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Abstract The present paper deals with few fixed point results for mappings satisfying some generalized contractive type
inequality condition in 2-metric spaces, which generalize the results of Rhoades (1979) and Gahler (1963), Iseki (1975), Iseki

p(x,f(x),a)+p(y,f(x),a)

etal (1976) in turn. The inqualities involve a rational type of terms given by [ ,

p(x,g(y),a)+ p(y,fx),a)

p(x,f(y),a)+ p(v.f(x),a)
[ 2 2

2

1,1 1 [p(E™(y).a) + ply,fi™(x),a)] /2 etc under max composition.

Keywords 2- Metric Space, Self Mapping, Generalized Contraction, Fixed Point

1. Introduction

The concept of a 2- metric space was initially given by
Gahler ([2],[3]) during 1960’s. Then about a decade after
during 1970’s some basic fixed point results in such spaces
have been established by Iseki ([4], [5]). There after some
fixed point results are obtained in such spaces by Khan et al
[6], Rhoades[7] and many others extending the fixed point
results for contractive mappings from metric space to 2-
metric space. In this subsection we give some preliminary
definitions and results of aforesaid authors.

Definition 1.1 A 2-metric space is a space X in which, for
each triple of points a, b, ¢ there exists a real valued non
negative function satisfying:

(1) For each pair of points a, b, a # b of X, there exists a
point ¢ € X such that p(a, b,c) # 0.

(2) p(a, b, c) = 0 when at least two of the points are equal.
(3) p(a,b,c) =p(a,c,b)=p(b,c,a)and (4) p(a,b,c)< p(a, b,
d)+p(a, d,c)+ pd,b, c)

Definition 1.2 A sequence {x,} of X is called Cauchy
sequence if

lim p(x, , Xn,a) = 0 foralla ¢ X.

Definition 1.3 A sequence {x,} in X is convergent and X
X is the limit of this

sequence if p(x,, X ,a) = 0 foreach a ¢ X.

Theorem 1.1 (Rhoades[7]) Let X be a complete 2-metric
Space, f: X — X satisfying: there exists ah, 0 < h < 1 such

p(f(x), f{y), a) <h max {p(x,y, a), p(x, {(x), a), p(y, f{y), a),
p (x.1(y),a), p (y,f(x).a)}
that foreach x, y,a ¢ X
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Then f possesses a unique fixed point zand lim f "(x) = z
foreach xp ¢ X.

Theorem 1.2 (Rhoades[7]) Let fand g be mappings of a
complete 2— metric space X into itself satisfying

p(fx).g(v)a) < h max {p(xy.a), p(x.f(x).a), p(y.g(y).a).

p(y,f(x),2), p(x.g(y).a) }
forall x,y € X, h a fixed constant satisfying 0 <h <1. Then

fand g have a common fixed point z.

Theorem 1.3 (Rhoades[7]) Let X be a complete 2— metric
space , {f,},n =1,2,.... a sequence of mapping f, : X — X,
suppose there exists a sequence of non negative integers {m,}
and a number h, 0 <h < 1 such that, for all x,y € X and every
pair i, j , i # j and satisfying

p(flml(x)lfj m (Y)sa) < h
P B (%)), (),), py.fiT (X),2)}

Then the mappings {f,} have a unique common fixed
point.

max {p(x.y,a),

2. Objective

The main objective of the paper is to establish few fixed
point results in 2-metric space involving terms like
plxflx).al+ ply.flxla)  plflylal+ p(y.flxla)

L - ; - )
= e

plx.gly).al+ p(y.flx).a)

- 1 . pxfy)a)  +

p(y,fimi(x),a)]/Z etc in the inequality condition under max
composition, which is more general than the inequality
condition used by previous authors.

3. Method

The usual fixed point analysis methods for 2-metric space
as used by earlier authors Gahler, Rhoades, Iseki has been
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used to prove our generalizations.

4. Main Results

In this paper few fixed point results are obtained for some
generalized contractive mappings involving rational type
terms in a 2- metric space. Taking a clue from Theorem 1.1,
our first result goes as follows:

Theorem 4.1 Let X be a complete 2— metric space, f: X
— X satisfying : there exists a h, 0 <h < 1 such that for each
XY, a¢eX,

p( f(x),f(y).a) <h max {p(x,y,a), p(x, f(x),a), p(y,f(y).2),

plaflxlal+ ply.fix).a)

- ’

pleflylal+ ply.flx)a) )
1} (i) Then f possesses a

unique fixed point z

Proof : Let x, € X and define {x,} by

X1 = (%), n =0,1,2...

From (i) we have ,

pOa+1, Xm1,d) = p(FO6), f(Xm)a) < h max { p(xn,Xm@),
P(%n, Xn+1,2), P(Xm, Xme1,d),

- 1- -
pl¥n¥n+1.8)+p(X¥m Xp4q.8)

[ 2 ]’
pl¥n Xm44.8)4+p(Xm Xn44.a)

[ 2 I
Sh P(Xnyxmua)

It cannot be that, p(xn, Xm+1,3)/2 = p(%, Xma) , P (Xn+1, Xme1,
a)

Again ,

P(¥n, Xm+1,2) < P(Xn , Xme1,%+1) + p(%n, Xn+1,8) + P(Xn+1, Xme1,3)

and we have , p(Xq,Xm+1,%+1) = 0.

