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Abstract

It is obvious that Lorentz trans formation is the starting point of Relativistic mechanics. There are different types

of Lorentz transformations such as Special, Most general, Mixed number, Geometric product, and Quaternion Lorentz
transformations. To study relativistic mechanics, we must need to know the properties of different types of Lorentz
transformations. In this paper we have studied reciprocal property, associative property, isotropic property and group

property of the above Lorentz transformations.
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1. Introduction

In most treatments on special relativity, the line of
motion is aligned with the x-axis. This is a natural choice
because in such a situation the (y,Z) coordinates are
invariant under the Lorentz transformations. However; it is
of interest to study the case when the line of motion does
not coincide with any of the coordinate axes. Practical
instances of such a situation are an airplane during landing
or take off. The ground at the airfield has a natural
coordinate system with the x-axis parallel to the ground,
whereas the airplane ascends or descends at an angle with
ground. For this reason we need to study the properties of
different types Lorentz transformations where the line of
action is along x-axis as well as along any arbitrary line.
We have studied the Reciprocal property, Associative
property, Isotropic property, Group property of different
types of Lorentz transformations.

1.1. Special Lorentz Transfor mation

Consider two inertial frames of Reference S and S’
where the frame S is at rest and the frame S’ is
moving along X-axis with velocity V with respect to S
frame. The space and time coordinates of § and S’ are
(xy, z, t) and (X, y', Z, t') respectively. The relation
between the coordinates of § and S’ is called Special

Lorentz transformation which can be written as [1]
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1.2. Most General Lorentz Transfor mation

When the velocity 17 of §' with respect to S is

not along X-axis i.e. the velocity } has three components
Vy, Vy and V,. Then the relation between the coordinates of

S and S’ is called Most general Lorentz
trans formation which can be written as [2]
L TR
X'=X+V —-1)—t¢
{Vz (7 ) 7/} 3)
'=7/(t—17./\7)
and
- ~ _ )?! 1
X=X"+V"' - -1)-¢
L],
V=l -7 %)
Where 17'2—17, 1 1 in unit of C

}/: =
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106 Atikur Rahman Baizid et al.:

1.3. Mixed Number Lorentz Transfor mation

In the case of Most General Lorentz transformation, the

velocity 17 of S' with respectto S is notalong X-axis;

i.e., the velocity 17 has three components, Vy, Vy and V,.
Let in this case Z and Z' be the space parts in S and S'

frames, respectively. Then using the mixed product
A®B=A.B+iAxB , Mixed number Lorentz
transformations [3 — 6] can be written as
t'=y(t-2V)
I 5)
Z'=y(Z -tV —iZxV)
And
t=y(t'+Z'. V)
(6)

Z=y(Z'+t'V +iZ'xV)
1.4. Geometric Product Lorentz Transfor mation
In this case the velocity 17 of S' with respect to S
also has three components, Vi, Vy and V, as the Most

general Lorentz transformation. Let in this case Z and

Z' be the space parts in S and S' frames respectively.
Then wusing geometric product of two vectors

AB=A.B+ AxB
transformation [7, 8] can be written as
t'=y(t-2.V)
7' =y(Z -tV —Z xV)

the geometric product Lorentz

@)

And
t=y(t'+Z".V)

- - o~ ®)
Z=y(Z'+t'V+Z'xV)

1.5. Quaternion Lorentz Transformation

In this case the velocity V' of S' with respect to S
has also three components, V,, V, and V, as the Most

general Lorentz transformation. Let in this case Z and

Z' be the space parts in S and S' frames respectively.

Then using quaternion product @ ——AB+AxB the
Quaternion Lorentz transformation [9-12] can be written as
t'=y(t+2.V)
- ©)

=y(Z -tV —-ZxV)
And
t=y(t'-Z".V
qy(q ﬁ)ﬁ i (10
=y(Z'+t'V+Z'xV)

2. Reciprocal Property of Different
Types of Lorentz Transformations

Properties of Different Types of Lorentz Transformations

2.1. Reciprocal Property of Special Lorentz

Transfor mation
The wvelocity addition formula for special Lorentz
transformation [ 13] can be
Written as
-V u-v .
in unit of c. (11)

W=
1- UV T1-U
If we replace U by P where U P =1 then W willbe
changeto W' where
P-V
1-PV

!

Reciprocal property demands that if U P =1 then
ww'=1

Now,
ww (Y=Y PV
1-UV \1-PV
_UP-UV -VP+V?
1- PV -UV +UPV’
_1-uy-vP+v?
1-PV-UV +V?
ww'=1 (12)

Consequently, special Lorentz transformation satisfies
the reciprocal property.

2.2. Reciprocal Property of Most General Lorentz
Transfor mation

From the transformation equations of addition of
velocities of most general Lorentz transformation [14] we

have
B U"'V{(U.I%Z(?’_l) 7} in unit ofc (13)
W= ——
Al-7.0)
If we replace (7 by P where U.P=1 then W
will be change to W' here
For BT} -]
W' = —
y1-7.p)
Reciprocal property demands that if U. P =1 then
U+V[(UV% (7/ 1) ;/] P+V{( V)V (;/—1)—71
W' = — . — =1
A-7.0) -7 )
Now,



American Journal of M athematics and Statistics 2013, 3(3): 105-123

U+17{(U~‘7%2(7 1)- F V{(ﬁ%z(%l)—y}
yl1-7.0) '

Can be written as

W=

So, (14)
Consequently, the most general Lorentz transformation
does notsatisfy the reciprocal property.

