kadyan et al[2]
discussed two unit parallel systems with different repair
policies. They assumed that failures in the systemoccur only
due to wear out and mechanical reasons. But there are many
systems which may fail due to random shock attacking
during service life. The performance ofsuch systems can be
improved by providing proper repair facilities, method of
redundancy and giving priority in repair disciplines. Chhillar

and Malik[3] analyzed a cold standby system with priority to
maintenance over repair subject to random shocks. The
effect of priority in repair disciplines on the performance
measures of parallel systems operating under random shocks
have not been examined by the researchers so far in the
subject of reliablity.

The focus of the present study is on the reliability
modeling of a parallel system of two identical units with
priority in repair disciplines subject to random shocks. Each
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using semi-Markov process and regenerative point technique.
The graphical behavior of MTSF, availability and profit has
been observed with respect to shock rate for fixed values of
other parameters.

2. Notations
E: Set of regenerative states.
O: The unit is operative and in normal mode.
po: The probability that shock is effective.
do: The probability that shock is not effective.
VIR Constant rate of the occurrence of a shock.
A Constant failure rate of the unit.
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pdf/ cdf of maintenance time of the unit after the effect of a shock.

The Unit is completely failed and under repair/ waiting for repair/ under continuous repair from
previous state

Shocked unit under maintenance and under maintenance continuously from previous state

Shocked unit waiting for maintenance

pdf/ cdf of repair time o fthe completely failed unit

pdfand cdf of direct transition time from a regenerative state ito a regenerative state j without visiting
any other regenerative state
pdfand cdf of first passage time from a regenerative state i to a regenerative state j or to a failed
state j visiting state k once in (0,t].

Probability that the systemis up initially in state S; € E is up at time t without visiting to any other
regenerative state.

Probability that the server is busy in state S; up to time t without making transition to any other
regenerative state or returning to the same via one or more non regenerative states.

Contribution to mean sojourn time in state S; when system transits directly to state S; (S;,S; €E) so that

Wi= ijl;/ Where m; = ,ft dQ;i(t) =- qij*/(O) and p; is the mean sojourn time in state S; € E

Symbol for Stieltjes convolution / Laplace convolution.

Symbol for Laplace Stieltjes Transform (LST) / Laplace Transform (LT).
Symbol for derivative of the function.

The following are the possible transition states of the system
So=(0, 0), S; =(0,SUm), S; = (SUM, SWm), S3=(0,FUr) S4 =(FWr, SUm), Ss= (FUR, FWr) and S¢= (SUM, FWr),
The transition states Sy, Sy, S; and S4 are regenerative and states S,, Ss and S¢ are non regenerative as shown in figure 1.
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Figure 1. Transition State Diagram
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Form(t)= He™” and g(t)= ]/eﬂq we have
3. Transition Probabilities and Mean Dopt P
S()j()urn Times pun2= £ pi3zg= ——,pazs= 2
A+u+6 A+u+6 A+u+y
Simple probabilistic considerations yield the following 1 1
expressions for the non-ziro elements Ho= 2q§lu ey 4p0/1 W= A+ u+0 ,
Py =0y() = | q,(n)dt R
as u37/1+y+;/’”470
o= 2q§,u and
" 2qeu+2A+4pu’ ’ulz/“']?oﬂ"'e _ Aty
. Apu L0+ u+0) (A+pu+y)
2qop+2A+4pu’
- 22 4. Reliabili%and Mean Time to System
pio=1M *(ﬂ + ,U) Let ¢ i(t) be the cdf of first passage time from
’ regenerative state ito a failed state. Regarding the failed state
_ DM 1« as absorbing state, we have the following recursive relations
pu /1+ﬂ[1 m (ﬂ+ﬂ)] for ity
$o®=QooMS o) + Qo1(HS ¢ 1(t) + Qo3(HS ¢H3(H)
pi=LE 1 m* (A4 ). $10= Q1o go®) + Qi1(t) ® ¢ 11+ Qiat) + Qi(t)
At p 30 = QOO & (1) + Qua(t) + Qss() + Qu3(H® P5(1) (6)
pre= A [1 —m* (ﬂ, + /J):I ’ NTaking L.S.T of above relations (5.6) and solving for
A+u @ (s)

po=g (A+ ).

p3n= ﬂ,qiﬂy [1 —g (A+ u)] ,

P ff; [1-g"+w)].

