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Common Fixed Point Results in Cone Metric Spaces Using
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Abstract Cone metric space was introduced by Huang Long-Guang et al. (2007) which generalized the concept of metric
space. Several fixed point results have been proved in such spaces which generalized and extended the analogous results in
metric spaces by different authors. In the present paper two common fixed point results for a sequence of self maps of a
complete cone metric space, using altering distance function between the points under a certain continuous control function,
are obtained, which generalize the results of Sastry et al. (2001) and Pandhare et al. (1998). Two examples are given in

support of our results.

Keywords Complete Cone Metric Space, Altering Distance Function, Common Fixed Point

1. Introduction

Results concerning the existence and properties of fixed
points are known as fixed point theorems. The theory of
fixed point became an important tool in non-linear functional
analysis since 1930. It is used widely in applied mathematics.
The existence and types of solution always help to give
geometrical interpretation, to discuss the behavior and to
check stability of the concern system. The famous Banach
contraction principle says that “every contraction map froma
complete metric space to itself has a unique fixed point”.
Due to the wide importance and application of this principle,
several authors generalized this principle using either
different contractive conditions or space structure.

Further, the study of common fixed points of mappings
satisfying certain contractive conditions has been
reinvestigated extensively by many mathematicians. The
fixed point theorems related to altering distances between
points in comp lete metric space have been obtained initially
by D. Delbosco in 1967, F. Skof in 1977, M.S. Khan, M.
Swaleh and S. Sessa in 1984.

Recently, Huang Long-Guang et al. (2007) introduced the
concept of cone metric spaces in which set of real numbers

has been replaced by a real Banach space and a partial
order has been defined with the help of a subset (called
cone) of that real Banach space. As the set of real
numbers is well ordered but the concerned Banach space is
only partially ordered, so it is a task to extend the existing
results in metric space to cone metric spaces if possible. In
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this paper we have established common fixed point results
for cone metric spaces which generalize the existing results
in metric spaces of Sastry et al.[9] and Pandhare et al.[4].

We now give some preliminaries about cone metric
spaces given by Huang Long-Guang et al.[2].

Let E be a real Banach space and P be a subset of E. P
is called a cone if

(i) P is closed, non-empty and P # {0}

(i) ax + by e P for all x,y e P and non-negative real
numbers a, b

(i) PN (—=P) = {0}.

For a given cone P we can define a partial ordering <
with respect to P by x < y if and only if y-xe€P.
x < y will stand for x < yand x # y, while x << y
will stand for y — x € intP, where intP denotes the interior
of P.

The cone is called regular if every increasing and bounded
above sequence {x,} in E is convergent. Equivalently the
cone P is regular if and only if every decreasing and
bounded below sequence is convergent.

Definition1.1[2] Let X be a non-empty set. Suppose the
mapping d: XxX — E satisfies

(i) 0 < d(x,y) for all x,ye X and d(x,y) = 0if and
onlyif x =y

(i) d(x,y) = d(y,x) forall x,ye X

(iil) d(x,y) < d(x,z) + d(z,y) forall x,y,z€X.

Then d is called a cone metric on X and (X, d) is called
a cone metric space.

Definition 1.2[2] Let (X, d) be a cone metric space, {x,}
asequencein X and x € X.

Forevery ce E with 0 << c; we say that {x,} is:

(i) a Cauchy sequence if there is a natural number N such
that forall n,m > N;d(x,,x,,) << ¢

(i1) convergent to x if there is a natural number N such
that forall n > N; d(x,,x) << c¢ forsome x € X.
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(X,d) is called a complete cone metric space if every
Cauchy sequence in X is convergent.

Definition 1.3 Let @ be the set of all continuous self
maps ¢ of P satisfying

(i) @ is monotone increasing

(i) @(t) = 0 ifandonly if ¢ = 0
Then it is called an altering distance function on the cone P.

2. Main Results

In this section we obtain two fixed point results on a
complete cone metric space generalizing Theorem 2 of
Sastry and Babu[9] and Pandhare and Waghmode[4] in turn.

