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Abstract  In this paper we study a new class of left quasi-Artinian modules. we show: if R is a left quasi-Artinian ring and 

M is a left R-module, then (a) Soc(M) ess M and (b) Rad(M) s mall in M .Then we prove: if I is a non-nilpotent left ideal in a 

left quasi-Artin ian ring, then I contains a non-zero idempotent element. Finally we show that a commutative ring R is 

quasi-Artinian if and only if R is a direct sum of an Artinian ring with identity and a nilpotent ring . 
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1. Introduction 

By ring we mean an associative ring that need not have an 

identity. In  this paper, we study a new class of left 

quasi-Artinian Modules, which is a generalizat ion of left  

Artinian modules. First we study the problems of finding 

conditions which are equivalent to the definition of left 

quasi-Artinian  Module(Theorem 1.2). Then we show that the 

class of left quasi-Artinian Modules is Q-closed, S-closed 

and E-closed. 
In section two we study the module structures over left 

quasi-Artinian ring, in particular we prove that if R is a left 

quasi-Artinian ring, then every finitely generated left 

R-module M is a left quasi-Artin ian(Theorem 2.1)Finally we 

show that: If R be a ring, N = N(R), then R is a left 

quasi-Artinian  if and only  if N  is nilpotent and each of 

the 𝑅 𝑁  , 𝑁 𝑁2  , 𝑁2 𝑁3 , …  is left quasi-Artin ian 

R-module (Theorem 2.4). 

In section three we describe the ideal structures and we 

give some classification, in particu lar we prove that if I is a 

non-nilpotent left ideal in a left quasi-Artinian ring, then I 

contains a non-zero idempotent element (Theorem 3.2). Next  

we prove that if R is a semi-prime left quasi-Artinian ring 

and I be a non-zero left ideal of R, then I=Re for some 

non-zero idempotent e in R  (Theorem 3.5).  

1.1. Defini tions and Basic Properties  

Let M  be a left R-module. We say that M is a left  

quasi-Artinian Module if for every descending chain 

......21  nNNN  of left R-submodules of 

M, there exist 𝑚 ∈ ℤ+such that nm
m NNR  for all n. 

It  is  c lear that  any  left  Art in ian  modu le is  left   

 

* Corresponding author: 

fadosary@uqu.edu.sa (Falih A. M. Aldosray) 

Published online at http://journal.sapub.org/ajms 

Copyright © 2013 Scientific & Academic Publishing. All Rights Reserved  

quasi-Artinian and it is easy to prove the following 

Lemma1.1  
Let M  be a left R-module.  

(a) If RM= 0, then M is a left quasi-Artin ian.  

(b)If R has an identity and M is unitary ,then M is left  

quasi-Artinian if and only if M is left Artin ian. 

Now we prove the following which  is a characterization of 

left quasi-Artin ian modules. 
Theorem1.2  

Let M be a left R-module. Then the following conditions 

are equivalent:  
ς of left R-submodules of M  such (a) In every non-empty 

collection  
𝐾 ∈ ς  , then 𝑅𝐾 ∈ ς ,there exists a min imal element. 

that if 

(b) For every descending chain of left R-submodules

 ...  N N  21  

 21  ... Nm R Nm R  there exists 𝑚 ∈ ℤ+ 

such that a descending chain terminates.  
(c)M is left quasi-Artinian .  

(d) For every  non-empty collection ς of left  R-submodules 

of M, there exists 𝑁 ∈ ς  and 𝑚 ∈ ℤ+ such that 𝑅𝑚𝑁 ⊆ 𝐾  

for any𝐾 ∈ ς , 𝐾 ⊆ 𝑁. 

Proof: 

(a  (b) Suppose that ......21  nNNN  

is a descending chain of left R-submodules of M but the 

descending chain 

......21  n
mmm NRNRNR  of left 

R-submodules of M does not terminate for all 𝑚 ∈ ℤ+ . 

Therefore the collection 

 },...,,...,,,...,,{
212121

NRNRRNRNNN mmς

is a nonempty collection of R-submodules and for all𝑁 ∈ ς  

we have 𝑅𝑁 ∈ ς . Hence  has no minimal element, which  
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is a contradiction. 

