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Abstract In the present paper we introduce new sequence spaces of fuzzy numbers defined by a Orlicz function. We also
make an effort to study some topological properties and some inclusion relation beween these spaces.
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1. Introduction and Preliminaries

Fuzzy sets theory compared to other mathematical
theories, is perhaps the most easily adaptable theory to
practice. The main reason is that a fuzzy set has the property
of relativity, variability and inexactness in the definition of
its elements. Instead of defining an entity in calculus by
assuming that its role is exactly known, we can use fuzzy sets
to define the same entity by allowing possible deviations and
inexactness in its role. This representation suits well the
uncertainities encountered in practical life, which make
fuzzy sets a valuable mathematical tool. The concepts of
fuzzy sets and fuzzy set operations were first introduced by
Zadeh [17] and subsequently several authors have discussed
various aspects of the theory and applications of fuzzy sets
such as fuzzy topological spaces, similarity relations and
fuzzy orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming etc. Matloka [5] introduced
bounded and convergent sequences of fuzzy numbers and
studied some of their properties. For details about sequence
spaces (see [1], [2], [3], [9], [10], [11], [12], [13], [15], [16])
and references therein.

An Orlicz function M is a function, which is continuous,
non-decreasing and convex with M(0) = 0, M(x) >0 for
x>0 and M(x) - o as x — oo,

Lindenstrauss and Tzafriri [4] used the idea of Orlicz
function to define the following sequence space. Let w be
the space of all real or complex sequences x = (x,), then

1

Iy = [XEW:Z;M(T)< oo},

Which is called as an Orliczsequence space. The space [y,
is a Banach space with the norm
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lxll = inf§p>O:ZM(|J‘CD—k|)§1}.
k=1

It is shown in [4] that every Orlicz sequence space [
contains a subspace isomorphic to [,(p =1) . The
A, -condition is equivalent to M(Lx) < k LM(x) for all
values of x = 0, and for L > 1. An Orlicz function Mcan
always be represented in the foLlowing integral form

MG) = f (Ot

0
Where 1 is known as the kernel of M, is right

differentiable for t> 0,1](0) = O,r](t) >0,n is

non-decreasing and (t) - o andas t - oo.

A fuzzy number is a fuzzy set on the real axis, i.e., a
mapping X : R® - [0,1] which satisfies the following
four conditions:

(1) X is normal, i.e., there exist an x, € R" such that
X(xy) =1;

2) X is fuzzy convex, ie. for x,y € R"
0<A<1 XxQx+ (- Dy = mnlx&), x(»];

(3) X is upper semi-continuous;

(4) the closure of {x € R" : X(x) >0}, denoted by
[X]°, is compact.

Let C(R")= {4 c R™: A4 is compact and convex }.
The space C(R") has a linear structure induced by the
operations

A+B={a+baecAb eB}

and

and
14 = {2a,2 € A}
for A B € C(R") and 1 € R. The Hausdorff distance
between A and B of C(R") is defined as
5., (A, B) = max {sup inf lla — bll, sup inflla — bll }
a €EAb €EB b €EBa€A
where |I. |l denotes the usual Euclidean norm in R". It is
well known that (C(R™), 8, ) is a complete (non separable)
metric space. For 0 < a < 1, the a-levelset
X ={x eR": X(x) > a}
is a non-empty compact convex, subset of R" , as is the
support [X]°. Let L(R™) denote the set of all fuzzy
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numbers. The linear structure of L(R™) induces addition
X +Y and scalar multiplication AX,A € R, in terms of
a-level sets, by
[X +Y]* = X% + y©
and
[Ax]® = Alx]®
foreach 0 < a < 1. Defineforeach 1 <q < o
1

i ;
d,(X,Y) = { fo 5., (X<, Y )1 da}

and d,, (X,Y) = supg, < 8, (X*,V9). Clearly
de, (X, Y) = lim, , d,(X,Y) with d, <d, if q <.
Moreover (L(R™),d.,) is a complete, separable and locally
compact metric space. We denote by w(F) the set of all
sequences X = (X, ) of fuzzy numbers.

Let [° be the set of all complex sequences x = (x;)
normed by llxll = sup,lx,|, where k € N, the set of
positive integers. Let C denote the space whose elements
are the sets of distinct positive integers. Given any elements
o € C, we denote by c(g) the sequence {c, ()} which is
such that ¢,(6) =1 if n € g,c,(0) =0 otherwise.