A .
P33.5=P3s= m[l—g (ﬂ+lu)]

p21 =m*(0),p43=m*(0),
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ot

We have R*(s) =

MTSF = lim
S—0

Where

and

1-4,(s)
R)

Dl

The reliability of the system model can be obtained by
taking Laplace inverse transformof (7).
The mean time to system failure (MTSF) is given by

1‘@0(5): &

Ni = o (1-p11) (1-p33) + wipo1(1-p33) + wapos(1-p11)

pPs3=8 *(O) ., Pe=m* (0) (1 D = (1-poo)(1-p11)(1-p33)-Po1 Pro(1-p33)-Po3 p3o(1-p11)

pll.f%[l_m*(l"‘,u)],

A+
A

P13.6_m[1_m *(ﬂ’ +/J):|

It can be easily verified that

PootPol TP3=P1otP11tP12 P16 =ProP11tP112 TP13.6=
P21=P30P33 P34 P35 P30+ P33T P33 51 P347Pa3=Ps3 = Pe3=1 (2)
The mean sojourn times (L) in the state S; are

My + Moy + Moy = [y s My + My + My, +14 = [,

5. Steady State Availability

Let Aj (t) be the probability that the systemis in up-state at
instant‘t’ given that the system entered regenerative state iat

t = 0.The recursive relations for A; (t) are given as

As(t)

q13.6(t) © Aq()

My + Mz + My + Mg = [y, my, = [, AT an© Aﬁlm = qu3(t) © As(t)

and

_ [
My, +my +my, +my o= 4,

!
My + Myy + My s+ My, = [ (Say) (3)  any other regenerative state, we have

Ap(t) = Mo(t) + qoo(t) © Aog(t) + qo1(t) © Aq(t) + qo3(t) ©
A1) =Mi(t) + qio(t) © Ag(H) Hq11(t) +q112(0) ]© Ay(t) +
Asz(t) = M3(t) + qso(t) © Ag(t) + q335(t) © Az(t) + q34(t) ©

Where Mj(t) is the probability that the system is up
initially in state S, € £ is up at time t without visiting to
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My (t) =e MM M, (1) = e PWIM(1),

M; (1) = e~ *WIG(1) (10)

Taking L.T. of above relations (10) and solving for
A () . The steady state availability is given b
0 y yisg y

Ay(0) = lim sy (s) =2
s—0 D2
Where
No=[(1-p112-p11)(1- P33- P335-P34Pa3 )] Mo -[Po1 (1-p33-P33s
-P3aps3)] 4, Hpo1 P13stPo3(1-pria-pi)] L4
and
Do=[(1-p11.2-p11)(1- P33- P335-P34P43)] o H[po1 (1-P33-P335-
pxps3)] 4 Hpoi Piastpos(1-priz-pi)] 4 (11)

6. Busy Period Analysis of the Server

6.1. Due to Repair

Let BX(t) be the probability that the server is busy in repair
of failed system at instant t given that the system entered
regenerative state iat t = 0. The recursive relations for BXi(t)
are as follows:

BX (1) = qoo(t) © BXo(t) + qo1(t) © BYi(t) + qo3(t) © Bs(t)

B (1) = qio(t) © B() +Han(® + ai12() 1© BY(®) +
q13.6(t) © B3 (1)

BY3(t) = Wi (t)+a30(t) © B o(t) +[d33.5(0) +a33(1) |© B3(1) +
qu(t) © BY()

BY4(t) = qu3(t) © B5(0) (12)
Where

W)= e T G(t) + (Le” TN G (1) +
+(goue” ' ONG (1)

Now taking L.T. of relations (12) and obtain the value of
B®,(s). The time for which server is busy in steady state &
given by

BY, = lim B (5)=Ny/D,
s—0
Where

N3 =[po1 p3stpos(1-p112-pi)] W5 (s) and D; is already
defined.

6.2. Due to Maintenance

Let BY(t) be the probability that the server is busy in
maintenance of the system at instant t given that the system
entered regenerative state iat t = 0.The recursive relation for
BY(t) are as follows:

BM (1) = qoo(t) © BY o(t) + qo1(t) © B (1) + qo3(t) © B™

3(0)
BY (1) = W1 (t)+q10(t) © BY o(t) H[q11(t) + q112(6) 1© BY 1 (t)
+q13.6(t) © BY5(1)

BY5(t) =q30(t) © BY () +[q33.5(t) +q33(t) JO BY 5(t) + q34(t)
© B 4(t)
BM 4(t) =W4(t) +qa3(t) © BY(1) (13)
Where

261

W(t)= e M (1) + (e T O M (1)
H(pore” FHIONM (1) +(gope”FTH O)M (7)

Wa(t)=M (1)

Now taking L.T. of relations (13) and solving for BMO*(S).
The time for which server is busy in steady state is given by

BMO =lim SBMZ (S) =Ny4/D,
s—0
Where
* *

Ny = - W (8) [paapas-(1-p3s-pus) W, (S) pulpa

P13.6tPo3(1-p112-p11)] and D, is already defined.