2.3. Reciprocal Property of Mixed Number Lorentz
Trans for mation

From the transformation equations of addition of
velocities of mixed number Lorentz transformation [14] we
have

U=V iUV
1-0- 7

If we replace [j by P where

(15)

U.P=1 then W

will be change to W where
W,:P—V—ZPXV

1-P-V
Reciprocal property demands that if U. P =1 then
1-U-V 1-P-V
Now,
W‘W,:U—*:iﬁﬁxfﬁ—ﬁjffﬁ
1-U -V 1-P-V
_(g-7-i0x7)(p-V -iPx7)
1-0-7)1-5-7)

TG =B )
So, W Vf/'z(l_l{' Ii)(l_[j Ii):l (16)
(1-0-7)i-p-7)
Similarly
If we replace 17 by Q where Q:lthen W
will be change to W' where W.W'=1

107

Consequently, Mixed number Lorentz transformation
satisfies the reciprocal property.

2.4. Reciprocal Property of Geometric Product Lorentz
Trans for mation

From the transformation equations of addition of
velocities of geometric product Lorentz transformation [14]
we have,

UxV
= 17)
1-U -V

If we replace U by P where U.P=1 then W

—

will be change to W'

Reciprocal property demands that if U.P=1 then
P

W,W':U V- UXV.P XV
1-U-V 1-P-V
Now,
i U=V UV PV =PV
1-U -V 1-P-V
O-7-0x7)(p-7-BxP)
I G (s
Can be written as o RV
i 120 7= P70 (07| P.7)
1+0 - V+P-V+({0.7) P.V)
So, W. W'#1 (13)

Consequently, geometric product Lorentz transformation
does not satisfy the reciprocal property.

2.5. Reciprocal Property of Quaternion Lorentz
Transfor mation

From the transformation equations of addition of
velocities of Quaternion Lorentz transformation [14] we
have

(19)

If we replace U by P where U.P=1 then W

will be change to W' where

=, PV -PxV
1+P-V
Reciprocal property demands that if U. P =1 then
g LUV PV PV
1+U -V 1+P-V
Now,
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i UV UV PV Py
1+U -V 1+P-V
(G-7-0xV) (-7 -PxV)
- (1+(7- 17)(1+I3- 17)

Can be written as
G- P -(0.7) B.V)
W.W = S e

1+0 - V+P- 7+(0.7) B.7)
So, W.W'#1 (20)

Consequently, the Quaternion Lorentz transformation
does notsatisfy the reciprocal property.

3. Associative Property of Different
Types of Lorentz Transformations

Consider three inertial frames of reference S , S’ ,
S”

S’ is moving with velocity U with respectto S, S”

and S where the frame S is at rest and the frame

is moving with velocity J with respect to S" , S”
S"  then

that

is moving with velocity w
associative property says
Uer)ew=U{V ew)Fi-1].
We are going to discuss the associative property of
different Lorentz transformations in unit of c. Let

D, ,D ®, ,®,,®, are the symbols of the

Lorentz sum of Special, Most general, Mixed number,

respect to

most

S n

4 w

S”

Figure 1.

Properties of Different Types of Lorentz Transformations

geometric product, and Quaternion product Lorentz

trans formations respectively.
3.1. Associative Property of S pecial Lorentz
Transfor mation
The velocity addition formula for special Lorentz
transformation [13] can be written as
u+rv
1+UV

Now , if S” moves with velocity W" with respect to

(21)

W'=U@® V=

S , then according to the velocity addition formula for
special Lorentz transformation [ 13] can be written as

Wr=U®,V)®, W
U+v |
_W'+W_yuv
+ww o U+

+
1+UV
U+V+w++UVW

1+UV +UW + VW
Again, Let S” moves with velocity V with respect to
S" and S" moves with velocity W with respect to
S" then according to the velocity addition formula for the
Special Lorentz transformation [ 13] the resultant velocity of
V and W can be written as

W'=vVe,W

22)

_V+w
1+Vw

(23)

S "

ver)ew
ueyew)

S”

Uer) v
Veow) I

Associative Property of Lorentz transformations
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Finally, let S’ moves with velocity U with respect to S
and S” moves with velocity W' with respect to S’

then the resultant velocity [13] of U and W' can be
written as

V+w

o Ut——

W”,:U@S(V@SW):WW; E34i4
U gV 24y

1+Vw

:M:(U@SV)@SW
1+UV +UW +VW

Hence,
e, ) e, w=Ua, Vo, W) (25)

Consequently, Special Lorentz transformation satisfies
the Associative property.