(b) (c) Let ......21  nNNN  be any 

descending chain of left R-submodules of M then there 

exists 𝑚 ∈ ℤ+  such that 

......21  n
mmm NRNRNR  form a 

descending chain of left R-submodules of M and by (b) there 

exists𝑠 ∈ ℤ+such that n
m

s
m NRNR   for all sn  , 

but ns
m NNR  for all sn  . Take t = max {m, s} 

then nt
t NNR   for all n, hence M is a left  

quasi-Artinian . 

(c)  (d) Let  be a non-empty collection of left  

R-submodules of M such that for each N  and𝑚 ∈ ℤ+, 

there exists K such that NK    , but 

KNRm  . Now let ς1N  then there exists 

ς2N such that 21 NRN  ,where 21 NN  , but 

2N  hence there exists 3N , such that 

32
2 NNR   , where 321 NNN   continuing 

in this manner we can construct an infinite descending chain 

......21  nNNN of left R-submodules of M 

such that 1 mm
m NNR ,m=1,2,… .Hence 

nm
m NNR  for some n, which is a contradiction. 

(d)  (a) Let   be a non-empty collection of left  

R-submodules of M such that RK  for all ςK . 

Then ςKRm
, fo r all𝑚 ∈ ℤ+ . But KKRm  for 

all𝑚 ∈ ℤ+ , hence by (d) there exists an 𝑠 ∈ ℤ+ such that 

KRKR ms  for all 𝑚 ∈ ℤ+.Therefore if sm  , then 

KRKR ms  and   has a min imal element. 

Next we prove the following: 

Proposition1.3  

Let M be a left R-module. If RM is left Artinian, then M is 

left quasi-Artin ian .  
Proof: 

be a descending chain of left R-submodules of M, 

 ...  N  N  21Let  

R-submodulesof RM. 

ofchain  descending a is21 ...  RN RN  then 

But RM  is left Art inian, hence there exists𝑠 ∈ ℤ+  such 

that 𝑅𝑁𝑠 = 𝑅𝑁𝑛 

 s .n  Therefore  nss

s  N RNNR   . For all n  

Hence M is left quasi-Artin ian. 
Remark: The converse of Proposition 1.3,needs not be 

true as the following example shows: 

Let 


















0

0 0
 and

0 

0

   

    
 R   

  

     
M

Q Q

Q
. Then M is left  

quasi-Artinian  

R-module,but    
0   

0   0 
R 

 
RM  









Q
is not left Art inian. 

Now let Т be a class of modules. Then we say that Т is 

S-closed if N is a submodule of M and MТ, then N
Т .We say that Т is Q-closed if M Т and N is a 

submodule of M, then 𝑀 𝑁 ∈Т. We say that Т is E-closed 

if N is a submodule of M and𝑁 , 𝑀 𝑁 ∈Т , then M Т.  

Proposition 1.4   

Let Т be the class of left quasi-Artinian modules. Then  

(a)Т is S-closed . (b) Т is Q-closed.(c) Т is E-closed. 

Proof: 

(a) is clear 

(b) Suppose that M is a  left quasi-Artin ian R-module and N  

is submodule of M. Let 𝜋: 𝑀 → 𝑀 𝑁 = 𝑀  be the natural 

homomorphism of left quasi-Artinian module onto 𝑀 . Then 

𝑁1
   ⊇ 𝑁2

   ⊇ ⋯is a descending chain of submodules of 𝑀 , 

and 𝑁1 ⊇ 𝑁2 ⊇ ⋯ is a descending chain of R- submodules 

of M, where )(1

i

-
i N   π N   but M is left 

quasi-Artinian, hence there exists 𝑚 ∈ ℤ+ such that

 NNR nm
m  for all n. But  𝑁𝑘

 = 𝑁𝑘
     . Hence 

𝑅𝑚𝑁𝑚
    ⊂ 𝑁𝑛

     for all n. Therefore 𝑀 is left  quasi-Artinian. 

