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Abstract

In this paper we study a new class of left quasi-Artinian modules. we show: if R is a left quasi-Artinian ring and

M is a left R-module, then (a) Soc(M) ess M and (b) Rad(M) small in M .Then we prove: if | is a non-nilpotent left ideal in a
left quasi-Artinian ring, then | contains a non-zero idempotent element. Finally we show that a commutative ring R is
quasi-Artinian ifand only if R is a direct sumof an Artinian ring with identity and a nilpotent ring.
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1. Introduction

By ring we mean an associative ring that need not have an
identity. In this paper, we study a new class of left
quasi-Artinian Modules, which is a generalization of left
Artinian modules. First we study the problems of finding
conditions which are equivalent to the definition of left
quasi-Artinian Module(Theorem 1.2). Then we showthat the
class of left quasi-Artinian Modules is Q-closed, S-closed
and E-closed.

In section two we study the module structures over left
quasi-Artinian ring, in particular we prove that if R is a left
quasi-Artinian ring, then every finitely generated left
R-module M is a left quasi-Artinian(Theorem 2.1)Finally we
show that: If R be a ring, N = N(R), then R is a left
quasi-Artinian if and only if N is nilpotent and each of
the R/N ,N/N? ,N%?/N3,.. is left quasi-Artinian
R-module (Theorem 2.4).

In section three we describe the ideal structures and we
give some classification, in particular we prove that if | is a
non-nilpotent left ideal in a left quasi-Artinian ring, then |
contains anon-zero idempotentelement (Theorem 3.2). Next
we prove that if R is a semi-prime left quasi-Artinian ring
and | be a non-zero left ideal of R, then I=Re for some
non-zero idempotent e in R (Theorem 3.5).

1.1. Definitions and Basic Properties

Let M be a left R-module. We say that M is a left
quasi-Artinian Module if for every descending chain

Nl ) N2 D...D Nn D... of left R-submodules of

M, there exist m € Z*such that R™ N, N, foralln.

It is clear that any left Artinian module is left
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quasi-Artinian and it is easy to prove the following

Lemmal.l

Let M be a left R-module.

(@) IfRM= 0, then M is a left quasi-Artinian.

(b)If R has an identity and M is unitary ,then M is left
quasi-Artinian ifand only if M is left Artinian.

Now we prove the following which is a characterization of
left quasi-Artinian modules.

Theoreml.2

Let M be a left R-module. Then the following conditions
are equivalent:

Cof left R-submodules of M such (a) In every non-e mpty

collection
K € G , then RK € C there exists a minimal element.

that if
(b) For every descending chain of left R-submodules

Ny 2 N, o
RN, o RMN, o
such that a descending chain terminates.

(c)M is left quasi-Artinian .
(d) Forevery non-empty collection G of left R-submodules

of M, there exists N € G and m € Z* such that RN S K
foranyK € G, K ©N.

Proof:

(a= (b) Supposethat N; 2 N, 2.2 Ny 2.

is a descending chain of left R-submodules of M but the
descending chain

R™N, 2R™N, ©..oR™N; ... of [kt

R-submodules of M does not terminate for allm € Z*.
Therefore the collection

¢ ={Ny,N,....RN ,RN_,..,R™N},R"N,,,..}

is a nonempty collection of R-submodules and forallN € G

. there exists me Z*

we have RN € G.Hence& has no minimal element, which
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is a contradiction.
®)=>(@) et N2 N, 2...2N;, D... be any

descending chain of left R-submodules of M then there
exists mezt such that

R™; oR™N, 2..oR™N,2... form a
descending chain of left R-submodules of M and by (b) there
existss € Z*such that R™Ng = R™N,, forall N>,

but R™Ng < Npforall N>S. Take t = max {m, s}

then R'Ny = N, for all n, hence M is a left
quasi-Artinian .
(c) = (d) Let & be a non-empty collection of left

R-submodules of M such that foreach N & - andm € Z%,

KcN |,

R™N ¢ K . Now let N; € then there exists
N, € Gsuch that RN, & N, where N; © N, , but
N, € hence there exists N €& , such that

there exists Keg such that but

R2N2 & N3 , Where N1 ) N2 D N3 continuing
in this manner we can construct an infinite descending chain
N, O N, ©...5 Np D...of left R-submodules of M

such  that RmngC_Nerl .m=12,... .Hence

RmNm & N, forsome n, which is a contradiction.
(d) = (@) Let & be a non-empty collection of left

R-submodules of M such that RK € ¢ for all Kecg.