3.2. Associative Property of Most General Lorentz
Trans for mation

The velocity addition formula for most general Lorentz
transformation [ 14] can be written as

- SON)
U+V{ i (y-1) ;/}
7/(1—17.0)

Let us consider S” moves with velocity W" with
y

(26)

W'=U® V=

most

respect to S and S"” moves with velocity J respect to

109
@7
U+V{( 2)(}/—1)—7}
- r_
W17 0077 W{(U?(y_l)_y} @)
UW+V.W{<U~2V>(y_1)_y}
¥ i (r=1)-1
+ —
y(l—V.U)—U.W—V.W{(L;'zl/)(y—l)—y}
Again, Let S” moves with velocity V with respect

to §' and S" moves with velocity W with respect to

S" then according to the velocity addition formula for

most general Lorentz transformation [14] the resultant

velocity of 17 and W can be written as
- (VW)
y(L-W.V)

(28)

w=re,, W=

most

S" then according to the velocity addition formula for Finally, let S’ moves with velocity U with respect to

most general Lorentz transformation [ 14] can be written as Sand S" moves with velocity W' with respectto S’

W= (U D05t V)(‘Dmost W=w" D, 081 W then the resultant velocity [14] of U and W' can be

O written as

W"+W{( : 2 )(7/_1)_7/} W”/:U@must (V®most W):U@mast W'
W” = -
= 74 R 7 7 s = U W'
y(A=w".w) U-I-W'{( 5 )(}/—1)—)/} (29)
- W'
Substituting the value of W" we have =

y(1-W'.U)

Substituting the value of W' the above expression can
be written as

U.V+U.W{(V'W)(y—1)—y} AWy - I7+W{(V'W)(y—l)—7}

2

_ w? w2
Wm — — — (30)
{WW{(V " (7—1)—7}} (1= V) ~V. T~ U){(V'VQV) (7—1)—y}
w w
Hence,
(U C-Dmost V)@most W i U ®most (17 ®most W) 31

Consequently, the Most general Lorentz transformation does not satisfy the Associative property.
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3.3. Associative Property of Mixed Number Lorentz
Transfor mation

The velocity addition formula for mixed Number Lorentz
transformation [14] can be written as

ey IV HiUXV (32)
1+U.V

Now, if S” moves with velocity W" with respect to

Sand S”

according to the velocity addition formula for mixed
number Lorentz transformation [14] can be written as

moves with velocity W respectto S” then

W =(U, V)8, 7

W”+W+iW"xW
1+W" W

U+V+iUxV - (33)

Again, Let S” moves with velocity 17 with respect

to S’

S" then according to the velocity addition formula for

and S" moves with velocity W with respect to

mixed number Lorentz transformation [14] the resultant

velocity of ¥ and W can be written as

VAW +iVxW

Properties of Different Types of Lorentz Transformations

Finally, let .S’ moves with velocity U with respect to
Sand S" moves with velocity W' with respectto S’

then using (34) the resultant velocity [14] of (7 and W'
can be written as

wr=Ue, Ve, W)=Ue, W
_U+W’+iUxW'

1+U.W'
s V+W+WxW L VWiV xW
_ 1+VWQ - ﬁ1+V.W (35)
1+U.—V+thliXW
1+V.w

Can be written as
e U+V+W+z{UxV Ux W+VxW}
R

Hence,
e, Ve, i=00,Fe,7)  ¢6
Consequently, mixed number Lorentz transformation

satisfies the Associative property.

3.4. Associative Property of Geometric Product Lorentz
Transfor mation

The velocity addition formula for geometric product
Lorentz transformation [ 14] can be written as

ir=te, =YV UV 67)
1+U.V

Now, if S” moves with velocity W" with respect to

Sand S”

according to the velocity addition formula for geometric
product Lorentz transformation [ 14] can be written as

moves with velocity W respectto S” then

W'=Ve®, W= s (34)
1+Vr.w
T AR A
7= (08, 7)o, 7 ="0, = = T2 T
1+ W 1+U+V+UxV i
407 (38)

Again, Let §” moves with velocity I7 with respect to S’

and S"” moves with velocity W with respect to

S" then according to the velocity addition formula for the Geometric product Lorentz transformation [14] the resultant

velocity of ¥ and W can be written as
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o VAW
Ww=ve,w

1+

Finally, let S moves with velocity (_j with respect to

VxW

_ (39)
W
and S" moves with velocity W' with respect to S’

then using (39) the resultant velocity [14] of U and W' canbe written as

- VAWV XW  ~ V+W+VxW
B v A vy A T A
W =U8,(Ve,W)=U, = — LS
1+U.w' -~ V+W+VxW
1+U. ———
1+V.w
can be written as
_U V+W+ {UXV+U><_~+I7XW}+2(_>W)V—(_’.I;)W—(_’XV)XW (40)
1+UV+U.W+U (ﬁxW)
Hence, - . - I7+W+I7><W
= % T 7 % 7 W'=ve W= —— (44)
o, 7)e, w00, 7o, 7) @ ‘ T

Consequently, geometric product Lorentz transformation
does notsatisfy the Associative property.

3.5. Associative Property of Quaternion Lorentz
Trans for mation

The velocity addition formula for Quaternion Lorentz
transformation [ 14] can be written as

U+V+UxV

W'=U®, V= — (42)

! 1-U.V
Now, if S" moves with velocity W" with respect to
Sand S” moves with velocity Wrespect to S" then

according to the velocity addition formula for the
Quaternion Lorentz transformation [ 14] can be written as

= (43)

Again, Let S” moves with velocity V' with respect

to S’

S"  then according to the velocity addition formula for the

and S" moves with velocity W with respect to

Quaternion Lorentz transformation [14] the resultant

velocity of ¥ and W can be written as

Finally, let S’ moves with velocity [/ with respect to

Sand S" moves with velocity W' with respectto S’

then using (44) the resultant velocity [14] of (7 and W'
can be written as

pr=ve, Ve, m)-=-Ue,W
:U Wj‘(z W' (45)
1-U.W'
U+V+ tV;XW+UXV+WtI/_,XW
B -V -V
12 g AW AT
1-V.w

Hence,
o, 7)o wzt0, Ve, W) (46)
Consequently, Quaternion Lorentz transformation does
not satisfy the Associative property.
It can be easily shown that the above Lorentz
Transformations satisfy the associative property if Vy=0

and Vz =0, reducing these to Special Lorentz
Transformation

4. Isotropic Property of Lorentz
Transformations

Consider three inertial frames of Reference S , S’

and S”

-

where S’ moves with velocity A  with
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respect to S and S" moves with velocity B with

respectto S’ If C be the velocity of S” with respect
to S.