(c)Suppose that N be an R-submodule of M  

and 𝑁 , 𝑀 𝑁 ∈ Т . Let be a descending chain of left  

R-submodules of M. Then ...  N N  21
 

... 21  N  NNN is a descending chain of 

R-submodules of N. But 𝑠 ∈ ℤ+  such that left 

quasi-Artinian, hence there existN is 
𝑁 𝑠(𝑁𝑠 ∩ 𝑁) ⊆ 𝑁𝑛 ∩ 𝑁  for all n. Now 𝑁1 + 𝑁 𝑁 ⊇

𝑁2 + 𝑁 𝑁 ⊇ ⋯  is a descending chain of submodules 

of𝑀 𝑁 and𝑀 𝑁 is left quasi-Artinian, therefore there exists 

𝑘 ∈ ℤ+ such that 𝑅𝑘( 𝑁𝑘 + 𝑁 𝑁 ) ⊆ 𝑁𝑛 + 𝑁 𝑁 for all n. 

That is 𝑅𝑘 𝑁𝑘 + 𝑁 ⊆ 𝑁𝑛 + 𝑁  for all n. Now let 𝑚 =
max⁡{𝑠, 𝑘} Then 𝑅𝑚 (𝑁𝑚 ∩ 𝑁) ⊆ 𝑁𝑛 ∩ 𝑁  and 𝑅𝑚  𝑁𝑚 +

𝑁⊆𝑁𝑛+𝑁 for all n. 

 Now 𝑅𝑚𝑁𝑚 = 𝑅𝑚  𝑁𝑚 ∩  𝑁𝑚 + 𝑁  
 ⊆ [𝑁𝑚 ∩  𝑁𝑛 + 𝑁 ] and by modular law,  

= 𝑁𝑛 + (𝑁𝑚 ∩ 𝑁) for all n. 

  N )  ( N  N  R )N ( RR mn
m

m
mm 

Therefore  

 N )  ( N R NR m
m

n
m   

 n  N N )   ( N   N nnn allfor      

Hence 𝑅2𝑚𝑁2𝑚 ⊆ 𝑅2𝑚 𝑁𝑚 ⊆ 𝑁𝑛 for all n . Therefore M 

is left quasi-Artin ian.  

An immediate consequence of Propostion1.4, we have the 

following 

Corollary  

Let Т be the class of quasi-Artinian modules.If M = A+B 
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where A,B in Т then M Т .  
Remark: Suppose that R has 1,so M=

21 MM   where 
 

}:1{}:1{ 21 MmmmandMMmmM  .

Here
1M is unitary and left quasi-Artinian if and only if 

1M is left So M . 02 RM  quasi-Artinian if and only if 

1M  is left Artin ian .And M is left are Art inian. Artinian if 

and only if 
1M and 

2M  

2. The Submodule Structures  

In this section we study the submodules structure by 

consider modules over left quasi-Artinian ring. First we 

prove the following  

Theorem2.1  

Let R  be a left quasi-Artinian ring. Then every finitely  

generated left 

R-module is left quasi-Artin ian 
Proof: 

Let M  be a finitely generated left R-module, then 

𝑀 = 𝑅𝑥1 + 𝑅𝑥2 + ⋯ + 𝑅𝑥𝑛  where 0 ≠ 𝑥 𝑖 ∈ 𝑀 , 1 ≤ 𝑖 ≤
𝑛. If 𝑛 = 1 then M is cyclic and therefore isomorphic to 

R
R

L
 where  

𝐿 =  𝑎 ∈ 𝑅 | 𝑎𝑥1 = 0 . Since  R
R

is left quasi-Artin ian, 

so is every factor module. Assume inductively that the 

Theorem holds for modules which can be generated by n-1 

or fewer elements. Then𝑅𝑥1  is left quasi-Artin ian and 
𝑀 𝑅𝑥1

 ≅  𝑅𝑥1 + 𝑅𝑥2 + ⋯𝑅𝑥𝑛
 𝑅𝑥1
  

≅ (𝑅𝑥2 + ⋯ 𝑅𝑥𝑛) 𝑅𝑥1 ∩ (𝑅𝑥2 + ⋯ + 𝑅𝑥2)  which is 

left quasi-Artin ian. Therefore M is left  quasi-Artinian.  