Further
C, = [0 EC: ch(a)gs},

n=1
the set of those o whose support has cardinality at most s,
and

D = {x={xk}€ 1°: ¢y >0,A9, > Oa”dA(q;{_k)
<0 (k=12..)},

Where A@, = ¢, — @y_1, where {@,} are real
sequences see [5]. For ¢ € @&, Sargent [14] define the

following sequence space
1
sup sup _lekl < oof.
s=1 o€l Ds keo

In [14], Sargent studied some of its properties and
obtained its relationship with the space [,,. In [7], Nurray
and Savas introduced the classes of sequences of fuzzy
numbers,

1F(p) = {X= X)) € w(F) : Zd(Xk,())Pk < oo},
k

where p = (p,) is a bounded sequence of positive real
numbers. They proved that I (p) is a complete metric space
with the metric defined by

1
M
hXx,y) = (Z d(xk,())Pk> ,
k

where M = max(1, sup, p, )

Let o be a one-to-one mapping of the set of positive
integers into itself such that o*(n) = a(ak_l(n)), k=
1,2,..., M be an Orlicz function and p = (p,) be a
bounded sequence of positive real numbers. In this paper we
define the following classes of sequences of fuzzy numbers:

£ M, o, p) =

d(XUk(n),U) Pk
{X =(X,) e wF) : Supy [M (T)] < 00},

mlp) = x = {x,}e 1°:

Kuldip Rajeral: New Sequence Spaces of Fuzzy Numbers Defined by a Orlicz Function

15M,o,p) = -
d(X . 0
{X = (X,) € w(F) : sup, X [M (%)} < 00}

and
mf(M,p,0,p) =

X=%,) ewF):

ssupzsups> 1, o€Cslps kEoMd( Xokn, 0)pgpi< co.

When 0(n) = n + 1, we obtain the classes of sequences
of fuzzy numbers as follows:

lgo(M,p) =
{X = (X,) €ew(F) : sup, [M (d(XkT-m,U))]pk - Oo}’
15M,p) =
{X = (X,) € w(F) : sup, X2, [M (d(xkp+,ﬁ))]pk - oo}
and
mfM,p,p) =
{X: X)) ew(F) :

rsupzsups= 1, o€Cslps kEoMA( X7, 0) pph< co.

If we take p= (p,) =1, we obtain the classes of
sequences of fuzzy numbers as follows:

aXx 0
1E(M,0) = {X = (X)) € w(F) : supy, M (#k oo},

and
mF(M,(p,a) =

{X =(X,) ew(F):

rsupsups=1, oeECSs1ps kEoMd( Xokn, 0)p< co.

The following inequality will be used throughout the
paper.Let p = (p,) be a bounded sequence of positive real
numbers with 0< p, < sup, =H and let D=
max{1,2" -1},

Then for the factorable sequences {a,} and {b,} in the
complex plane, we have

la, + b, IPx < D(a, Pk + |b,|P). (1)

The main aim of this paper is to study some topological
properties and some inclusion relations between above
defined sequence spaces.

2. Main Results

Theorem2.1. Let M be an Orlicz function and p = (py )
be a bounded sequence of positive real numbers, then the
spaces 1M, o, p), l’f(M, o, p) and mF(M,go, o,p) are
linear spaces over the field of complex numbers C.

Proof. Let X =(X,),Y = (V) € m"(M,¢,0,p) and
a,B € C, thenthereexistpositive numbers p;, p, such that

2 ()
sup sup — M|\——— < o0
n s=l0 €Cg Ps keo P1

and
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1 d(yak(n)’ 6) P
sup sup — Z M|\—— < oo,
n s =10 €Cg Py keo P1

Define p; = maxQlalp;, 21Blp,). Since M is
non-decreasing, convex and so by using inequality (1), we
have

=\ 1P
1 [M (d(aXak(n) + BY k() 0) >] k

sup sup —
P3

n s=lo €C5¢skeg
1 [ <ad(Xok(n)' 0)
M| —

Ol

< sup sup —
n s>1JECS§05kEU

Bd(Y k() 0))}

IA
(=]

—Ssup sup —
n s>laECs(psk€0

1 [ (d(X ok ()

))]p"

1 d(Y iy O]
+sup sup — Z M{————
n SZI'JECS(pSkEO' P2

< oo,

This proves that mf(M,¢,0,p) is a linear space.
Similarly, we can prove that 1 (M, o, p) and lf(M, g, p)
are linear spaces.

Theorem2.2. Let M be an Orlicz function and p = (p; )
be a bounded sequence of positive real numbers, then the
space mf (M, @, 0,p) is a complete metric space, with the
metric defined by

gx,v) ,
1 [ (d(Xak (n)» Yak n) )>
= sup sup — Z M

n szmecsfpskEa pP

Proof. Let (X*) bea Cauchysequencein mf (M, @, g, p).
Then,
gxt, x)

P

i J
1 d (Xak )’ Xak(n) )
= sup sup — M
n szl,oECS(pskEU 1%
- 0asi,j — oo.
Hence

M (d(xfr"(ni)'xik(n) )>

Therefore (X') is a Cauchy sequence in L(R™). Since
L(R™) is complete, it is convergent so that lim; ., X; =

Pk

- 0asij = oo forall n.

X,, foreach k € N. Since (X') is a Cauchy sequence for
each € > 0, there exists n, = ny(€) such that
gXt, X)) < g forall i,j = n,.

So, we have
. . Pk
i j
. 1 d (X Xy )
limsup sup — M
J n szl,aengaskEU p
. Pk
1 d (X;k(n)' Xak(n) )
= sup sup — M
n 521'U€Cs(p5k56 pP

< g foralli = ny.
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This implies that g(X*, X' ) < ¢ for all i,j > n,, ie.