Properties of Different Types of Lorentz Transformations

option to make a triangle. So, isotropic property is not

applicable for special Lorentz transformation.

4.2. Isotropic Property of Most General Lorentz
Transfor mation

The velocity addition formula for most general Lorentz
transformation [ 14] can be written as

U+V[§¥)<y—1)—y}

(50)
vev = S
H1-0.7)
Using equation (47) and (50) we can write
(taking ¢ = 1)
Figure 2. [Isotropic property of Lorentz Transformations A®B=C
If a, b and ¢ are the three angles of the triangle SS'S”, - = (;IB)
then according to Lorentz sum we can write 4+B B2 <7 - 1)_ 7
A®B=C (47) or, - =C
TN y(1-4.8)
Co(-B)=4 (48)
-~ 2L - = (—ABcosc
~A®C=5 (49) AcB |\ -1y
and their product or, =C
7(1 + 4B cos c)
Z.E:ABcos(lSOO—c)z—ABcosc, B.C=BCcosa 2
- - - - - =|(—=ABcosc
4.C = ACcosb, ix B = ABsin(180° =) 1 = ABsinc i A+By| | r=1)-r 2
Now the isotropic property demands that if or, = (C)
A=B=C then a=b=c }/(1+ABcosc)
4.1. Isotropic Property of S pecial Lorentz
Trans for mation
For special Lorentz transformation, there will be no
2
— ABcos — ABcos
A*—2A4Bcosc 720 (7—1)—7 +B’ 720 (}/—1)—7
B B ,
=C (51)

or,

Putting A = B= C in equation (51) we get

7’ (1 + ABcos c)2

2
AZ _2A2 COSC{(#J@‘D_?}"'Az{(#J@_l)_y} = A272(1+A2 COSC)2
or, (;/2 —’4° —l)cos2 c+2(;/2 —72A2)cosc+1 =0
2y - a2 )l -4 =yt 1)

or,cosc =

2y -y2at-1) (52)

=2 =4 el - a2 a2 a1

c =CO0S

Using equation (48) and (50) we can write (taking ¢ = 1)

202 —p24*-1)
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Col-B)-4
A
80|
or —— =4
A-C.(-B)
~ - |-CB
C—BH BSOSQ}( —1)—7} )
or, =4
7(1+CBcosa)
2
5—5{(_(:@205“](7—1)—7} )
or, —(A
y(1+ CBcosa)
2
C* —2CB cos a{ (_ CBBSOS a}(}/—l)—;f}Jr Bz{ [_ Clj;z:os a](;f - 1)— 7/} (53)
or, 5 =A°
7*(1+ CB cos a)
Putting A = B= C in equation (53) we get
2 2
A2—2A2cosa{[_AAZOMJ(}’—I)—}/}+A2{ A cosa } = 4%? 1+A200S61)2
or,(y -7 A4—1)cos a+2(7/ —Azyz)cosa+1=
a2 422 2 2 2\ A2 2 44
or,cosa = 2(}/ 4 }/ i\/Z;/ Ay )) 4(7 4 1) (54
2(y? —7/2A4 —1)
. Az 2 +\/ Az}/z 4(72_}/2144_1)
a=cos
2(}/ —y24* -1
Using equation (49) and (50) we can write (taking ¢ = 1)
~A®C=B
(A
or, — =B
i+ 4.C)
_;1+€H_A€2005b}( —1)—7/} }
or, =
y(1+ ACcosh)
2
_;1+6{[_AESOS])J(;/—1)—}/}
=(Bf (55)
y(1+ ACcosb)

2
4 —2ACcosb{(_AZSOSbj(y—I)—7}+ Cz{(_AngSb](;/—l)—y}
2

=B

or,

y*(1+ ACcosh)’
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Putting A = B= C in equation (55) we get

{_] <y_1>-y}+Az{(

2 2
%?’Sbj (7/_1)—;/} - Az;/z(lJrA2 cosb)2

0r,(7/2 —72A4 —l)cos2 b+2(}/2 —A272)cosb+1= 0

or,cosbh =

A7) ol A

2(y2—y2A4—1)

(56)

b =cos™"

-7 ) fol - )] o

2(72 —;/2A4 —1)

Hence, from equations (52), (54) and (56) we have
a=b=c

Hence, most general Lorentz transformation satisfies the
isotropic property

4.3. Isotropic Property of Mixed Number Lorentz
Trans for mation

The velocity addition formula for mixed number Lorentz
transformation [ 14] can be written as

GaoyY TV +iuxy (57)
1+U.V
Using equation (47) and (57) we can write (taking ¢ = 1)

A®B=C

0r’[2+§+i171><§}2:(~)2 (58)