Let R  be a ring and M is a left R  –module. Then 

(a)𝑆𝑜𝑐 𝑀 =   𝐾 ≤ 𝑀 ∶ 𝐾 𝑖𝑠 𝑠𝑖𝑚𝑝𝑙𝑒  𝑖𝑛 𝑀  

=∩  𝐿 ≤ 𝑀 ∶ 𝐿 𝑖𝑠 𝑒𝑠𝑠𝑒𝑛𝑡𝑖𝑎𝑙  𝑖𝑛 𝑀  

(b) 𝑅𝑎𝑑 𝑀 =∩  𝐾 ∶ 𝐾 𝑖𝑠 𝑚𝑎𝑥𝑖𝑚𝑎𝑙  𝑠𝑢𝑏𝑚𝑜𝑑𝑢𝑙𝑒  𝑖𝑛 𝑀  

=   𝐿 ∶ 𝐿 𝑖𝑠 𝑠𝑚𝑎𝑙𝑙  𝑠𝑢𝑏𝑚𝑜𝑑𝑢𝑙𝑒  𝑖𝑛 𝑀  

Theorem2.2  

Let  R be a left quasi-Artin ian ring and M is a left  

R-module .Then  

(a) socM ess M  

(b)RadMsmallinM  

Proof: 

(a) Let 0 ≠ 𝑥 ∈ 𝑀. Then 𝜌𝑥 : 𝑅 → 𝑅𝑥  such that 𝜌𝑥
 𝑟 =

𝑟𝑥(𝑟 ∈ 𝑅) is a  homomorphism of R  onto the submodule Rx 

with  
Kernel 𝐾𝑒𝑟𝜌𝑥 = 𝑙𝑅 𝑥 =  𝑟 ∈ 𝑅 | 𝑟𝑥 = 0 . So 

𝑅 𝑙𝑅(𝑥) ≅ 𝑅𝑥 . But R is left quasi-Artinian, hence by 

Proposition 1.4, Rx is left quasi-Artin ian. We claim that Rx 

contains a min imal submodule. To prove this let 𝑙 =
 𝑁 ⊆ 𝑅𝑥 |0 ≠ 𝑥 ∈ 𝑀 , 𝑁 ≤ 𝑀 be a nonempty co llect ion of 

R-submodule of Rx  and  𝐽 ∈ 𝑙 Then 𝐽 = 𝑅𝑦  for some 

0 ≠ 𝑦 ∈ 𝑀 .But 𝑅𝐽 = 𝑅 𝑅𝑦 =  𝑅𝑅 𝑦 = 𝑅2  𝑦 ⊆ 𝑅𝑦 = 𝐽 ∈
𝑙 .But 𝑙 has a min imal element, hence 

𝑆𝑜𝑐(𝑅) ≠ 0 .But 𝑆𝑜𝑐 𝑅𝑥 = 𝑅𝑥 ∩ 𝑆𝑜𝑐(𝑀) , hence 

𝑆𝑜𝑐 𝑀 𝑒𝑠𝑠𝑀 .  
(b) First we show that 𝑅𝑎𝑑 𝑀 = 𝐽𝑀  where 𝐽 =

𝐽(𝑅) .Since for any left R-module M  the factor module 

𝑅𝑎𝑑(𝑀 𝑅𝑎𝑑(𝑀)) = 0 . Therefore  
𝑀 𝑅𝑎𝑑(𝑀) is subdirect product of simple left R- modules. 

But since𝐽(𝑅)is annihilates all simple left  R-modules, so it  

annihilate𝑀 𝑅𝑎𝑑(𝑀)  that is 𝐽𝑀 ≤ 𝑅𝑎𝑑(𝑀).  
Conversely since 𝑅 𝐽  is semi-simple then we have 

𝑆𝑜𝑐 𝑀 = 𝑟𝑀 (𝐽)  Therefore 

𝑆𝑜𝑐 𝑀 𝐽𝑀  = 𝑟𝑀 𝐽𝑀  𝐽 𝑅 𝐽   = 𝑟𝑀 𝐽𝑀  0 = 𝑀 𝐽𝑀 . 

