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Abstract This paper concentrates on deriving a formula for a special case of the initial distribution of the Markov

transition probability matrixwithassumingall the probabilities being equal. A Markov Chain

[Mis a mathematical system that

undergoes transitions from one to another state. Markov chains have many applications as statistical models of real-world
processes. This paper gives a procedure to make the transition probabilities calculation easier.
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1. Introduction & Achievement

Markov chains deal with the transition of states of discrete
type to describe its behaviourafter n steps. The purpose of
this paper is to replace transition probabilities calculations
with linear calculations when dealing with Markov transition
probability matrices of large order for simplicity. And the
algorithm will be applied to different Markov Chain models
like Queueing Models, Inventory System and Storage
Models! P ¥ for more illustration. In this paper we assume

that p, = z

n

2. Theoretical Framework

A transition probability matrix P is a n X n matrix,
where the terms in each row add 1. The expression of this
type of matrix is:

1 2 3 n
1P11 P12 P13 -+ DPimn
2 [P21 P22 P23 pZn]
P=3 |P31 P32 P33 P3n (D
n |‘pn1 Pn2 pn3 pnnJ
-1,2,3,... ,n are the states

Where:
- p; is the probability of { moving to j
- (i,j) are the corresponding position of each element in
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the transition matrix. i.e. Vi,j =1,2,3,..,n

And:
1 2 3 . n
1[pi1 Pz Pi3 Pin |
2|pi P P P2n
P" =3 |p3”1 P P Pin | (2)
nlpﬁﬁ Pn2  Dn3 pﬁ’nJ

is the transition probability matrix after n steps.The initial
distribution is written as follows:

pP=[p P2 pP5 - Pk Pl (3)
Where:
- p is the initial probability of state k ,where
k=123, ..,n

Usuallyp, # p, forany k #1.
When p, =p, = l,this means that the initial distribution

is equally likely then we will derive a general formula to
get:

p’x P" = p 4)
pr=[P P B3 Pn ]
[pﬁ P2 P pl”n]
P:i P2 P 28
X1psi D D3 D3n
D1 Prz Pas p#nJ
T

[(P1 x piy) + (py x p3y) + -
(p, x py) + (o xpy) + -

+ (p; x P#1)]
p' = ! (p; x pis) + (p3 x ) + -

+(p, xph)
+(p3 xpk)

e e,

(o, x i) + (p, xpt) + -+ (p, xp3)
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n n n n
Pl = [z(m X i) Z(Pz X pj) Z(P3 Xply) . Z(pn Xpiﬁ)]
i=1 i=1 i=1 i=1

Where i = 1,2, ...,n
By replacing p, with i we get:
P = [21;17% Z?=1pn_i2 Z?:lpn_i3 ?:1%] (©)
pr= &2 P35 o Dl (7
Which is a vector with the arithmetic mean of each column.

3. Application

The application will cover two parts; First, a numerical part by using the EQPro algorithm to illustrate the previous
section. And second with applications of Markov chains transition probability matrix.

3.1. EQPRO Algorithm Procedure

To illustrate the theoretical part, we will use an EQPRO Algorithm for generating Markov transition matrices with
different sizes. The software used for generating matrices is the “Matlab R2009b” 31 which is flexible when dealing with
matrices.

1- Generate a random matrix of dimension "n X n" follows the discrete uniform distribution,

p; ~U(0,1) .

2- The resulting matrix satisfies that:

0 <p; <IVi,j

Next, the arithmetic mean for each column is computed as follows.

3- By transposing the matrix, we check that the elements in a fixed row add 1; i.e.
n

Zpif =1Vi,j=123,..,n
j=1
In the Matlabsoftware is:-
- N = input(“N =");
B = rand(N);

- Sum(B);

- Fori =1:N

- B(:,i) = B(:,i)./sum(B(:,i));

- End

-A=DB%

-A

We illustration theEQPro algorithm in different sizes of matrices from size2 to size 8 with different steps of transition
probability matrix:

1- Size 2:

_ [0.3153 0.6847]
0.45231 01.5477

P = [— -

! 2 2
o 0.3153 + 0.4523  0.6847 + 0.5477
p xXP Z[ > > ]

P =1[0.3838 0.6162]
2- Size 3 with 2-step:
P? =(0.4683 0.4388 0.0929
0.3233 0.3594 0.3174
p? x P =[0.4231 0.4080 0.1689]

0.4777 0.4260 0.0963]

3- Size 4 with 5-step:
0.2157 0.2770 0.2578 0.2495
s _ |0.2155 0.2778 0.2572 0.2495
~ |0.2156 0.2772 0.2578 0.2495
0.2153 0.2776 0.2573 0.2497
p? x P> =[0.2155 0.2774 0.2575 0.2495]
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4- Size 5 with 4-step:
[0.3036 0.1909 0.1916 0.2421 0.0719]
0.3256 0.1681 0.2073 0.2237 0.0754
P* =10.3042 0.1899 0.1924 0.2433 0.0702
l0.3052 0.1824 0.1996 0.2413 0.0715JI
0.2993 0.1819 0.1988 0.2422 0.0777
pdx P*=1[0.3076 0.1826 0.1979 0.2385 0.0733]

5- Size 6 with 2-step:

0.1866 0.1911 0.2037 0.1184 0.1661 0.1341

p2 — 0.1723 0.1561 0.2295 0.1280 0.2098 0.1043

0.2024 0.1609 0.1838 0.1485 0.2012 0.1032
l0.1800 0.1962 0.2029 0.1039 0.1766 0.14O4J