X' > X as i » oo, where X = (X, ). Since
1 d(X ke %o N\
sup sup —Z M|\——
n szl,oeCs(pskEJ p
Pk
1 d (X280 Xori )
< sup sup — M
n szl,a€C5¢skEU P
P
1 Z (d(XUk(n)' Xo ))
+sup sup — M|———
n szl,aECS<psk€U p

then we obtain X = (Xk) € mF(M,(p, o, p). Therefore
mF (M,(p,a, p) is a complete metric space. This completes
the proof of the theorem.

Theorem2.3. Let M bean Orlicz functionand p = (p,)
be a bounded sequence of positive real numbers, then we
have the following

(1) the space [§(M,o,p) is a complete metric space,
with the metric defined by

d(Xak(n)’ Yak(n) ) P
gX,v) = supz M ,
Tk

o

(i) the space I£,(M,0,p) is a complete metric space,
with the metric defined by

d(Xer(n)' Yak(n) )>]pk

e

Proof. It is easy to prove in view of Theorem 2.2, so we
omit the details.

Theorem2.4. Let M bean Orlicz functionand p = (p,)
be a bounded sequence of positive real numbers, then
mfM,p,0,p) € mF(M,y,0,p) if and only if
Sup; >1 % < oo,

Proof. Let sup, 21:—5 < oo and (Xk) € mF(M,go, a,p).

Then
1 [ <d(Xak(n)’ 0)>]pk
sup — Z M < oo,
n szl,aECS(pskEU pP

sup
1 Z (d(XJk(n)' 0)>
= sup sup — M|\——
n s>1oECSlpskeG P

{ Ps } ! d(Xok(n)' 6) o
< jsup sup sup — Z M|\—
Kt 1/)5 n s 21,0 €Cs @skeg p

< oo,
Therefore (Xk) e m"(Mm, Y, o, p).
mf M, p,0,p) € m (M, y,0,p).
Conversely, let mf (M, ®,0, p) cmf(M, Y, o, p).
Suppose that supg ¢ ﬁ = oo, then there exists a sequence of

Hence

Q.
natural numbers (s; ) such that limi_mw—s‘= o . Let

(x,) € m(M,¢p,0,p). Then,

-3 ()
sup sup — M{—— < oo,
n szl,oECS(pskEO 1%
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Now, we have

> sup_su iz[M(—d(Xff”")' m)]”

n szl,aECslpskEU p

Ps; 1 d(Xak(n)‘ (_)) o
> jsup—(sup Ssup — Z M|\———
i21 Y5 ) n iztoec P A2 p

= 00,
(x,) ¢ mF(M,y,0,p), which is a
contradiction. Therefore sup, 21:_5 < oo. This completes

Therefore

the proof of the theorem.

Theorem2.5. Let M bean Orlicz functionand p = (p,)
be a bounded sequence of positive real numbers, then
mfM,p,0,p) = mM,y,0,p) if and only if
SUp; »1 Z—z < oo and sup; s i < oo,

Proof. The proof directly follows from Theorem 2.4.

Theorem2.6. Let M bean Orlicz functionand p = (p,)
be a bounded sequence of positive real numbers, then
1'M,o,p) € mM,p,0,p) c IEM,0,p).

Proof. Let (Xk) € l'f(M, a,p), then we have

d(X ¢y, 0 Pk
g T
Tk

Since (¢, ) is monotone increasing, so we have

iZke” [M <d(XGk(n)'6)>]pk =
Ps 4

L3, |m (_d(xak(n)ﬁ)ﬂpk
P1 P

<
d(XJkn'm Pk
L ()] <o
®1 P
Hence ,
A k
1 Z [ (d(Xak(n)‘ 0))]
sup sup — M|\—— < oo,
n szl,aECS(pskEU pP

Thus (X,) € m" (M, ¢,0,p). Therefore 1{(M,o,p) c
mf (M, @,0,p). Next, let (X,) € mf (M, ,0,p). Then, we

have

1 d(XUk(n),())
SUP, SUPs >1,0eCs E [M( )]Pk < .
Ps P

keo

Thus

supy - [ D
2

(on taking cardinality of o to be 1). Thus (X,) €
£ (M, 0, p). Hence

mf M, p,0,p) c IE(M,0,p).

This completes the proof of the theorem.

Theorem 2.7. Let M be an orlicz function and p = (p, )
be a bounded sequence of positive real numbers, then
mf(M,p,0,p) = 1 (M,0,p) if and only if sup,-; ¢, <
oo,

Proof. It is clear that m"(M,p,0,p) = (M, 0,p)
when 1Y,=1 for all seN. By Theorem 24,

mf (M, @,0,p) € m (M, , o, p) ifand only if supszll:—s <

)Pk < oo,
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© ie. Sup;s;@; < . Therefore by Theorem 2.6,
mf (M, p,0,p) = 15(M,0,p) if and only if sup,- 0, <

0o,

3. Conclusions

In this paper we have introduce some new sequence
spaces defined by a Orlicz function. We have ako studied
some topological properties like linearity, completeness and
interested inclusion relations between the spaces. According
to our opinion these results are new and interesting and
beneficial for young researchers those working in this area.
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