Then RTK e ¢, for alim e z*. Bt RMK < K for
allm € Z*, hence by (d) there exists an s € Z* such that
R°K < R"K forall m € 7+ Therefore if M =S then

R°K =RMK and ¢ has aminimal element.

Next we prove the following:

Propositionl.3

Let M be a left R-module. If RM is left Artinian, then M is
left quasi-Artinian .

Proof:

be a descending chain of left R-submodules of M,

Let N o N, ©
R-submodulesof RM.
RN, © RN, o..isadescending chain of then

But RM is left Artinian, hence there existss € Z* such
that RN, = RN,
N = S .Therefore RSNS cRNg c N, . Foralln

Hence M is left quasi-Artinian.
Remark: The converse of Proposition 1.3,needs not be
true as the following example shows:

QO0 00 .
Let - = . Then M is left
v {Q o}a”dR {QO}

quasi-Artinian

R-module,but RM :{O 0 =R is not left Artinian.
QO

Now let 917’ be a class of modules. Then we say that Jrr'is
S-closed if N is a submodule of M and M e J17; then Ne
g We say that giris Q-closed if M € 9imand N is a
submodule of M, then M /N €17, We say that giTis E-closed
if N is a submodule of M andN , M/N €91r, then M e 917

Proposition 1.4

Let grrbe the class of left quasi-Artinian modules. Then

(@)gmris S-closed . (b) gir'is Q-closed.(c) 7iT'is E-closed.

Proof:

(@) is clear

(b) Supposethat Mis a left quasi-Artinian R-moduleand N
is submodule of M. Let T: M — M/N = M be the natural
homomorphism of left quasi-Artinian module onto M. Then
N, 2 N, 2 ---is a descending chain of submodules of M,
and N; 2 N, 2 -+ is a descending chain of R- submodules

of M, where N; = n'l(lqi) but M is left

quasi-Artinian, hence there exists m € Z* such that
R™N,, < N, for all n. But () =N, . Hence

R™N,, c N, foralln. Therefore Mis left quasi-Artinian.
(c)Suppose that N be an R-submodule of M

andN ,M/N € g . Let be a descending chain of left

R-submodules of M. ThenN; © N, o...

N, AN 2 N, "N D>...is adescending chain of

R-submodules of N. But seZ?' that left
quasi-Artinian, hence there existN is

NS(N,AnN)S N,nN for all n. Now N, + N/N 2
N, +N/N 2-- is a descending chain of submodules
ofM/NandM /Nis left quasi-Artinian, therefore there exists
k € Z* such that R¥( N, + N/N) € N, + N/N for all n.
That is R*(N, + N) € N, + N for all n. Now let m =
max{s, k} Then R™(N,,NN)S N, NN and R™(N,, +
NE Nn+Vforalln,

Now R™N,, = R™[N,, n (N,, + N)]

C [N, n (N, + N)] and by modular law,

=N, + (N,, nN) foralln.

R™(R™Np ) R™[N, +(Np A N) ]
Therefore

=R™N, + R™ (N, n N)

< N, + (N, nN) =N, foralln

Hence R®*™N,,, € R*™N,, € N,, for all n . Therefore M
is left quasi-Artinian.

An immediate consequence of Propostion1.4, we have the
following

Corollary

Let girbe the class of quasi-Artinian modules.If M = A+B

such
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where A,B in irthen M e arr.
Remark: Suppose that R has 1,50 M= M, @ M, where

M, ={Im:me M}andM, ={m-Im:me M} .
Here Mlis unitary and left quasi-Artinian if and only if
M isleftSoM. RM, =0 quasi-Artinian if and only if
M , is left Artinian .And M is left are Artinian. Artinian if
andonly if M,and M,

2. The Submodule Structures

In this section we study the submodules structure by
consider modules over left quasi-Artinian ring. First we
prove the following

Theorem2.1

Let R be a left quasi-Artinian ring. Then every finitely
generated left

R-module is left quasi-Artinian

Proof:

Let M be a finitely generated left R-module, then
M =Rx;{+Rx,+--+Rx, where 0 #x, €M, 1<i<
n. If n=1 then M is cyclic and therefore isomorphic to

. F%_ where

L ={a € R|ax, = 0}. Since R R is left quasi-Artinian,

so is every factor module. Assume inductively that the
Theorem holds for modules which can be generated by n-1
or fewer elements. ThenRx, is left quasi-Artinian and
M/Rx; = (Rx; + Rx, + - Rx,)/Rx,

= (Rx,+ - Rx,)/Rx; N (Rx, + -+ Rx,) which is
left quasi-Artinian. Therefore M is left quasi-Artinian.