0.2099 0.1525 0.1943 0.1178 0.2140 0.1115
p? xP* =10.1884 0.1724 0.2041 0.1265 0.1948 0.1138]

[0.1792 0.1773 0.2108 0.1423 0.2012 0.0893]

6- Size 7:

10.2427 0.2416 0.1219 0.1820 0.0243 0.0173 0.17017
0.2412 0.2891 0.0402 0.1761 0.1453 0.0037 0.1044
0.0574 0.2810 0.1101 0.1870 0.0586 0.2130 0.0930
P =10.1736 0.1829 0.1985 0.1196 0.0222 0.0608 0.2424
0.0485 0.2630 0.1714 0.3172 0.0249 0.1410 0.0340
0.2459 0.0012 0.1981 0.2089 0.2221 0.0216 0.1022

L0.0868 0.2673 0.1441 0.3042 0.0608 0.0881 0.0486-
p’x P =1[0.1566 0.2180 0.1406 0.2136 0.0797 0.0779 0.1135]

7- Size 8 with 2-step:

[0.0992 0.1832 0.1111 0.1114 0.1029 0.1166 0.0903 0.18541
0.1155 0.1820 0.1005 0.1110 0.0833 0.1405 0.0981 0.1690
0.1156 0.1864 0.0998 0.1028 0.1081 0.1280 0.0905 0.1688
0.1634 0.1701 0.0910 0.1027 0.0864 0.1242 0.1015 0.1606
0.1069 0.1892 0.1147 0.1224 0.0775 0.1529 0.0962 0.1401
0.1182 0.1820 0.1121 0.1059 0.0988 0.1192 0.0960 0.1679
0.1511 0.1698 0.0991 0.1095 0.0906 0.1346 0.0849 0.1604
-0.1048 0.1803 0.1109 0.1108 0.0913 0.1393 0.0985 0.1641-
p’ x P2 =[0.1218 0.1804 0.1049 0.1096 0.0924 0.1319 0.0945 0.1646]

P* =

3.2. Applied Markov Chains

Before, the derived formula will be applied to some problems based modelled by Markov Chains:

3.2.1. Queuing Models

A systemconsisting ofa service facility, a process of arrival of customers who wish to be served by the facility, and the
process of service is called a Queuing system[l] 21151
Concretely, the M/G/1 Queue P11 Blis based on a Markov chain with transition probability matrix:

0 1 2 3

O[ko ki ky ks ]
1lky Kk, k, ki |

p 2|0k ki ko
3l0 0 kg Ky -
4|l0 0 0 k Jl

Suppose that the M/G/1 queue described above is modified to incorporate a finite waiting roomof size N. Assuming that
customers arriving at the system depart without service when the waiting room is full, the transition probability matrix of the
Markov chain takes the form:
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01 2 3 -« N—-1 N
0 [ko k1 kz k3 kN—l AN—l]
1i{ko ki ky k3 - ky AN—II
p=2|0 ko ki ky - ky /TN—2|
i|o 0 ko ki o ks AN_4
lo o 0 0 « Kk 4,/
Where we have written: k; +k; ,q + = 4;_4
Equation (6) in this matrix. The result is:
| 2k kg2 kg+k+2ky ko tkithy 2k Ao+..+AN-3+AN-2+2AN-)
PEEINTT TN+ N+1 N+1 N+1

Hence, each elementp; in the initial probability distribution is expressible as:
i1

1
v =N—+1 2k; +Z)kj wherei =0,1,..N -1
i=

N-—
PNZN (ZANl Z

And

3.2.2. Inventory Systems

An inventory systemis a facility in which items of merchandise and materials are stocked in order to meet demands ["'P1P7

Its transition probability matrix P is given by (only nonzero elements are shown)
0 r

1-q q]
1 1—gq q
2 1—¢q q
st—l 1—gq q
S 1—g¢q q
s+1 q
s+ 2 1
st 1
Equation (6) in this matrix. The result is:
_|20-9) 1-¢ I-¢ 1-¢ 1 1 (s+l)q
! S+1 S+1 S+1 S+1 S+1 S+1 S+1

3.2.3. Storage Models

In storage theory problems related to situations such as storing water in a reservoir are considered. These problems are

similar to inventory problems since the basic feature is storing a commodity until its released to or claimed by another partym
[2]16]

0 A Ant+1 Apy2 " Ag —m ag—1 Ak
m-1 m+1 K —m—1 K—2 K-2
1 |4 a, a coa eoa A
p=m— 11 4 a; as o Og_om+1 0 Qgem Ak m
m Qg a; a; t Qgogm vt Ggem-1 Ag—ma
m+1 A
. 0 201 a, Ak —2m -1 g -m-2 Ag-m—2
K+m_ 0 0 O ee ao cos am_l AO

Equation (6) in this matrix. The result is:
P k1% m K mr1l® K-m+1 m+147 K-m+14"
When m = 1, a simple recursive approach can be suggested in deriving the llmltmg distribution of the Markov chain. In
this case we have:
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0 [4 a
1 (a o
k-1l

Equation (6) in this matrix. The result is:

1 1 1
E(ao + Ap) K% %

2
pi =
i=0

4. Conclusions

As we have seen, it is easier to deal with numerical
calculations rather than transition probabilities calculations,
especially when the transition probability matrix contains a
lot of zeros. So we hope this paper gives the first step in
deriving an easy formula for the initial distribution with
equal probability for the “Applied Markov Chains”.
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