Hence 
𝑀 𝐽𝑀  is semi-simple𝑅 𝐽 -module. Since 𝐽  is contained 

in annihilator of every simple R-submodule of M, then 

𝑀 𝐽𝑀  is semi-simple R-module, thus 𝑅𝑎𝑑 𝑀 𝐽𝑀  = 0 

but 𝑅𝑎𝑑 𝑀 𝑅𝑎𝑑 𝑀   = 0. Therefore  

𝑅𝑎𝑑(𝑀) ≤ 𝐽𝑀. Hence 𝑅𝑎𝑑 𝑀 = 𝐽𝑀.  
Now since R left quasi-Artinian, assume 𝐽𝑛 = 0 for some 

𝑛 ∈ ℤ+and consider an R-submodule K of M with𝐽𝑀 + 𝐾 =
𝑀 . Mult iplying with 𝐽 we obtain 𝐽2𝑀 + 𝐽𝐾 = 𝐽𝑀 , then 

𝐽2𝑀 + 𝐽𝐾 + 𝐾 = 𝑀. Continue in this way 
we have after n steps,𝐾 = 𝐽𝑛𝑀 + 𝐾 = 𝑀 . Hence 𝐽𝑀  

small in M therefore by first part,𝑅𝑎𝑑(𝑀) small in M . 
Corollary2.3  
Let  R be left quasi-Artin ian ring and M  left  R-module, then 

M is fin itely generated if and only if 𝑀 𝑅𝑎𝑑(𝑀)  is fin itely 

generated. 
Proof: 

By Theorem 2.2, since 𝑅𝑎𝑑(𝑀)  small in  M, then the 

result follows. 

By the nil radical N=N(R) of a ring R we mean the sum of 

all n ilpotent ideals of R, which is a nil ideal. It is well known 

[7. P.28 Theorem 2], that N is the sum of all nilpotent left 

ideals of R and it is the sum of all n ilpotent right ideals of R. 
Now we give another characterizat ion of left  

quasi-Artinian ring ,namely the fo llowing: 

Theorem2.4  

Let R be a ring ,N = N (R) be the nil radical of R, then R  is a  

left quasi-N is nilpotent and each of 

𝑅 𝑁  ,𝑁 𝑁2  , 𝑁2 𝑁3  , … Artinian if and only if is left 

quasi-Artinian R-modules.  
Proof: 
Suppose R is left quasi-Artinian. Then by[3,Corollary  

2.3]N is nilpotent. Now let R RM R . Then M is left 

quasi-Artinian R-module and  iN is an ideal of R for all i. 

Therefore  
iN is an R-submodule of M  fo r all i.But  by 

Proposition1.4, 𝑅 𝑁 𝑖  is left quasi-Artinian for all 𝑖 ≥ 1 . 

Also 𝑁 𝑖 𝑁 𝑖+1  is R-submodule of 𝑅 𝑁 𝑖+1 so each 

𝑁 𝑖 𝑁 𝑖+1  is left quasi-Artinian. 

To prove the converse, note that 

since𝑅 𝑁 ≅ 𝑅 𝑁 2 𝑁 𝑁2   it  follows from Proposition 1.4, 

that 𝑅 𝑁2  is left  quasi-Artinian R-module and by 

induction𝑅 𝑁 𝑖  is left quasi-Artinian fo r all i. But N is 

nilpotent, hence there exists 𝑚 ∈ ℤ+  such that 𝑁𝑚 = 0 , 

therefore 𝑅 ≅ 𝑅 𝑁𝑚  is left quasi-Artinian R-module. 
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Hence R is left quasi-Artin ian ring. 

3. The Ideal Structures 

In this section we study the ideal structures in a left 

quasi-Artinianring. Note that if R= 
















 







00

 0
 t,

 0    

    
 I hen  

  

     

 

Q  is a nilpotent ideal of R . 

There I and 


 







   

   0

0   Q 
Q 

 
I

R  are left quasi-Artinian, 

but R is not left  quasi-Artinian. Hence the class of left 

quasi-Artinian rings is not E-closed, however we have the 

following: 

Theorem3.1  

A fin ite direct sum of left quasi-Artin ian rings is a left  

quasi-Artinian. 

Proof: 

By induction, it is enough to prove the result when R=

21 RR  where 
21, RR are left quasi-Artin ian. Let 

...21  II be a descending chain of left ideals of R.Then

...2111  IRIR is a descending chain of left ideals of 

1R and ...2212  IRIR is a descending chain of left 

ideals of 
2R ,but 

21, RR  are left quasi-Artinian rings,hence 

there exist r,s such that nnr

r IIRIRR  111 )( and

nns

s IIRIRR  222 )( .Let  m=max{r,s}.Then 

nnm

rm IIRIRR  111 )(
and 

nnm

m IIRIRR  222 )( for all n. But 

mmmm RRRRR 2121 )(  ,hence 

nm

m

m

m

m

m IIRRIRRIR  )()( 2211

1
 for all n and 

nm

m

m

m IIRIR  



 1

1

1
for all n.Therefore R is left 

quasi-Artinian. 