7. Expected Number of Maintenance of
the Shocked Unit

Let NMi(t) be the expected number of maintenance by the
server in (0,t] given that the system entered in the
regenerative state i at t=0. The recursive relations for NMi(t)
are given as

NV () = Qoo(t) ® NM(t) + Qo1 (t) & N™ (1) + Qos(t) ®
NY5()

NY1(©) = Quo®) O[1NY (0] + Qui() ONM (1) + Qi12(t)
SUNY (0] + Qi) O [NV 5(1)]

NY5(0) = Qs &N (0HQs35(1) + Qas(t) I® NM (1) +
Qaa(t) ® NY4(1)

NY,(0) = Qus(t) [1+NM5(1)] (14)

Now taking L.S.T. of relations (14) and solving for
M (s).

M*
M = lim N o(S)
s—0 KY

:NS /D2

Where

Ns=po1(P1oTP1121P13.6)[P34P3-(1-p33-P33.5) HP34pa3[PoiPis.
6tp03(1-p112-p11)] and D5 is already defined.

8. Expected Number of Repairs

Let N®i(t) be the expected number of repairs by the server
in (0,t] given that the systementered in the regenerative state
iat t=0. The recursive relations for N¥(t) are given as

N¥ (1) = Qoo(t) ® N¥o(t) + Qo1 (t) © N¥ (1) + Qo3(t) © N*
3(D)

N¥ ()= Qio(t) © N¥o(t) + Qi1 () ON® (1) + Qi 1.2() © N¥
1)+ Qi3.6(t) ® N¥5(t)

N® 50 =Qs0(t) OIHN® o()]+Qs35() O[1HN" 5(B)]+
Qs3(1)© N5() + Qsa(t) ON (1)

N (1) = Qus () © NY5(1) (15)

Now taking L.S.T. of relations (15) and solving for
NRY(s).

R*
NR0 - hmm
s—0 S

= N6/D2

Where
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N6 = (p30P33.5)[Po3(1- p11- P112)tP10p136] and D, is already 10. Particular Case
defined.

suppose g(t) =ve "', m(r)=0e

9. Profit Analisis We can obtain the following results
’ N,
MTSF (To) = —L, Availability (Ag)= Y2
Dl DZ

The profit incurred to the system model in steady state can
be obtained as

P= K4, _KlBéV[ - KzBée - K3Néw _K4N§ - K (16) Busy period due to repair (B(f ) = N,
Where D,

Ko = Revenue per unit up-time o fthe system Busy period due to maintenance (BM ) _ N,

K; = Cost per unit time for which server is busy due to o) D,
mamtenance.

K, = Cost per unit time for which server is busy due to Expected number of maintenance (N(j)v[ ) _ N
repair. D,

K3 = Cost per unit maintenance.
K4 = Cost per unit repair.

- M pR M R RY __
Ks=Fixed costoftheserverand A4,,B, ,B,,N, ,N, Ny )=

are already defined. 2
Where

Expected number of repair

(17)

S|z

[((A+ g+ ) A+ p+0) = quu(A+ p+7) = que( A+ +0) +(qo ) +4pou(A+p+7)
_ —4qupott’ +2A(A+ pu+60) =29, 4]

M (2q0 1+ 22+ 4pop)(A+ p+ ) A+ p+0)
[(A+ 4+ P) At p+0)2qo 1+ 22+ 4 po ) = (A + pr+ ) A+ p+0)2q5 p1 = Gopt(A+ 1 +7)
(2q0 tt+ 22+ 4pop) + 2qo1” (A+ pr+7) = 2qo 1* (A + + 0) = Ap uO(A+ p+ ) +4q, po i’
—qoit(A+ p+0)(2q0 p1+ 22+ A pop1) + 2qo 8 (A+ p+0) + (2q0 1+ 24+ 4 po ) (qot)’

D - 2Ay(A+u+0)+2uq,]

