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Abstract The possibility of application of the boundary layer function for constructing the asymptotic solution of the
singulary perturbed of Lighthill model equation in the case when corresponding not perturbed equation have the pole of the
entire order on the regular singular point is proved. Earlier asymptotic of this problem was constructed by the method of
uniformization and structural matching. The relations between the methods of the boundary layer fun ction, uniformization

and structural matching are analy zed.
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1. Introduction

Famous English mechanic and mathematician J. M.
Lighthill in[1] studied the following problem of the
perturbed ordinary differential equation

(x+ gu(x)) ) “(X) =q(u(x) +r(x), u@=u’, (1)
where 0< g <<1- small parameter , u® s given date,
xe[0,1], u(x) - unknown function u'(x)=du/dx ,

g(x), r(x) - analytical functions on the interval [0,1].

He used the idea of Poincare method in the theory
nonlinear oscillations propose to seek of asymptotic of the
solution of this problem in the form

U(E) = Uy (&) + U, (e + Uy (Ee” +...
X =&+ % (&e + % (e + ..

and here are not the rule to determine unknown functions

Ui(S) %.a(6) (1=012...).

This approach was named after him as the method of
Lighthill.
Point x=0 is singular point for unperturbed equation (1)

(¢=0)

(2

du()

Lup ()= Xx—2= =AU () =1 (%), (5

U, (D) =u’,
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We will set that g°(0) +r*(0) = 0.
We note that the solution of the problem (3) has the view:
U (X) = x*w(x), (4)
here

w(x) = pOOIU’ + [ p(s)ds,

=(0), p(s) =exp{], (a(s) - gp)s ds}.
If g, <0, W(0) #0 , then the solution (4) unbounded

function on the interval [0,1] and the point X =0'is the
pole of (4).

The method of Lighthill developed by G. F. Carrier, W. A.
Wasow, H. S. Tsien, G. Temple, M. F. Pritulo, Sibuya and
K. J. Tahahasy, H. J. Hoogstraten, C. Comstok, P. Habets, K.
Alymkulov and others. It is possible to read these historical
reviews in[2-5].

Lighthill’'s method was simplified in[4-5]. The
equivalence of the problem (1) to the following
uniformization problem is proved here

o) - () ), u -
2D e+ ou), 1) -1, ®
&elé 1, & =&,(¢)>0.

Now we can seek the solution of the problem (1) in the
view (2). This method was called the method of
uniformization (MU) by suggestion of J. Temple[6], since he
solved an example by this method.
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It is proved the following Theorem in[4].
Theorem. Let q(X),r(x) - analytical functions on the

interval [0,1] . If ¢,<0 and w(0)>0 then the

solution of the problem (1) exist on the interval [0,1] and

his asymptotic will have the presentation in the parametric
view (4).
The comment of this theorem: a) Here it is not the

condition of Wasov[7]: Xu,(X) #0, 0 <x <1,

b) It is sufficient for existence of the solution problem (1)
it is necessary to knowthe solution unperturbed equation and
to check conditions: ¢, <0, w(0) > 0.

In[8-9] the asymptotic of the solution this problem was
received by the method of structural matching. Here the
solution of Lighthill’s model equation is constructed by the
boundary layer function[12-18] in the case when
corresponding not perturbed equation has the pole of the
entire order on the regular singular point. In[17] considered
the case when corresponding not perturbed equation has the
pole of the order one on the regular singular point and the
solution constructed by the method of boundary layer
function. But method of the proof in[17] is not suitable in the
case when the order of pole is more than one (see below the
beginning of the proof of the Theorem 1).

Usually the method of boundary layer function (MBLF) is
applied for constructing the asymptotic solution of the
singular perturbed equations with small parameter at higher
derivatives; many articles and books are written to elaborate
this method[12-18] .