Thus,

P(Xn+luxm+l7a) < h p(xnn Xml a)

Similarly, p(X1,Xm,a) <h p(Xn-1, Xm1,2)

<h? P(Xn-2, Xm2,8)

<h" p(x0, %.2)

Therefore for integers n, m where n > m > 0,

p(Xn, Xm, ) <h" p(x0, Xc,2) (ii)
where k is a suitable integer satisfying 0 < k < m. using
property 4 of definition 1

and (ii),we get

p(X0, %) < p(X0, X, %) + p(x0, X1,2) + p(x1, X, @)

<p(%0, % %) + p(X0, X1, 2) +h p(x, X, )

hl.'l
Therefore, p(x, Xm, a) < in p(X0, X1, @)

So it can be easily shown that

p(x0, %, %) =0, (see[7])
where K is a suitable integer satisfying 0< K'< k. Therefore
{x.} is Cauchy sequence, hence convergent. Let us consider
the limit z, using (i), forany a ¢ X.
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p( Xn+1, f(z)5 a) =p ( f(Z),a, Xn+l) = p( f(Z), Xn+1, a)
S h Imx{ p( Z, Xn, a):v p(Z, f(Z), a): p(xnx Xn+1, a)l
5 (2£(z).2)+ (g Kpss.2)

- ’

=
piz.xa) + p(x.f{z).a)

Taking the limit of both sides as n — o, we have,

p(z f(z)a) <h p(z f(2),2)

which implies z = f(z).

Suppose z, w are fixed points of f. Then from (i), each a ¢
X, we have

p(z, w,a) <h p(z, w, a).

Since 0 <h < 1, and using p(a, b, ¢) # 0.So we get, z=w.
Therefore f has a unique fixed point z.

Theorem 4.2 Let X be a complete 2- metric space, {f,} a
sequence of mappings of X into X with fixed points z,, and f
a mappings of X into X satisfying

p(f(x).f(y).2) < h max {p(xy.a), p(xf(x)a), p(y.fly).a),
px.f(y).a), p(y.f(x),a)} (iii)

with fixed point z, such that f, — funiformlyon { z,: n=
1,2, ....}. Then z, — z.

Proof: Let ¢ > 0. Fromthe uniform convergence of {f,} on
{z, :n =1,2,..} there exists an integer N such that foralln >
N,

2 1
p( f(z), fa(zn), @) < ﬁ forall z,, where M = ——

1-h

Now, p(zn, 7,2) = p( fa(20), f(2),2)

< p(fn(20).5(2) H(z0) +p(fa(z0), F(zn)2) + p(f(z0),1(2) 2) (iv)

Again from (iii),

p((zn),1(2),a) < h max{p(zn,za),p(zf(z1).2).p(z [(2),2).p
(20.1(2),0)p(z (z0),2)}

<h max{p(z, z a), p(z, 1(z,),a)}

So that

p(tn(zn), T(2), ¥(zn)) = p(f(2), (z0).20)

<h max {p(zn, Z, Z0), p(za, f(2:),2)} = 0.

Now (iv) becomes

p(zﬂa z, a) = p(fn(Zn),f(Zn),a) +h max{p( Zn, Z, a)’ p(an
f(z0).2)}

which implies

plfn(zn iz La)

1-h

p( 70,7, a) < <e

Thus z, — z.

Our next result generalizes theorem 1.2 of Rhoades[7].

Theorem 4.3 Let f and g be mappings of a complete
2—metric space X into itself satisfying

p(f(x),g(y)a) < h max {p(xy.), p(x,f(x),a), p(y.g(y).a),
p(y-fix).a), p(x.g(y)a),

pla.glylal+ ply.fixla)

[ . I v)

forall x,y € X, h a fixed constant satisfying 0 <h <l . Then
fand g have a common fixed point z and (fg)"(x) — z and
(99" (%) — z foreach x & X.

Proof: Let x € X and we define {x,} by

Xon+1 = F(%n) and Xon+2 = 9(Xon+1)

From (vii), we get

p(Xen+1, Xon+2, @) = P(f(%en), 9(%en+1), @)
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<h max {p(Xon,Xen+1,), P(Xon, Xon+1,2), P(X2n+1,Xen+2,d),

p£X2n+1,X2n+1,a),x p(Xon, Xon+2,8),

plXan Xan42a4p(Xs n+1-3~'2n+1-3,'] }

<h max { p(Xon,Xen+1,a), p(Xon, Xon+2,a)}

Again ,

p(Xon,Xon+2,a) <
P(X2n+1,Xon+2,8)

and we have,

p(Xon, Xon+2,%n+1) = 0.