Let R bearing and M is a left R —module. Then

(@Soc(M) = X{K < M : K is simple in M}

=n{L < M : L is essential in M}
(b) Rad(M) =n{K : K is maximal submodule in M}
= z {L : L is small submodule in M}

Theorem2.2

Let R be a left quasi-Artinian ring and M is a left
R-module .Then

(@) socM ess M

(b)RadMsmallinM

Proof:

(@) Let 0 = x € M. Then p,: R - Rx such that p, (r) =
rx(r € R) is a homomorphism of R onto the submodule Rx
with

Kernel  Kerp, = 1,(x) ={re R|rx = 0} So
R/lp(x) = Rx . But R is left quasi-Artinian, hence by
Proposition 1.4, Rx is left quasi-Artinian. We claim that Rx
contains a minimal submodule. To prove this let | =
{N € Rx |0 # x € M, N < M}be a nonempty collection of
R-submodule of Rx and j €l Then J =Ry for some
0+yeM ButRl =R(Ry) =(RR)y=R*yCRy=]¢€
I But [ has a minimal element, hence

Left Quasi- ArtinianM odules

Soc(R) # 0
Soc(M)essM .

(b) First we show that Rad(M) =M where | =
J(R) .Since for any left R-module M the factor module
Rad (M/Rad (M)) = 0. Therefore

M /Rad (M)is subdirect product of simple left R- modules.
But sinceJ(R)is annihilates all simple left R-modules, so it
annihilate M /Rad (M) thatis JM < Rad (M).

Conwersely since R/J is semi-simple then we have
Soc(M) =1, () Therefore
SocM/IM) =, /IM JR/)) =1, /JM (0) = M/JM
Hence

M/JM is semi-simpleR/J-module. Since J is contained
in annihilator of every simple R-submodule of M, then
M/JM is semi-simple R-module, thus Rad(M//M) = 0
but Rad (M /Rad (M) ) = 0. Therefore

Rad (M) < JM.Hence Rad (M) = JM.

Now since R left quasi-Artinian, assume J™ = 0 for some
n € Z*and consider an R-submodule K of M with/M + K =
M . Multiplying with Jwe obtain J2M + JK = JM , then
J?M + JK + K = M. Continue in this way

we have after n steps,K = J"M+ K =M. Hence M
small in M therefore by first part,Rad (M) small in M .

Corollary2.3

Let Rbe left quasi-Artinian ringand M left R-module, then
M is finitely generated if and only if M/Rad (M) is finitely
generated.

Proof:

By Theorem 2.2, since Rad (M) small in M, then the
result follows.

By the nil radical N=N(R) of aring R we mean the sumof
all nilpotent ideals of R, which is a nil ideal. It is well known
[7. P.28 Theorem 2], that N is the sum of all nilpotent left
ideals of R and it is the sumof all nilpotent right ideals of R.

But Soc(Rx) =Rx nSoc(M) , hence

Now we give another characterization of Ileft
quasi-Artinian ring ,namely the following:

Theorem2.4

Let R bea ring ,N =N(R) be the nil radical of R, thenR is a
left quasi-N is nilpotent and each of

R/N ,N/N? ,N?/N% ,..Artinian if and only if is left
quasi-Artinian R-modules.

Proof:

Suppose R is left quasi-Artinian. Then by[3,Corollary

2.3IN is nilpotent. Now let gM = gR . Then M is left

quasi-Artinian R-module and N' is an ideal of R for all i.

Therefore N' is an R-submodule of M for all i.But by
Proposition1.4, R/N' is left quasi-Artinian for all i > 1.
Also Ni/N*! is R-submodule of R/N*!' so each
N!/N™1 is left quasi-Artinian.

To prove the converse, note that
sinceR/N = R/N?/N/N? it follows from Proposition 1.4,
that R/N? is left quasi-Artinian R-module and by
inductionR/N® is left quasi-Artinian for all i. But N is
nilpotent, hence there existsm € Z* such that N™ =0,
therefore R = R/N™ is left quasi-Artinian R-module.
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Hence R is left quasi-Artinian ring.