Theorem 2.1 Let {T,},—; be sequence of self maps on
complete cone metric space (X ,d). Assume that

(i) There exista ¢ in @ such that

o (a(rx,7))

< ag@(d(x,y)) + b(ed(x,T;x)) +¢d(y,Tjy)))

for all i,j in N and for all distinct x,y in X, where
a=>0,0<b<1witha+2b <1

(i) There is a point x, €X such that any two
consecutive members of the sequence {x,}

defined by x,, = T,x,_¢,n = 1 are distinct.

Then {T, };,-; has a unique common fixed point in X. In
fact {x,}is Cauchy and the limit of {x,}is the unique
common fixed point of {T, };—;.

Proof : Let o, = d(x,,xp41) and B = @(a,).

Then
B = o) = @(d(x;,x,)) = (p(d(Tle'szl))

< a@(@(xg,x1) + b(e(d(xg,x1)) + @(d(x1,X2))).

This imp lies that

- (A=b)e(d((x1,x2)) = (a +b)p(d(xg,x1)

ie., ¢() < ko(a)

ie., B, < kfywhere k = (a+b)/(1-D) < 1.

By induction, we get

B, < kB, , foralln =1 (D)

This implies that /8 ’s are decreasing and bounded below
sequences in P.

As P is regular, B will converge and B, < k,f, as n

— o B Jo.
Now
ﬂns kﬂn—l = ﬂn—l
i-e': (p(an) < (p(an—l)
ie.,, a, < a,_; foralln > 1.

Therefore {a,} is a decreasing sequence in P. As P is
regular a, — o(say).
Then B, = ¢(a, Wo(a). So

hencea = 0.

that ¢@(a) = 0
Therefore {a, N 0. )
Now we show that {x,} is Cauchy in X.
If it is not so then there is a ¢ >> 0 and sequences
{m()} and {n(k)} in N
such that m(k) < n(k) , d(X,(0,Xm)
d(Xn()-1 Xm0 ) << C.
Assume that x,)_1 = X,,()—1 for infinitely many k.

> ¢ and
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Then for such k we have
¢ < d(x,,Xmw)
< d(X Xm0 -1) + AXm@w -1, XmG))
= d(x,w  Xnw-1) + A(xXneo-1,Xmw) - 0
ask - o (by (2))

which is a contradiction because ¢ >> 0.
Hence forlarge k, x,00-1 Xm0 -1 -

Consequently
() < @A Xmw))
= ¢(d(Trt Xn -1 TG X m-1))
ap(d(Xp-1 Xmw-1)) + b(@(d(Xr-1,%nt)))
+ @@ -1,Xm)))
< ap@Xn-1Xmw) + AdX ) XmGo-1))
+ b(p(d(xp0-1,%n(0))
+ o(d(Xmw -1, Xm®)))

< ap(c + dxpw Fnw-1))

+b(@[@XnG-1.Xn0)) + @@ X -1,XmG) )
- ap(c) ask — by (2

Hence ¢(¢) < ap(c)

ie., (1—a)p(c) <0

IN

ie., () < 0 implying that -¢(c) = 0 so
-¢@(c) eP.
ie., @(c)e —P, but ¢ >> 0 so ¢(c) = 0 ie,

@(c) € Pie., p(d)e{P n(-P)}.

Therefore ¢@(c) = 0 ie., ¢ = 0. This is again a
contradiction.

Hence {x,} is a Cauchy sequence in X. As X is
complete, limit of {x,} exists. Let it be y.

There is a sequence {n,} in N such thaty # x,(9_1-
Otherwise y = x,_; for large, which is not the case, since
consecutive terms are different. With this subsequence
{x,G0}, we have for any positive integer m,

ATy, X)) = @A(TnY, tao Xn-1))
< a@dy *aw-1)) + ble(d(T,y,¥))
+ @(d(Xnr ¥n(0-1)))-

Taking limit as — o , we have @(d(T,y,y)) <
bo(d(Tny, y))-

Since 0 < b < 1, it follows that ¢(d(T,,y,y)) = 0 so
that d(T,,y,y) = 0 ie, T,y = y.