Now we will say a few words about MSM. MSM is a
simplified version of the method of Van Dike and it was
created in 2000-2002. We can apply this method for
constructing asymptotic singulary perturbed equations with a
small parameter at higher derivative (that is equations
Prandtle-Tihonov types)[10-11] as singulary perturbed
equations type of Lighthill[8-9].

2. Statement of the Problem

Here we  will consider the
q(0):=q,=—m,me N ,forsimplicity.

Therefore the solution (4) of the unperturbed equation (3)
we can rewrite in the view

Uy (X) = X"W(X). (6)

And this solution will have the pole of order M, when
w(0) = 0.

To given functions we will impose the following
conditions U : q(x), I’(X) ec® [O,l] . We must prove

the condition of existing of the solution of the problem (1)
and construct asymptotic of this one.

case when

3. Constructing the Solution of This
Problem by the Method of the
Boundary Layer Function

The solution of the problem (1) we will seek in the form
U(X)=7 () ™ + 7 () ™ o+ ()

# (8) 0y (%) (7 (1) () ot
+(7zn (t)+u, (X)),u” Fot=xlu, &= u™,

-1

()
u (x)ec™[04], 7z, (t)eC™[01/ ] . We
denote, that function 7z, (t) =7, (t, ), e 7, (t) will
depend from £, but this dependent not pointed for brevity.

here

Initial data for functions 7 ; (t) we will take in the form:
7, (U p)=bu", b=u®—uy(1)+u, (1) u+

+U, (1) ” + ...,
7Y u)=0k=-m+1,-m+2,..,012,..

Substituting (3) on (1) we will have for define of functions
z.(t) (k=-m-m+1..012.), and u,(x)
(n = 0,1,2...) we have the following equations:

(170 (0) 70 ()= ()0 1),
7 () =bp",  (8.—m)

D7 (t) = (t+ 7, (1)) 7 oy (1) +

(20 (0)-(40)) 7 (1) =0,

ﬂ.—m+1(:u0) = 0’ (8_m+1)

Dﬂ-—m+2 (t) =—T_nu (t) ﬂ-im+1 (t) =
- Y AOFO. 7 (1)=0, B.-m+2)

D 110 (1) = ()72 ()7 iz (D7 (1) -

= > mO7M) 7 4.5(4)=0 B.-m+3)

i+j=3-2m
1-m<i, j<2-m

D74 (t) =" z

i+j=4-2m
1-m<i, j<3-m

ﬂme(,uo):O, (8.—m+4)

m (D)7 (1),

Dﬂ_l(t)z— Z ALAQE ﬂ_l(,uo)zo, (8.-1)

i+j=-1-m
1-msi, j<-2
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Dmm0=—dw“”2”““ﬂ—

2. mO),

i+j=-m
1-m<i, j<-1

Lu, (x):= xuol (x)=a(x)u, (x)=r(x), (.0
_ du, (ut)z_, (t)]

(8.0)
Ty (ﬂo) =0,

Dr, (t) = pm -
Y AOLU 0+ 7O 7 (4) =0, @
(0,0=0,j <),

Lu, (x)=0, 9.1)
Dz, (t)= —%[nm (t)u, (ut)l-
S )+ A O, () + 7 O+
iy ®.2)
£ Y00 (), () =0,i <),

7T, (/uo) =0,
Lu, (x)=0, (9.2)

D7 () =~ S o (1) (421~

Y Wut)+x, (t))[% u; (ut) + 3 (0] +

P 63
i+j;n+2 u; (st) % U; (ut),
(U () =0,i <0), ,(1) =0

Lu, (x)=0, 93)
D, (t) = dlu,, (ut)7z_, (t)] ~

dt

S G RO )+ O]+
£ ) (), G =0i<0),

i+j=0
1-m<i, j<m-1

T (1) =0, (u, (t)=0, v <0), (8.m)

Lu,(x)=0, (5. m)