- - . = 2
or, A+B+iABsinc n :(6)2
1-ABcosc

or,A* + B* —2ABcosc— A*B*sin’ ¢
:Cz(l—ABcosc)2
Putting A = B= C in equation (22) we get
A"+ 4> 247 cosc—A* + A*cos’ c =
1412(1—2141200sc+A4 COS2C)
or,A2 cos’c—2cosc+1=0

1+1- 42 (59)

A2

11— 42

A2

or,cosc =

¢ =COS

Using equation (48) and (57) we can write (taking ¢ = 1)

Co(-B)-4
or C’+(—l§)+ié><(—l§’)_;1
’ 1+C‘.(—E’) B
C-B-iCBsinan -
p———————=4
1-CBcosa
or,[é_é_iCBSinaﬁT:(;lf
1-CBcosa

or,C* +B*-2CBcosa-C*B’sin” a = 4° (l—CBcosa)2 (60)

oncz+Bz-2CBuma—(?32@-co¥a)-
A2(1—2CBcosar+C2b’2 cosza)zo

Putting A = B= C in equation (60) we get

A + A* =247 cosa— A" + A* cos® a— A*

(1 —2A4% cosa+ A* cos’ a)z 0

or,Azcosza—ZcosaH:O

1++1- 42

or,Cosa = A2 (61)
L 1Ey1- 42
a=Cc0§ ————
AZ
Using equation (49) and (57) we can write
(taking c¢=1)
~-A®C=8B

—A+Cil-A)xC
T CA)C

=B
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—A+C—iACsinb n

or, =B
1-ACcosbh
Lo 2
_ —i ; n \2
or, A+C—iACsinb n :(B)
1-ACcosbh
(62)
or, A2 +C* =2A4Ccosh - A*C*sin’ b
- B? (I—ACcosb)2
or, A2 +C2 —24C cosbh— A2C* (1—0052 b)
- B? (1—2ACc0sb+A2C2 cos’ b)=0
Putting A = B= C in equation (26) we get
A* + A* =24 cosb— A* + A* cos* b —
Az(l —2A4%cosb+ A* cos? b)z 0
or,A2 cos’h—2cosh+1=0
14142
0r,cosb=—2 (63)
A
1= 42
b =cos —
A

Hence, from equations (59), (61) and (63) we have
a=b=c

Hence, Mixed number Lorentz transformation satisfies
the isotropic property.

4.4. Isotropic Property of Geometric Product Lorentz
Transfor mation

The velocity addition formula for Geometric product
Lorentz transformation [ 14] can be written as

U +V th 17 (64)
1+U.V
Using equation (47) and (64) we can write (taking ¢ = 1)

UV =

0r’[21+§+21x1§}2:(é)2 (©5)

. 2

1 n ~\2

or, A+ B+ ABsinc n =(C)
1-ABcosc

or, A*+ B> =2 ABcosc + A*B*sin’ ¢

-C? (l—ABcosc)2

Putting A = B= C in equation (65) we get
A+ A* =24 cosc+ A* — A* cos’ ¢
= A2(1 —2A4%cosc+ A* cos’ c)
or, A*(1+ 47 )eos® ¢ +2(1— 47 )cosc — (1+42)=0

—(I—Az)i\/l—A2+3A4+A6

or,c0s ¢ == e (1 - Az)
(66)
. —(1—A2)i\/1—A2 +34% 4 4°
e A2(1+A2)

Using equation (48) and (64) we can write (taking ¢ = 1)

C-B-CBsina n_
1-CBcosa

- N2
Or{C—B—CBsma n] :(2)2 (67)

or,

1-CBcosa
or, C? +B*>-2CBcosa+C*B*sin’ a
=A* (1—CBcos a)2
or, C?+B*-2CBcosa+C?B? (l—cos2 a)
—4? (1 —2CBcosa+C?B? cos? a) =0
Putting A = B= C in equation (67) we get
A’ +A* —2A4% cosa+ A* — A" cos’ a—
A2(1 —2A4%cosa+ A* cos’ a): 0

0r,A2(1+A2)c032a+2(1—A2)cosa—(1+A2)=0

—(I—Az)i\/l—A2+3A4+A6

or,cosa = (63)

A2(1+A2)

—(I—Az)i\/I—A2+3A4+A6
A2(1+A2)

Using equation (49) and (64) we can write (taking ¢ = 1)

a =cos
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- A®C=8B
;1+C”+( )
~A+C-ACsinbn -
or, =B
1-ACcosbh
- - 2
— _ 1 n ~\2
or, A+C—-ACsinb n :(B) (69)
1-ACcosbh

or, A4 +C* —24Ccosb+ A*C*sin® b
=B’ (l—ACcosb)2
onA2+c2—2ACamb+A%ﬂ(Lmo§b)—
32(1—2ACCOS[)+A2C2 coszb)zo
Puiting A = B= C in equation (69) we get
A+ A =247 cosb+ A" — A" cos* b -
A2(1 —2A4% cosb+ A" cos® b): 0
or, 4* (144 |cos” b+
2(1-4%Joosb—(1+47) =0

—(I—Az)ixll—A2+3A4+A6

or,cosb = e (1+A2) (70)
i —(l—Az)i\/l—A2+3A4+A"
b =cos
A2(1+A2)

Hence, from equations (66), (68) and (70) we have
a=b=c

Hence, geometric product Lorentz Transformation

satisfies the isotropic property
4.5. Isotropic Property of Quaternion Lorentz
Trans for mati on