This shows thaty is a fixed point of T,, for each m.
Thus y is a common fixed point for the sequence
(T -

Now we show that the fixed point is unique. Let z be
another common fixed point of {T, };;_4, then

@Ay, 2)) = ¢(d(Ty,T;2))

< ap(d(y,2)) + b(e(dW, T;y)) + ¢(d(z1T;2)))

= a(d(y,2))

ie, (1—a)pd(y,z) <0

ie., o(d(y,2)) = 0

ie.,, d(y,z) = 0 ie.,y = z.

Remark: If we take metric as the usual metric and cone
P =[0,00) in our theorem then we get Theorem 2 of
Sastry and Babu[9] as a corollary.
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Now we give our next result where ¢ satisfies an
additional property given by

px +y) < o(x) + o) forall pe @ *)

Theorem 2.2 Let {T, },—;be asequence of self maps on a
complete cone metric space

(X ,d). Assume that

(i)There exista ¢ in @ with (*) such that

¢ (d(T,x,Ty)) < ap@x,y) + b(p(dx,Tx))
+ 93T + clp(d(xTy))

+ ¢(d(y,T;x)))

for all i,j in N and for all distinct x,y in X, where
a>0c¢=20,0<b<1witha+2b+2c< 1.

(i) There is a point x, in X such that any two
consecutive members of the sequence {x,} defined by
x, = T,x,_4,n = 1 are distinct.

Then {T, };;-; has a unique common fixed point in X. In
fact {x, } is Cauchy and the limit point of {x,, }is the unique
common fixed point of {T, };—;.

Proof : Write ¢«, = d(x,,x,41)and B, = ¢(a,)

From (i) and (ii) , we have

B, = o(a)
= @(d(x1,x3))
= @(d(Tyx,Tyx1))
a@(d(xo,x1)) + b(e(d(xo,x1)) + @(d(x1,x2)))
+ clp(xp,x2) + @ (d(x1,x1)))
a@(d(xo,x1)) + b(p(d(xg,x1)) + @(d(x1,x2)))
+ c((d(xg,x1) + @ d(xq,x3)))
< (@+b+c)p(d(xg,x;)) + (b+)e(d(x;,x2))

This imp lies that

(1=b—=c)p(d(xy,xz)) < (a+b+c)p(d(xg,x1))

ie.,

@(d(x1,x7)) <[(a+b+c)/(1=b—c)]ed(x,,x1))
ie., f; < kB, where k =[(a+b+c)/(1—Db—
)] <1 fora+2b+2c < 1.
By induction it follows that
B, < kB,_; foralln > 1 3)
So B,’s are decreasing and bounded below sequences in

IA

IA

P.

As P is regular cone, g, will converge and B, < k" f3
asn > o B 0.

Now

B, < kPnqy < Bra

ie, ¢(a) < ¢(o-1)

ie, a, < a,_jforall n = 1.

Therefore {¢, }is a decreasing sequence in P. As P is
regular a, — ofsay).

Then B = o(a)Vp(a). So that ¢(a) =0 hence
a=0.

Therefore {a,} 4 0 4

Now we show that {x,} is Cauchy in X. If it is not so,
then thereis a & >> 0 and sequences {m(k)} and {n(k)}
in N such that m(k) < n(k) and

d(Xn(rXmt) 2 ¢ and d(Xy0-1,¥mw) << C.

Assume that, x,()_1 = X()—1 forinfinitely many k.

Then for such k we have
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£ < d(x,  Xmw)
< A%, Xm0 -1)
+ d (X -1 Xm0 )
= d(Xy(0, Xn-1) + dXm@-1,Xmw) = 0 as
k — 0 (by (4)
which is a contradiction because ¢ >> 0 .
Hence for large k, x,, (-1 # Xnm(-1 -
Consequently
p(e) < eA(xna0 » Xm))
= @(d(Tr00Xnt0-1 T XmG-1))
< ap(d(Xp-1,XmG-1)) + b@@A(*Xn@-1,%n1))
+ o(d(X -1 Xm)))
+ (-1 TmG Xm0 -1))
+ (A nw -1 TG Xn(0-1)))
< ap(@(Xp-1.XmG ) + AdXmG0 »XmGo-1))
+ b(p(d(xyG0-1,%n(0))
+ o(d(Xmw-1%Xm®)))
+ c(P(d(x -1, Xmw)) + @(AXnG-1,%Xn0)))
< ap(e + dXp@ Xmew-1))
+ b(@(d(Xn0-1,%20)))
+ o(d(XmGo-1,%mw)))
+e(@®) + ed*nG-1,Xmt-1) + A(Xnw-1,%20)))