D1, (t) = - 2Lna (#;tt) 7 (01,

_ Z (ui(ﬂt)+7ri(t))[%uj(ﬂt)+ 7 (t)]+

p

i+j=1
1-m<i, j<m

(u,(t)=0,v<0), (8.m+1)
Lumﬂ(x):uo(x)%, Uy, (x)€C™[0,2], (9.m+1)

~ dlu, (,ut)ﬂ_m (t)] ~
dt

S () ()] S0, () o 0]+

i+ j=k_m
1-m<i, j<k-1

>

i+j=k_m
1-msi, j<k-1

(u, (t)=0,v<0),

Lu (x)=- Z

i+j=k-m-1
i0, j>0,k>m+1

(S0, (1), (1) =0,

D7z, (t) = f (t) =

o (1) S0, (), 7 (1) =0

(8K)

; (x)uj (x)

u, (x)eC™[0,1], (9K)

Now we will solve these problems consecutively.
We are to prove the existence of the solution of equations
(5.0), (5.1), (5.2) that need the following lemma.
Lemma 1. The equation
Lg(x) = 7(x), (10)

here y(x) ec®[0,1] have unique bounded solution from

c™ [O, 1] and his have the following view

g0) =x"p() [ X" p(s)(s)ds,

p(Xx) =exp {_X[ q(s)+m ds}.

(11)

S

Really, general solution of the equation (16) has the view

mm:puw“{mn+bmw4ﬁy@mﬁ.

1
If we set g(1) :—J.sm’lp’l(s)y(s)ds , then we have got
0

12).
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Fromthis Lemma follow that equations (9.0), (9.1),... will

have unigque solutions and
U (x) ec[0,1] n u, (x)=0, k=modm..

Theorem 1. If it is hold: b >0 then the problem (8.-m)
have unique bounded positive solution in [o, ﬂo]=| and

<k e, O €0,

Here and further we will denote by |,

constants, which are do not depend from ¢ .

Proof. In order to proof of existing of the solution of this
equation in[17] was applied the following approach. We will
rewrite (8.-m) as equation

m—q( wt)z(t)— 2(t) 2D

() =7, (1), z(x,) =bp".

By solving this equation as inhomogeneous equation we
have got

t"2(t) = P(t, 1)b—
—P(t, )], $"P(s, wz(s)dz(s).

1,1,

07711

dz(t)

(12)

here P(t,y):exp{j; (q(us) +m)s~ds!.
0

If m=1 after integrating by parts the equation (12) will
reduce to

2°(t)+2t z(t) - P(t, u)b, =
= P(t, u) j; P(s, 1) D( s, 11)7°(5)ds =

= P(t, )T (t, 2%),
D(s, 1) =S (1+q(su)), by =2b+b’’.
Let b0 >0, then by solving this equation as quadratic

equation we have got
z(t) = F[t, z],

F[t, 2] = —t+\t2+ P(t, u)(b, +T (t, 2%))

It is proved[17] that this equation will have a unique
solution

(13)

In the class
S, z—z,t)| <1t 7o (t) =—t+Jt* +byp(t, 1) .
J2] = max|2(t).

It is impossible to apply such an approach when m>1.
Really in this case the equation (13) will have the
following view:

Z(t) =t" " + (" + P(t, w)b, +
#P(t )], (S )(S™ =SS, )
7°(s)ds

Since m>1 it is singular integral equation and we can
not to solve the previous approach.

Now we will to solve the equation (8.-m) by method of
variation constant of Lagrange. This equation we will rewrite
in the form of

Qz=(t+2)Z'(t)+mz=h(t, 2),

(14)
2(1y) =bp",
here h(t,z)=(m+ q(u(t))z.
The problem
Qz:=(t+2)Z'(t)+mz =0, z(z,) =bu"
will have the following solution

t=cg /m S W (S1C), (15)

1+m

where
m+1 m

Co =b%“+b1+mm1ﬂ , & =&(0) =[cy (L+m)]me,
+m

S(e) =bu" =&
Thus,t'(£) <0 , e [50, §l] , therefore exists a unique

bounded positive strictly decreasing solution
=y (1,6) = o(t,g) te [07 IUO]
From (15) we have
Cm
E(t) < t—?ﬂ (t>0). (16)