3. The Ideal Structures

In this section we study the ideal structures in a left
quasi-Artinianring. Note that if R=

0 M
There | and Fyg QO ~Q @R are left quasi-Artinian,
=0 %

:{Q 9’{} then | :{0 9%} is a nilpotent ideal of R.
’ 00

but R is not left quasi-Artinian. Hence the class of left
quasi-Artinian rings is not E-closed, however we have the
following:

Theorem3.1

A finite direct sum of left quasi-Artinian rings is a left
quasi-Artinian.

Proof:

By induction, it is enough to prove the result when R=

R, +R, where R,R, are left quasi-Artinian. Let
I, © 1, ©...beadescending chain of left ideals of R.Then
R 1, © R, Oo...is a descending chain of left ideals of
R and R,I;, D R,l, ©...is a descending chain of left
ideals of R, but R,R, are left quasi-Artinian rings,hence
there exist rs such that R (RI,)c R/, < I, and
RI(RI) <RI, I, Let
RM(R1,) SR, 1,

m=max{r,s}.Then

and
RM(R,I,)cR,I, <, for al n  But
R"=(R ®R,)"=R"®R) Jhence

R™1, =R"R,,)+R)(R,I,)< |, foralln and

R™1 ., < R™I,_ |, for all n.Therefore R is left
quasi-Artinian.

Theorem3.2

Let | be a non-nilpotent left ideal in a left quasi-Artinian
ring, then I contains a non-zero idempotent element .

To prove this we need the following lemma.

Lemma3.3

Let R be a left quasi-Artinian ring. Then every
non-nilpotent left ideal of R contains a minimal
non-nilpotent left ideal.

Proof:

Let | be a non-nilpotent left ideal of R and suppose that |
does not contains a minimal non-nilpotent left ideal of R.

Then O0# |2gR| | and RI is not nilpotent.
Therefore there exists a non-nilpotent left ideal

LLGRIC T Hence 017 < R?ljang R*1, s
not nilpotent. In this way we can find a non-nilpotent left
. n-1 n+1 n

ideal |n%R I, <1 qthen 0= 177 <R,

and R"l, is not nilpotent and so on. Hence

1ol 2L, 2.2l,2... s an infinite
descending chain of left ideals of R which is a contradiction.
Therefore I contains a minimal non-nilpotent left ideal of R.
Proof of Theorem
Let I be non-zero non-nilpotent left ideal of R. Since Ris a
left quasi-Artinian ring, then by Lemma3.3, | contains a

minimal non-nilpotent left ideal K. Since K2 #0 then
there exists X € K such that XK #0 . However
XK < K and xK is a left ideal of R, hence by minimilty of
K we have xK =K . Therefore there exists € € K such that

Xe = X and since Xe2 = X€ we get thatx(e2 —e)=0.
Now, let K, ={ae K |xa=0}, therefore K is a left ideal
of R and KO%Ksince, XK #0, forall XeK .

Therefore we must have K, =(0and (e2 —e) e K,. Hence

82 =@. Since Xe=X=#=0we have that € #0. Now,
Re; K is a left ideal of R and contains 62 =e=0,

sothat Re#0 ,then GERGZKg | .Hence €€ l.

Corollary3.4

If R is left quasi-Artinian ring, then every nil left ideal of R
is nilpotent .

Proof:

Let N be anon-zero nil left ideal of R and suppose that N is
not nilpotent. Then by Theorem 3.2, there exists a nonzero
idempotent element e and e € N. Therefore e is nilpotent
which is a contradiction. Hence N must be nilpotent.

Next we prove the following

Theorem3.5

Let R be a semi-prime left quasi-Artinian ring and | be a
nonzero

left ideal of R, then | = Re for some nonzero idempotent e
in R.

Proof:

Since | is not nilpotent, it follows from Theorem 3.2,that |
contains a

non-zero  idempotent  element say, e. Let
A(e) ={xel | xe=0} then the set of left ideals

L={A(e)|0=e2=ec |} isnotempty. Now, if A(e)
€ L, then RA(e) € L. Nowsince | is a left ideal of R, then re

€1, where rER,e€ 1, therefore 0# re2 =reel,
but R is a left quasi-Artinian, hence by Theorem1.2,Lhas a

minimal element A(eo) , say. Either A(eo) #0 or
A(ey)=o0.1f Aey) =0, then A(Ey) must have an
idempotent el, say. By definition of A(eo) , el € land
then

.8y = 0 Consider €, =€, +€ —€,€
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e2 €l and is itself a non-zero idempotent element.
Moreover, €€, =€,(,+€ —€ye)=6 #0
hence €, # 0. Now ife A(e,), then Xe, = 0 and

x(ey +e; —epe) = 0. Therefore x(ey + e, — ege;dey =
0 and xe, =0 Therefore x € A(eo) and

A(e,) = Ale,) . e, € Agy)
e, & A(e,) we have that A(e,) # A(e,) . which
contradicts the minimality of A(€,) . Therefore A(g,)
=0 But (x—xeo)eo =0 for all x €l hence
(x—xe;) € A(gy) =0 and X=Xg, forallxel,

since and

which implies that | =1 €, < Re, = | . Hence

| =Re,.