The velocity addition formula for Quaternion Lorentz
trans formation [ 14] can be written as

- = U+V+UXV
eV = o B
1-U.V
Using equation (47) and (71) we can write (taking ¢ = 1)
A®B=C
or AXBEAXE_
1-A.B

Properties of Different Types of Lorentz Transformations

o 2
A+B+ABsinc n ~\2
O“(W] =(¢) 72)
or, A* + B> —24Bcosc+ A*B?sin’ ¢
=¢? (1+ABcosc)2

Putting A = B= C in equation (72) we get
A* + 4> —24° cosc + 4*
Az(l +2A4° cosc + A* cos’ c)

4 2
— A" cos“ c=

or,A* cos’ c+2cosc—1=0

—1+1+ 47 (73)
A2
11+ 42
52
Using equation (48) and (71) we can write (taking ¢ = 1)

Co(-5)-1

or,cosc =

Cc =CO0Ss

o 5+(—El+ @f(—é): P
1—C.(-B)
C-B-CBsina n_

1+CBcosa

.- 2
Or’[C—B—CBsma nj :(;1)2 (74)

)

r,

1+CBcosa
_2CBcosa+C*B*sin*a
e (1 +CBcos a)2

or,Cz—I—B2

or, C?+B*>-2CBcosa+C>B? (1 —cos’ a)

—A2@+2CBama+cﬁB2am2a)=o

Putting A = B= C in equation (74) we get
A*+ A —2A4cosa+ A* — A* cos’ a—

A2(1+2A2 cosa+ A* cos® a)z 0

or,A2 cos’ a+2cosa—1=0

—1+V1+ 4

or,cosa = T (75)
_ -1+ 42
.d=C0§ —

A2

Using equation (49) and (71) we can write (taking ¢ = 1)
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~A+C-ACsinb i _
1+ ACcosb
Lo 2

_ _ inbn ~\2

or, A+C—-ACsinb n :(B)
1+ ACcosb

or,

(76)

or, A +C* =24Ccosb+ A*C*sin’ b
=B (1+ACcosb)2
or,A2 +C*—2A4Ccosh+ A>C? (l—cos2 b)

-B? (1+2ACc0sb+AZC2 cos? b):O
Putting A = B= C in equation (76) we get
A*+ 4% =247 cosh+ A* — 4" cos’ b -
AzﬁfFZAzcosbﬁ—A4coszb):0
or,A2 cos’b+2coshb—1=0

—1++1+ 47
A2
1 —1+1+ A2
A2
Hence, from equations (73), (75) and (77) we have
a=b=c

or,cosb = 7

b =co

Hence, Quaternion Lorentz transformation satisfies the
isotropic property.

5. Group Property of Lorentz
Transformations

The result of two Lorentz transformations is itself a
Lorentz transformation [13]

5.1. Group Property of S pecial Lorentz Transfor mation
Consider three inertial frames of reference S , S’ and
S” where S' has relative velocity J/ with respect to

S along positive x-axis and S" has relative velocity
V' with respect to S’ along the same direction as
shown in fig. 1.
According to special Lorentz transformation we get
, x—Vt

_—9y,:y5 Z':Zn
J1-p2
V x

I_F

J1- 2

(78)

y
t'= where f=—
s C

Yﬂ'

Y

S

S’ S

£ Z’

Figure 3.

er
Special Lorentz Transformations

Similarly if the origins in S’ and S” coincide at
t' =t" =0 the space and time co-ordinates in § and

S" related as

x' =Vt
"= = "=y, "=,

vy (™)
t"= 1 ;1 whereﬁ’z—;

Suppose, V" be the resultant velocity of ¥ and V'
then from the velocity addition formula [14] we get
yr_ VAV
44
1+—

C2

(80)

V" is the velocity of system S” relative to S. To
prove this result we have to show that

"
"_ x=V't "_ "_
X y =Y,z =2z

t_ -
C2 ) V”
=—==— where " =—
p C

(81)

Can be written as
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V2 V’Z " X—V”f
= S -y
1_ﬂﬂ2:¥ l_ﬂ

4% y'=y'=y, "=z2'=z (83)
(sz Again, from equation (82)
o V'x'
t" = c

&)
, _ 1 c’) Vix-n)
| (1+EV2) JI-p7 | 1= C*\1-p°

or, = (82)
2 2 2
\/1_ ﬂ” \/(l_ﬂ )(l_ﬂ, ) Can be written as
Now using (15) V" x
! 1’ t — 3
N Vit Y C
ﬂl—ﬂrz ll_ﬂHZ
V x Thus the result of two Lorentz transformations is itself a
Tt— 5 Lorentz  transformation. = Hence  Special Lorentz
— 1 x =Vt c transformations forma group.
) 2 2
\/1 -p \/1 -B 1-p 5.2. Group Property of Most General Lorentz

Trans for mation

Can be written as Consider three inertial frames of Reference S , S’

x-V't =
x" —\/7 and S"” where S’ moves with velocity J/ with respect
1—

to.S and S” moves with velocity U  with respect to

S S" i W be the velocity of S” with respectto S
0’

—

Y” V

Figure 4. Most General Lorentz T ransformation
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119
So the relation between the co-ordinates (X,t) in S

"= yl(t’—U,)?’)
and (X',t') in S’ can be expressed by most general i
Lorentz trans formation by =7, {7(t—V.X)—U.[X+V = (7_1)_17]]}
S s S XV
X'=X+V|——(y-1)-t = =
{ ) y} " Sl 07) -2 g7y 77,y
t'=y(t-V.X) ® v’
1 1
where y = = in unit of ¢
\/I_VZ Ji-p?