The solution of the problem (14) we will seek by the
method of variation parameters of Lagrange

z=¢(t,c), c=c(t).
Then for c(t) we have the following equation
o) - ".0.0)
(t+9)g.(t,c(t))
(e q(ut)e(t,c)
(t+o(t,0)e, (t.c(t))

(17)

1
From . follow
c=t(/)%“+¢

1+m

) 1 1

oc 1 &" n(t,c) 1on

L 0 LA L B LA
dp m m m e
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Therefore we can (17) rewrite in the following view
1

¢(t) = 1<m LqUt))p™ (t,C) =

=— (m +q(ut))
t+——
1+m
Fromhere we have got

i t m+q(us)
C=Cyexp {(m +1);[ (M+1)s+g(s,c(s))

ds}:
=F(t,c)
It is evident, that the function g(t,c,) maps [0, ] to
l‘anbﬂmJ :
Operator F(t,c) maps the segment J =[CO,C0|] to
itself. Using |m+q(yt)| <, ut, we have got

0 l,s
l=expd(M+Duf” —dst.
p{( )'UIO (m+1)s+¢& }
Now we will proof, that operator F is contracting
in J. Since

¢, exp{(1+m) ﬂjt (m+q(us))ds

|F(t101)_F(t'C2)|: w (M+1)s+¢(s,¢,(9)) )

¢ (m+q(us))ds
—c,exp{(L+ m)/’jﬂo (M+1)s+¢(s,c, (5))‘{

From here applying mean value theorem of Lagrange, we
have got

|F(t,c)-F(tc,)|<

| j |9, ¢,(5)) — (s, ¢, (5))ds|
[@+m)s+g(s,c,(s)) ][+ m)s+e(s,c,(s))]
By using (18) we have

i “ sm(p% (s,¢)|c.(s) —C,(s)| ds
“\LY )~ F 1) —I 2 .
te)-Flte)< ﬂ}[ (A+m)s+c,) (S+e(s)

Fromhere by divide this integral to two and by using (16)
we have got

Ismqo m(s c)c.(s)—c (s)|ds
(@+m)s+c, ) (s+o(s))

1

+’j9 qu) m(s,c)le,(s)—¢ (s)|
((L+m)s+c, ) (s+(p(s))
<le,—c,|+

Ho

2||_[ ds <

+,||c, - .
(1+m)s+c) (s+bu™)

L e, —c.|
Therefore
|F(t,01) - F(tycz)| < ,U|3||01 _02" :
It is shown, that operator F contracting on J.
Now we will solve the problems (4.m+k) (k=1, 2, ...).
For solving this problem we will use the following:
Lemma 2. The equation

D(t) = (t+ 7., () O + (7, (£) -q(ut))¢ () =0

has the a fundamental solution (£'(44,) =1)

£(t) = exp{j—qw %) ”(:)(S) ds}_

— CO eXp J 1+q(,LlS) dS —
ult+z (1) o S+7m_.(S)

Cy
TEEI0) Pt 1) X (t, 1),

x(t,ﬂ):exp{jw},

s+ (S)
(S)}

5
|d¢(t,u)| !
X(t’”)’l dt |St+7z7m(t)

here

ot 1) = exp{(l m) j

It is evident from terms
X(t, w), @(t, u)'

XA <LXH A< XA <

dX ()|
dt | t+z (t)

P(t, 11).
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Lemma 3. The inhomogeneous equation (8.k)
Dz, (t)=f (t), 7 (1)=0, (uv (t)=0,v< O)
will have the unique solution and
(1) <1, Vte Lifm () <1t

z (t<Lt™ t>0

We will prove this lemma for the case S =0, other cases
are proved analogously.

(4.-m+1) is homogeneous equation with zero origin
conditions, therefore: z_.,(t)=0.