Corollary3.6

Any semi-prime left quasi-Artinian ring is a semi-simple
left Artinian.

Proof:

By Theorem 3.5 every non-zero left ideal of R is generated
by a non-zero idempotent e, say. But we know that e acts as
right identity for the left ideal | =Re, and since R is itself an
ideal, hence R has an identity element. Therefore R is left
Artinian. Now, J(R) is nilpotent, and R is a semi-prime ring,
implies that J(R) = 0. Hence R is a semi-simple.

Now we describe left quasi-Artinian rings using the non
commutative version of Wedderburn Theorem. Inparticular
we prove the following

Theorem3.7

A commutative ring R is quasi-Artinian ifand only if R is
a direct sum of an Artinian ring with identity and a nilpotent
ring.

To prove this we need the following

Lemma3.8

Let R be a left quasi-Artinian ring and N be the nil radical
of R. Then R/ N isa semi-simp le Artinian ring.

Proof:

Since N is nilpotent and R/N is left quasi-Artinian, it

follows that R/ N is a semi-prime left quasi-Artinian.
Therefore by Corollary 3.5,

R/N is a semi-simple Artinian ring.

Proof of theorem3.7

Suppose that R is a direct sum of an Artinian ring with
identity and a nilpotent ring, since any Artinian ring and any
nilpotent ring are quasi-Artinian ,it follows that R is a quasi
Avrtinian ring.

To prove the converse. Let N = N(R) be a nil radical of R.
Then by

Corollary 3.4,N is nilpotent and by Lemma 3.8, R/N isa
semi-simple Artinian ring. Therefore by Wedderburn's

Left Quasi- ArtinianM odules

Theorem R/N is afinite direct sumof its minimal ideals,
each of which is a simple Artinian ring, that is

R/N =N, ®N, ®...® N, , where N; =(&)

is a minimal ideal of R/N
which is a simple Artinian ring . But a finite direct sum of
n __
Artinian is again Artinian, hence &) Ni is an Artinian ring
i=1
and R/N is a semi-simple Artinian. But Ni is a

semi-simple Artinian so, it has an identity element.
n _

Therefore &) Ni is an Artinian ring with identity. Hence,
i=1

n __
Rz _G-)lNi @ N and R is a direct sum of Artinian ring
i=

with identity and nilpotent ring .

Finally we prove the following which characterizes the
prime ideals in left Quasi-Artinian rings.

Theorem3.8

Let R be a commutative quasi-Artinian ring and | be a
minimal ideal in R. Then ann( 1) is a maximal ideal .

To prove this we need the following

Lemma3.9

If R is a commutative quasi-Artinian ring ,then every
prime ideal of R is maximal.

Proof:

Let P be a prime ideal of R, then R/P is a prime ring.
Now R/P is a semi-prime quasi-Artinian ring. Therefore
by Corollary 3.5 R/P is asemi-simple Artinian .Hence by

Wedderburns Theorem R/P is a finite direct sum of

minimal ideals, each of which isasimple Artinianring. But a
prime ring cannot be written as a direct sum of non-trivial

ideals, hence R/P is a simple ring. Therefore P is

maximal.

An immediate consequence of Lemma 3.9 we have the
following

Corollary3.10

If R is a quasi-Artinian ring, then J(R)= rad(R)= N(R).
Where J(R) is the Jacobson radical of R and rad(R ) isthe
prime radical of R.

Proof of Theorem3.8

By Lemma 3.10, it enough to show that ann( 1) is a prime
ideal in R.

Let X,y €R such tha X,y e¢ann(l) . Then

XI #0 and yl 20 ,but Xl C landyl | . But |

is a minimal ideal of R , hence Xl =land Yyl =1.
O=xyel xyl #0
Xy ¢ ann(l),and ann(1) is a prime ideal of R .

Therefore and Hence
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