Similarly, the relation between the co-ordinates
(X’,t') in S’ and (X",t”) in S” can be expressed by
most general Lorentz transformation by

L7+I7[y+(UV'IZ/)(]/—1)]
:71}/(1+U.I7 t-X.

- 5, S| XU

X’,:X,+U|:7(}/l_l)_ld71:|

t"=n(r-UX)

(85)

where y| = ! == ! > in unit of ¢
%_U Ji-u

G+ 17[7/+ { V-Z)(y_l)}
Where W =
cz

Similarly, the relation between the co-ordinates ( X,t) in

}/(1 + UV)
i Now we have to show 7, =7, 7(1 +(717)
S and (x",/") in S" can be expressed by most general We know
Lorentz transformation by v, = 1
2
v 1 1-w?
Sy o o X.W
X =X+W[ > (;/2—1)—0/2} 1
w = — >
=y (1-7.%) (86) U+I7{}/+ ( V";)(j,_l)}
1 1 1= Az
where y, = = in unit of C 7(1+U'V)
\/1— > N1-w?
c? Can be written as
From the velocity addition formula for Most General _ ;/(1+U.I7)
Lorentz transformation [ 14] we can write n= o (U 17)
B o \/y2+72(U.V) —U2—V2}/2——V'2 (72—1)
Yy @( _1)-1 -
y y Y ¢71}/(1+U.V)
w= —
(1-0.7)
Now we have from (85)

Hence, the time part of the Most General Lorentz

transformation does not satisfy the group property.
Again fromequation (85)
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Which can be written as

| X 1 t

X”:®71/\_}_W > _ -
w w? w?

Where the operator ® in general is different from the

unit operator. J¥/ is the velocity of the system S”

relative to S and W" is the velocity of the system §

relativeto S .

J and

av=w-v

= 1 1
Q=——| —
V? 2
e
The rotation operator thus represents an infinitesimal
rotation around the direction of the vector €2 [3]
Hence, most general Lorentz transformation does not
satisfy the group property without rotation

5.3. Group Property of Mixed Number Lorentz
Trans for mation
Figure-2 describes that three inertial frames of reference

S ,S" and S" where S’ moves with velocity V'

with respect to S and S” moves with velocity U

Properties of Different Types of Lorentz Transformations

with respect to S’ .If W be the velocity of S” with
respect to S then the relation between the co-ordinates
(Z,t) in S and (Z',t') in S’ can be expressed by
mixed number Lorentz transformation by

7' =y(Z -tV —iZ xV)
t'=y(t—-2.7)

L
J R e
e

relation

(83)

where y = in unit of C

co-ordinates
(Z',t') in S" and (Z",t") in S" can be expressed by
Mixed Number Lorentz transformation by

7=y (F -0 -iZ'x0)

Similarly, the between the

S (89)
"=y, (' - Z".0)
where y, = Lol in unit of C
v i
e

Similarly, the relation between the co-ordinates (Z ,t )

in S and (Z",t") in S” can be expressed by mixed
Number Lorentz transformation by

Z" =y (Z —tW —iZ xW)

.o (90)
"=y, (t—Z.W)
where y, = Lo in unit of C
AR
C2

The velocity addition formula for mixed Number Lorentz
transformation [ 14] can be written as

U+V+iUxV
1+0.V
Now from equation (89) we can write

t"=y,(t'-2'0)
=1 =20 =y (G -7 -iZxV) T

|

vev= On

<

U+V+i
1+U.

X

<

t"= }/17/(1+U.I7){t—2.

or,t" = 7/,7/(1+(7.I7)(t—2.l/17)
U+V+iUxV
1+0.V

Again fromequation (91) we can write

(92)

Where W =
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Z"=y,(Z'-t'U~iZ'x0)
~ WZ -tV =iZxV)=y(t-2.V)
1 —iy(Z -tV —iZxV)xU

S}
S——

. (U+VﬂUxV) q(U+V4Uxﬂ
I =y (107N T -t il
(1+4U7) (1+07)
-yly(1+UI7){Z—tW—szW}
Where jj U+V+iUxV
1+0.V
Now we have to show that y, = )/1}/(1 + UV)
V2= = j s
@47 +i0x7)
\/ { 1+0.V }
1+0.V S
= 1_(U2 = —7/17/(1+UV)
Hence, 7, 271}/(1+(7.I7)
Therefore, mixed Number Lorentz transformation

satisfies the group property
5.4. Group Property of Geometric Product Lorentz
Trans for mation
Figure-2 describes that three inertial frames of Reference

S ., 8" and S§" where S’ moves with velocity V'
with respect to S and S” moves with velocity U
with respect to S’ If W be the velocity of S" with
respect to S then the relation between the co-ordinates
(Z,t) in S and (Z’,t') in S’ can be expressed by
geometric product Lorentz transformation by

Z'=y(Z—-tV—-ZxV)

- - (93)
t'=yt-2.7)
1 1 .
where y = = in unit of C
AR
o
Similarly, the relation between the co-ordinates

(Z',t') in S' and (Z",t") in S can be expressed by
geometric product Lorentz transformation by

7'y (Z' 1T - Z'x0)

o (94
t"=y,{t'-2'.U)
where y, = L1 in unit of ¢
‘ vt -0
e

Similarly, the relation between the co-ordinates (Z,t)

in S and (Z”,t") in S” can be expressed by
geometric Product Lorentz transformation by

Z"=y,(Z—tW —ZxW)

I (95)
"=y, (t—Z.W)
where y, = ! = in unit of C
L -w
e

The velocity addition formula for geometric product
Lorentz transformation [ 14] can be written as

xV

!