Theorem3.2  

Let I be a non-nilpotent left ideal in a left quasi-Artin ian 

ring, then I contains a non-zero idempotent element .  

To prove this we need the following lemma.  

Lemma3.3  

Let R be a left quasi-Artinian ring. Then every 

non-nilpotent left ideal of  R contains a minimal 

non-nilpotent left ideal. 

Proof: 

Let I be a non-nilpotent left ideal of R and suppose that I 

does not contains a min imal non-nilpotent left ideal of R. 

Then IRII  20  and RI is not nilpotent. 

Therefore there exists a non-nilpotent left ideal

IRII 

1 . Hence 1

23
10 IRI  and 1

2IR  is 

not nilpotent. In this way we can find a non-nilpotent left 

ideal 11
1


 


 nn

n
n IIRI then n

nn
n IRI  10

and n
nIR  is not nilpotent and so on. Hence 

......21  nIIII  is an infinite 

descending chain of left ideals of R which is a contradiction. 

Therefore I contains a minimal non-nilpotent left ideal of R. 

Proof of Theorem  

Let I be non-zero non-nilpotent left ideal of R. Since R is a 

left quasi-Artin ian ring, then by Lemma3.3, I contains a 

minimal non-nilpotent left ideal K. Since 02 K  then 

there exists Kx such that 0xK . However 

KxK  and xK is a left ideal of R , hence by minimilty of 

K we have xK =K . Therefore there exists Ke such that 

xxe  and since xexe 2
 we get that 0)( 2  eex . 

Now, let }0|{o  xaKaK , therefore oK is a left ideal 

of R and KK

o since, 0xK , for all Kx . 

Therefore we must have 0o K and o
2 )( Kee  . Hence 

ee 2
. Since 0 xxe we have that 0e . Now, 

KeR

  is a left ideal of R and contains 02  ee , 

so that 0eR  , then IKeRe

 . Hence Ie . 

Corollary3.4  

If R  is left  quasi-Artinian  ring, then every nil left ideal of R  

is nilpotent . 

Proof: 

Let  N be a non-zero  nil left ideal of R  and suppose that N is 

not nilpotent. Then by Theorem 3.2, there exists a nonzero 

idempotent element e and  eN. Therefore e is nilpotent 

which is a contradiction. Hence N must be nilpotent. 

Next we prove the following 

Theorem3.5  

Let R be a semi-prime left quasi-Artinian ring and I be a 

nonzero 

left ideal of R, then I = Re for some nonzero idempotent e 

in R.  

Proof: 

Since I is not nilpotent, it follows from Theorem 3.2,that I 

contains a  
non-zero idempotent element say, e. Let 

}0|{)(  xeIxeA then the set of left ideals 

}0|)({ 2 IeeeAL   is not empty. Now, if A(e)

L, then RA(e)L. Now since I is a left ideal of R , then re

 I , where rR , e I , therefore Irere  20 , 

but R is a left quasi-Artin ian, hence by Theorem1.2,Lhas a 

minimal element )( 0eA , say. Either 0)( 0 eA or 

)( 0eA = 0. If 0)( 0 eA , then )( 0eA  must have an 

idempotent 1e , say. By defin ition of )( 0eA , 1e  I and 

001 ee . Consider 10102 eeeee  , then 
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Ie 2
 and is itself a  non-zero  idempotent element. 

Moreover, 0)( 11010121  eeeeeeee , 

hence 02 e . Now if ∈ 𝐴(𝑒2) , then 02 xe  and 

𝑥 𝑒0 + 𝑒1 − 𝑒0𝑒1
 = 0 . Therefore 𝑥 𝑒0 + 𝑒1 − 𝑒0𝑒1

 𝑒0 =

0 and 𝑥𝑒0 = 0 . Therefore x  )( 0eA and 

)()( 02 eAeA  , since )( 01 eAe  and 

)( 21 eAe  we have that )()( 02 eAeA  , which  

contradicts the minimality of )( 0eA . Therefore )( 0eA

=0 . But 0)( 00  exex  for all 𝑥 ∈ 𝐼 hence 

0)()( 00  eAxex  and 
0

xex   for all x I , 

which implies that IeReII  00
. Hence

0eRI  . 