Analogously: z_.5(t) =...= 7, (t)=0.
We have for 7,(t) the following problem

_dly, (pt) 7y (1)1
dt

The solution of the equation of (19) will represent of the
view:

Dﬁo(t) = ,72'0(/10) =0 (19

1
t)=——— X{(t, t,u)*
7, (t) S (t, 1) (t, 1)
o dlu,(us)z_ (s
J/* X (5,5, 19 Tl g
After integrating by parts we have
|7, <M, ted; |z, (1) <% (t>0),
t
L (20)

The case |7r0 (0)| < will prove analogously by dividing

integrals into two from O two 1 and from1to 4.
Therefore we proved the following:

Lemma 2. The problem (19) has a unique
bounded solution in [0, ,uo]zl and it is valid for
evaluations (20).

Analogously equations (8.x) (x=1, 2, ...) have
unigue bounded solutions in [0, ,uo]zl from
c™ [0, 4,] and

L , L
We proved the following:
Theorem 2. Let’s fulfilled condition

U:qx),r(x)ec™o,1] ,
b:u°—J.lsm‘lexp{jlcl(r)—+mdr}ds>0 . The
0 S T

solution of the problem (1) will have unique solution and his
asymptotic represent in the view (3) and

g(0)=—m, meN

7z, (t)=0(k=—m+1..,-1); u (x)=0, k=modm.

4. The Estimate of the Remainder Term
of Series (4)

Now we will proofthe estimate of the remainder term, that
is, the series (4) really is asymptotic series.
Lemma 3. Let
-m+1

U(X, )= "7y () + 1™ 7y () + ot 7 7y (1)
+Ug (X) + 77q (t) + 22Uy (X)+ 7, (1)) +
427 (Uy (X)+ 775 (1)) + oot 2" (U (X) + 7, (1))

4" (%, ) + 1 ME(, 1)
then

Vx| <1, (xe[0.1), [t )] <1, te[0, 4]

We will prove this lemma for brevity for N =—1,that s
u(x,,u) =u "7 (t)+U (X,,u)+§(t,,u),
U (x, 9| <1, (xe[0,2]), (8, )] <1,

te[0, 1l
Proof. After substitute (22) into (2) for 7_ (t) we have

21

(22)

the equation (8.-m), for U (X,,u) and f(t,,u) we have
got:
LU (X,y) =r(x), U(x, ) eC”[0,]],

d&ft,
DE(t ) = -[u"U ut )+ (0 ] S5 -
(23)
m dU (ut, 1) _dU(ut, 1) B
—a &(t, 1) ot (1)
dU (ut,
U a7 0 170 ut ) A,
7 (1) =0. (24)
The equation (23) has the solution

U (X,y):uo(x) e C”[0,1]. 1t is from (24) we will go to the

integral equation

St 1) =
#(t, 1)

O[5 U G, 1)

(o, i) SECD
+Wﬂ_m (s)+U (ut, L), ()

m dU (us,
4™ (415, 1) %}ds

After integrate by parts the second term we have the
weekly perturbed integral equation of Vo lterra that will have
unique bounded solution in J =[0, £¢,].

Lemma 3 is proved.
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5. The Examﬁ/le Comparison of Three
Methods: Method of Boundary Layer
Functions, Method of Uniformization
and Method of Structural Matching

It is considered a problem

(x+zu(x))u'(x)+u(x)=

(25)
=x, u(l)= u®
This equation has the exact solution
u(x)= g‘l[—x+\/x2 +be + ex? }
(26)
b=b, +eu®F, b, =[2u® -1].
If b, >0, then (26) exist on interval [0,1]
and
u(0) =b/u~ o, /. (27)

I. At first we will construct the solution of the problem (25)
by method of boundary layer functions, that is

u(x,,u) =u'rm, (t)+u0 (X)+7z0 (t)
41 (U (X) + 7, (1)) +....
Initial data for functions 7Z'j(t) we will take in the form:
7y (1) = b, b=u®—u o (1), (2)
— —,uu() ,ﬁk(,u) 0,k=0,12,...