+
U.
Now from equation (94) we can write
t"=y(t'-Z'0)

=N { y(t—Z.V)—y(Z—tV—ZxV).U}

(96)

U@V:Ui

+ | U
<u

Or,
"=y A+ T e-Z.7)
Where W = —U+Vt({XV
1+U.V

Again fromequation (94) we can write
Z"=y(Z'-t'U-2Z"'xU)

B y(Z—tV—ZxI;)—)/(t—Z.V)(?

- l{—y(f—tﬁ—ixﬁ)xﬁ }

 (7-Z(0)-1T -7 -1V

_%%LZXU—ZXV+@ﬁﬁ%%ﬁUW}

£y 1+ 07 NZ -0 - 7 xi7|

Where W = (U+VtU_.X V)
(1+0.7)
Now we have to show that  , = 7/17/(1 + (717)
1
" 1_{(ﬁ+17+(7x17)}2
1+U.I7)
[+0.7)

- Y
N+207) vt v
Therefore, Geometric Product Lorentz transformation
does notsatisfy the isotropic property

5.5. Group Property of Quaternion Product Lorentz
Transfor mation

Figure-2 describes that three inertial frames of Reference
S ,S" and S§”" where
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S’ moves with velocity V with respect to S and
S" moves with velocity U with respect to S’ .If
W be the velocity of S” with respect to S then the
relation between the co-ordinates (Z,t) in § and

(Z',t') in S’ can be expressed by Quaternion Product
Lorentz transformation by

Z'=y(Z -tV —-ZxV)

- ©7)
t'=y(t+2Z.V)
1 | :
where y = = in unit of C
P2 1-p?
e

Similarly, the relation between the co-ordinates

(Z',t’) in S" and (Z",t") in S" can be expressed by
Quaternion Product Lorentz transformation by

7" =y (7' 1T - 7'x0)

Lo (98)
"=yt +Z'.0)
where y, = ! = ! in unit of C
J U NI-U
e

Similarly, the relation between the co-ordinates (Z ,t)
in § and (Z",l‘")
Quaternion Product Lorentz transformation by

2" =y, (Z—tW —ZxW)

S" can be expressed by

- (99
"=y, t+ZW)
where y, = ! = in unit of C
L7 J1-w
e

The velocity addition formula for Quaternion Product
Lorentz transformation [ 14] can be written as

Properties of Different Types of Lorentz Transformations

Gay=YtV+uxr (100)
1-U.V
Now from equation (98) we can write
"=y, (t'+2Z'.U)
= n e+ 2T+ p(Z =17 - 2 xV) T
or, t"=yrQ1 —U.V)(t + ZW)
Where W:LW
1-U.V
Again fromequation (98) we can write
Z"=y(Z'-1'U-Z'x0)
B WZ =tV -ZxV)—y(t+ZV)U
1 —7(2—ﬂ7—2x17)><l7
Can be written as
5_ (0+7+0x7)
L (—07)
7" =y =07 N
5 047 +0x7)
(1-0.7)
= =077 -t - Z %77
Where W = U+th{XV
1-U.V
Now we have to show that v, = 7/17/(1 — 1717)
1
V2= —
- U+V+UxV
1-U.V
or 1+07) < pli-07)

| }/2:\/1+2(U.I7)2—U2—V2—U2V2

Therefore, Quaternion Product Lorentz transformation

does not satisfy the group property

Table 1. Comparison of the properties of different Lorentz transformations
. . Associati .

Names of Lorentz transformations Reciprocal Property ;:g;;n;]e Isotropic property Group Property

Special Lorentz transformation Satisfy Satisfies Not applicable Satisfy
Most general Lorentz transformation Doesnot Satisfy Doesnot Satisfy Satisfy Doesnot Satisfy

Mixed number Lorentz transformation Satisfy Satisfies Satisfy Satisfy
Geometric pmduc? Lorentz Doesnot Satisfy Doesnot Satisfy Satisfy Doesnot Satisfy

transformation

Quatemion Lorentz transformation Doesnot Satisfy Doesnot Satisfy Satisfy Doesnot Satisfy
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6. Conclusions

We have discussed different properties of different
Lorentz transformations and obtained that special and
mixed number Lorentz transformations satisfy the
reciprocal property. Most general, geometric product and
Quaternion Lorentz transformations do not satisfy the
reciprocal property. Special and mixed number Lorentz
transformations satisfy Associative property but the most
general, geometric product and Quaternion Lorentz
transformations do not satisfy the Associative property.
Isotropic property is not applicable for special Lorentz
transformation. Most general, mixed number, geometric
product and Quaternion Lorentz transformations satisfy the
isotropic property. Special and mixed number Lorentz
transformations satisfy the group property. Most general,
geometric product and Quaternion Lorentz transformations
do not satisfy the group property.
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