< ap(e + dX @ Xmw-1))
+ b(p(d(Xn(-1 Xn()))
+ @(d(Xmt-1,Xm®)))
+e(@(8) + @(d(xpt-1,XmG) +dXnw XmG-1)
+ d(XmG) -1 X00))))
< ap(e + dX G Xm-1))
+ b(e(d(Xn0-1,%20)))
+ (dX -1, Xmw)))
+c(@(®) + @(e) + odXnw »Xmt-1))
FoAXnw-1,X20)))
- (a + 2¢) p(e) as k - o by (4)
Hence ¢(g) < (a + 2c)¢p(s)
ie, (1—a—2c)p() <0
e =20.

ie, o(e) = 0 ie, This s

contradiction.

Hence {x,} is Cauchy sequence in X. As X is
complete, limitof {x,} exists. Letitbe y.

There is a sequence {n(k)} such that y # x,()_1.
Otherwise y = x,_; forlarge n, whichis notthe case,
since the consecutive terms are different. With this
subsequence {x,()}, we have for any positive integer
m,

again a

(p(d(Tmy 'xn(k))) = (p(d(Tmy!Tn(k)xn(k)—l))
< ap(d(y, xn-1)) + b(e(d(T,y,¥))
+ 0[A(Xn »XnG-1))
+ (@@, ThaoXn-1)) + @(dxp0-1,Tny)))
< apd(y,xn-1)) + b(e(d(T,y,¥))
+ 9 dXn0) Xn-1)))
+ @y, x,00)) + @(dxpt0-1,TnY)))
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Takinglimitas — oo , wehave
p(d(Tny,y)) < (b + )p(d(T,y,y))

ie, (1-b—-c)pdT,y,y)) <0

ie., od(T,y,y)) = 0 so that d(T,,y,y) = 0 ie.,
Tny = .

This shows that y is a fixed point of T,, . Thus y is a
common fixed point for the sequence {T,},—; . The
uniqueness of the common fixed point can be shown easily.

3. Examples

Example 3.1: Let X = [0,.2] with usual metric. Define
T,:X - X by

T, =x* forn=1,2, ... Define p(t) = t,t = 0 so
that @ e @. Then {T,},—; satisfies the condition (i) with
a = 0.5and b = 0.125.

Observe that, for any non-zero x, in X, the sequence
{x,}w=; defined by x, = T,x,_;,n =1 has all its
elements distinct so (ii) also holds; thus hypothesis of
Theorem?2.1 is satisfied and 0 is the unique common fixed
point of {T, 3} _;.

Example3.2: Let X = [0, 0.1] with usual metric. Define
T,:X - X by

T, =x forn = 1, 2, .... Define @(t) = t,t = 0 so
that ¢ e ®d. Let x,y€e X ,x # y Then,

(p(d(Tnx'Tmy)) = IxZn - yZml
= (" + y™)" = y™)|
< 0.2[x™—y™|
<0.2{]x™ — x| + |x - y™|}
S 02{x" — x| + |x —y| + [y-y"]}
< 02x — y| + 0.2{|x%" — x| + |y*™ — y|}
+ 0.1{x™ =yl + |y — x|}
< 02 9(d(x,y)) + 02[p(d(x T,x)) + ¢(d(y, T,y))]
+ 0.1[eo(d(x, T, y)) +
@(d(y, T, x))]

Ifwetake a = 0.2,b = 0.2,¢c = 0.1

Thena+b+2c =08< 1

Hence condition (i) of Theorem 2.2 is satisfied. Observe
that for any non zero x, in X, the sequence {x, };—;defined
by x, = T,x,_;,m = 1lhas all its elements distinct so the
condition (ii) of Theorem 2.2 also holds and 0 is the unique
common fixed point.
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4. Conclusions

The results obtained in this work extends the common
fixed point results in metric spaces of Sastry and Babu[9]
and Pandhare and Waghmode[4] to cone metric space in a
more general setting in context with the space structure
equipped with a partial order.
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