Then for functions 7_, (t), Uy(X), 7
the following problems

(t+7, ()7, (t)+ 7, (t) 7, (t) =0,

ﬂ—l(;uo) = b,U,

(28)

( ) we have

xiuo(x) +U,(X) =X, u,(x) e C*[0,1],
dx

(t+7zy (1)) 7 (1) + A+ 7y ()7, (1) =

= S, () (07 (46) =0

Fromhere we have got

7 (t)=—t+t? +2b+b”, uy(x) =x/2,

1
7, (t
®)= 2Jt? + 2b + 17D

[bp— pt(—t + t* + 2b+,u2b2]

Therefore we will rewrite (28) in the form

*

T = RN 2b+,u2b2]+§+
[b,u pt(—t+4/t? +2b+ 1°b?) (29)

u(x,y):
2/t° +2b+y

+O(), t=x/p
Let by=2u®-1>0. Since U,())=1/2 , then
b:b—2°+O(,u) . If we set Xx=0 into (29), then

u(0) ~ l\/a . It will agree with (27).
U

1. We will construct of the solution ofthe problem (25) by
the method of structural matching [8—11] . It is considered

instead of (25) the following uniformization equation (see

®)
2 v -u(@) uw -u”,
4

S (ORETONTUES NEEY

selé ], & =4,(¢)>0.
solution of this equation is represented in the form
U(E)=30,¢ 455 +0(E g,

31)

X&) =¢+[-

From second equality,
X(&) = 0 we have got

S zégo(g):%\/bo_g-

If we set this meaning to the first equality (31), then

U(§O)=U(O)~\/b§,

That will agree with (27) too.

I11. Now we will construct the solution ofthe problem (25)
by the method of structural matching[8-11].

a) Firstly we will construct the outer solution (X -outer
variable and X not depend from & ) of this problemwith the

by .o 1 1 243
Zg +E§In§+zb0§]8+0(8§ )

after solving the equation

initial condition U (1)=u"®" we will have
B, X
Uy (X,8) =2 X T+ =+= [ —b, X% +
2" 72 (32)

+X—1+b* e+ O(e*x ).
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1 .
That is hold in the interval [g2 ’ 1],0<6<1/2

b) Secondly we will construct the inner solution of the
problem (25), that satisfy this equation of the singular point

X =0 near. For this introduce innervariable t by formula:
X =ut (uz = ¢&). Then equation (25) we will rewrite in the
form

du
[t+ U (t)]E +U (1) =t (33)
The solution ofthis equation has the view
|nner(t ,U) __( —t+ \/C +t )+
N —th
(34)

2c +t2—(t— 1/c +1? )

2,/c, +1?

here C,,C,,C,-arbitrary constants.

If the outer solution (32) we will rewrite in the inner
variable t,then

by’ by’ —1
00,y = L T R SR
; (35)
+§ﬂ3t+0[(ﬂt)’5],
If we will select constants C,,C;,C, such

C = bo,C1 =0, C, :CO/Z , then the outer solution and
inner solution agree and the inner solution will have the form

Uinner(t'/u):l(_t—i_\leo—i_tz)+
c 2 (t—/c, +1? )

2,Jc, +1°

Now the uniform solution of the problem (25) will have
the following form

Ii(—(x/ﬂ)*f\/go+(X//U)2)+§+

b +(%/11)” = (=(x/ ) — b, +(X/ﬂ)
2,/b, + (x/ 1)?

If we will set here X=0, then U(0)~£\/E' this
u

(36)

u(x, )

uniform

agrees with (27).

6. Conclusions

From this example it can be seen that the method of
boundary layer function is at labour-intensive than the
method of uniformization and the method of structural

matching. But the method of structural matching we can
apply to construct asymptotic solution of to almost all
singularly perturbed equations.
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