(qepi+ 2A+ 4pot) (At i+ 7)(A+ a4 6)
[(A+u+)A+pu+0)—pu(A+pu+y)—(A+p)(A+pu+0)—qu(d+pu+0)
N, = 2q° 1 + pd — Poﬂf +4po (A + p+y) =2q, post’ +24(A + p+ ) =22u]
(2gop+2A+4py ) A+ p+y) A+ u+0)
Ol(A+u+y)A+u+0)—pu(A+pu+y)—A(A+u+0)—q,u(A+ u+0)
+q° 120 + poqoit0 + 1A — po O A+ p+ O+ (A + popt+ N4 p,u(A+ p+y)
—A4qopot’ —4p° 1’ —4p il + O(A + P2AA + 1+ 60) = 2Aq, 11 + 2 py siA]
OQqo 1t +2A+4py ) A+ p+y)A+ pu+0)
[4p,uy +2A(A+ u+0)-24u]
y(2qou+22+4pu)(A+pu+0)
[2pott(2qo 1+ 22+ 4 po ) A+ pa+ 0) + (2o s+ 22+ 4 po ) (A + g+ ) (A + g1+ 6)
~qot(2qo 1+ 24+ 4 ) (A + pr+ 0) = 224, 1+ 24+ 4 po ) (A + p+0) = 2 p A2+ 1+ 6)

D, =

N3:

N, = +2ﬂ“p§/uz _2/1POQO/12]
yQ2qeu+2A+4p, A+ s+ y) A+ u+0)
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Noe [2A(A + p+0) =2 uA + 2 p pd] popt —4po (A + popt+ )+ A —(A+u+0)] ’
(2qou+2A+4p (A + p+y) (A+u+0)

N APy +2A(A+ u+0)-24u] (A+7)
(2qou+2A+4p ) (A+ pu+0) (A+p+y)

11. Conclusions

MTSF Vs. Shock Rate(p)
40 1 0=5.1,y=4.1,A=.02 p=.6,q—.4
35 A
30 | 0=5.1,y=2.1,A=02 po=.4,q=.6
25 - 0=5.1,y=2.1,A=02 po=.6,q0=.4
[V
§ 20 - 0=7.1.y=2.1,1=02 po=.6,q=4
15 - 0=5.1,y=2.1,4=05, po=6,q0=.4
10 -
5 .
0
1 2 3 4 5 6 7 8 9 10
Shock Rate (p)
Figure 2. MTSF Vs. Shock Rate
Availability Vs. Shock Rate (p)
0.9 -
0=5.1,y=2.1,A=02,p0=4, q0=.6
0.8 - ! U 0=7.1,y=2.1,A=.02,p0=.6.q0=.4
0.7 -
;’ 0.6 -
3 0.5 -
=
§ 04 - 0=5.1,y=2.1,\=05p0=.6.q0=4
<O.3- =5.1,y=2.1,A=.05 p0=.6.q0=.
02 6=5.1,y=4.1,A=02,p0=.6.q0=.4
0.1 - 0=5.1,y=2.1,A=02,p0=.6.q0=4
0
1 2 3 4 5 6 7 8 9 10
Shock Rate (p)

Figure 3. Availability Vs. Shock Rate
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0=7.1,y=2.1,1=,02 p0=.6.q0=.4

K0=3000,
k1=200, k2=300,
k3=100,k4=150

k5=300

v

0=5.1,y=2.1,1=05 p0=.6.q0=.4

Profit Vs.Shock Rate (p)
2500 -
2000 -
6=5.1 ,(Zz. 1,2=02,p0=.4, q0=.6
4w 1500 -
[
e
% 1000 -
0=5.1,y=4.1,1=02p0=.6.q0=.4
500 - Y p0=.6.q /
0=5.1,y=2.1,\=02 p0=.6.q0=.4
0
1 2 3 4

Shock Rate (p)

5 6 7 8 9 10

Figure 4. Profit Vs. Shock Rate

—t
For the particular case g(t):'}/e " and

—0t . o
m(t) =0Oe some important reliability measures are

obtained giving particular values to various parameters and
costs. The behavior of MTSF, availability and profit with
respect to shock rate (u) have been observed as shown
respectively in figures 2, 3 and 4. It is observed that MTSF
declines rapidly with the increase of shock rate (u) and
failure rate (A). Again, if we increase repair and maintenance
rates, the value of MTSF becomes more. Figures 3 and 4,
highlight that availability and profit go on decreasing with
the increase of shock rate (i) and failure rate (A). But, their
values become more with the increase of maintenance and
repair rates. Finally, it is concluded that the concept of
priority to maintenance of the shocked unit over repair of the
failed unit is not much economically beneficial in a parallel
system. However, this concept is useful in case of a cold
stand by system Chhillar and Malik[2].
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