Corollary3.6  

Any semi-prime left quasi-Artinian ring is a semi-simple 

left Art inian.  

Proof: 

By Theorem 3.5 every non-zero left ideal of R is generated 

by a non-zero idempotent e, say. But we know that e acts as 

right identity for the left  ideal I =Re , and since R  is itself an 

ideal, hence R has an identity element. Therefore R is left 

Artinian. Now, J(R) is nilpotent, and R is a semi-prime ring, 

implies that J(R) = 0. Hence R is a semi-simple.  

Now we describe left quasi-Artinian  rings using the non 

commutative version of Wedderburn Theorem. Inparticular   

we prove the following  

Theorem3.7  

A commutative ring R is quasi-Artin ian if and only if R is 

a direct sum of an Art inian ring with identity and a nilpotent 

ring.  

To prove this we need the following 

Lemma3.8  

Let R be a left quasi-Artin ian ring and N be the nil rad ical 

of R. Then NR  is a semi-simple Art inian ring.  

Proof:  

Since N is nilpotent and NR is left quasi-Artin ian, it 

follows that NR is a semi-prime left quasi-Artinian. 

Therefore by Corollary 3.5,  

NR  is a semi-simple Art inian ring. 

Proof of theorem3.7  

Suppose that R is a direct sum of an Artinian ring with 

identity and a nilpotent ring, since any Artinian ring and any 

nilpotent ring  are quasi-Artinian  ,it follows that R  is a quasi 

Artinian ring. 

To prove the converse. Let N  = N(R) be a nil radical of R. 

Then by 

Corollary 3.4,N is nilpotent and by Lemma 3.8, NR is a 

semi-simple Artin ian ring. Therefore by Wedderburn's 

Theorem NR  is a fin ite direct sum of its min imal ideals, 

each of which is a simple Artinian ring, that is  

nNNNNR  ...21
, where  ii eN  

is a minimal ideal of NR  

which is a simple Art inian ring . But a fin ite direct sum of 

Artinian is again Art inian, hence i

n

i

N
1

is an Artin ian ring 

and NR  is a semi-simple Artinian. But iN  is a 

semi-simple Artin ian so, it has an identity element. 

Therefore i

n

i

N
1

 is an Artinian ring with identity. Hence, 

NNR i

n

i


1
and R is a direct sum of Art inian ring 

with identity and nilpotent ring .  
Finally we prove the following which characterizes the 

prime ideals in left Quasi-Art inian rings. 

Theorem3.8  

Let R be a commutative quasi-Artin ian ring and I be a 

minimal ideal in R. Then ann( I ) is a maximal ideal .  

To prove this we need the following  

Lemma3.9  

If R is a commutative quasi-Artinian ring ,then every 

prime ideal of R is maximal . 
Proof: 

Let P be a prime ideal of R, then PR  is a prime ring. 

Now PR  is a semi-prime quasi-Artin ian ring. Therefore 

by Corollary  3.5 PR  is a semi-simple Art inian .Hence by 

Wedderburn's Theorem PR is a finite direct sum of 

minimal ideals, each  of which is a simple Artin ian ring. But  a 

prime ring cannot be written as a d irect su m of non-triv ial 

ideals, hence PR  is a simple ring. Therefore P is 

maximal. 

An immediate consequence of Lemma 3.9 we have the 

following 

Corollary3.10 

If R is a  quasi-Artinian ring, then J(R)= rad(R)= N(R). 

Where J(R) is the Jacobson radical of R and rad(R ) isthe 

prime radical of R. 

Proof of Theorem3.8   

By Lemma 3.10, it enough to show that ann( I ) is a prime 

ideal in R. 

Let Ryx ,  such that )(, Iannyx  . Then 

0xI  and 0yI  , but IxI  and IyI   . But I 

is a minimal ideal of R , hence IxI  and IyI  . 

Therefore Ixy0 and 0xyI . Hence 

)( Iannxy , and ann( I ) is a prime ideal of R .  
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