Thus, p(3n+1.%n+2,a) <h p(Xon, Xon+1, @)

Similarly, p(xen,%en+1,a) <h p (32n-1, %n,d)

Forarbitrary n, we have

p(%n, YX+1,2) <h" p(x0, X1, ) (Vi)

Forany m >n and using property 4 of definition 1 and (vi)

p(Xon, Xon+2.%n+1) +  p(Xon,Xon+1,8) +

p (Xm, %,8) <
m-n—2 . . . m-n-—1.. . .
EELI}VJ p('\m. '\n—ki'\n—k—‘l) T EELEV-J L ESIT RIS ":l:l

=h"(L-h) ™ (o, X, Xm) + p(x0, %, 2)]
we can easily shown that, p(xp, X1, Xm) = 0. ([7])

So that {x} is a Cauchy sequence and hence
convergent.Let us consider the limit z.
Now,
p(f(2), z,a) < p(f(2), 2, xen+2) + p(£(2), Xon+2,3) + p(Xen+2,2,2)
(vii)

From (vii), we get
p(f(2), Xon+2, @) = p(f(2), g(Xen+1), @)
<h max{ p(Z3 X2n+1, a)’ p(Z7 f(Z)7 a)a P(X2n+1, Xon+2, a),
p(xen+1.(2),2),
p(ZXzn+z.2) + p(Xzn+..£(2).2)
P(Z,X2n+2:a)’ [ 2

1} (viii)

Substituting (vii) into (viii) and taking limit as n — «, we
have,

p(f(2), z a) <h p(z f(z), a)

as 0<h <1, we getz= f(z).

Therefore, z is a fixed point of f. Similarly, we can show
that zis also afixed point of g. For uniqueness, suppose zand
w are common fixed points of f and g.

Now from (v)

p(z, w, a) = p(f(2), g(w), a)

< h max {p(z, W, a),
p(w.g(w),a),p(z,g(W).a),p(W.f(2).a),

[ plz.glwlal+ p (w.flz).a) ]

-

p(zf(2),2),

<h max { p(z,w,a), 0,0 ,p(z,w,a), p(w,z,a),p(z,w,a)}

or, p(z,w,a) <h p(z,w,a),

which implies z = w. Thus z is a uniqgue common fixed
pointoffandg.

An extension of theorem 1.3 of Rhoades[7] goes as
follows:

Theorem 4.4 Let X be a complete 2—metric space , {f,}, n
=1,2,.... a sequence of mapping f,: X — X, suppose there
exists a sequence of non negative integers {m,} and a
number h, 0 <h < 1such that, forall x,y ¢ X and every pair
i,j,1# ] and satisfying

pET Sy < h
P F™(20,2),p (v (V),2), p(y,fi™(%).2),

max {p(x,y,a),
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PO ™(), [pCSG™(Y).2) + ply, §™(x),2)]/2 3 (i)

Then the mappings {f,} have a unique common fixed
point. _

Proof : Taking g;i = f™, i=1,2,3,.... in (ix), we have

p(gi(X), gj(y).a) <h max {p(x,y,a), p(x.gi(x).a), p(y.gj(y).a),
P(y,gi(x)na), p

PLEB:(vha) + p(w.8ix)a)

p(X,gj(y),a), [ - 3

Let us consider X, € X and we define

Xn = gn(xﬂ-l)a n= 1527-"

Now from (x), we get

P(%n, %+1,2) = P( En(%-1), Gn+1(¥0) @)

<h max { p(x-1,%,2), P(Xn-1,%,2), P(¥n,Xn+1,2),p(%n, %),

P(%n-1,X1+1.,8), )
pl¥n—1.Xn+1.8)+p(Xp Xn.2)

I

-

< h max { p(xn-1.%.2), P(Xn-1,%.3), P(%n,%+1,3),0,
p(Xn;l:XHl,a)v .

PlXn—1.Xp4y.3)

as in the proof of Theorem 2.3, we led to the conclusion
that

P(Xen, Xen+1,2) < h p(X2n-1,%n,a)

and in general

(% Yo+1,2) <h" p(x0,%,2).

Therefore, {x,} is Cauchy sequence and converges to a
limit z. Now we get from (x),

p(gn(x)!grm'l(xm)’a) < h max { p(Z,xm,a), p(z,gn(z),a),
p(xvaI‘THlia)y

Q(Xm,gn(Z),fl), . X

plzxm+4galt pl¥mE (z), 2
; I}

Taking limit as m — oo, we obtain,

p(gn(z)ﬂzaa) < h p(gn(z)yzaa) =h p(Zﬁgn(z)la)

which implies that g,(z) =z, as 0<h< 1.

For each n, we have f,(2) = f,(gn(2)) = fa(f,""2), which
shows that f,(2) is a fixed point

of gn. Uniqueness of this theorem follows easily from (ix)
and by uniqueness, we

have f,(2) = z .Hence z is a unique common fixed point of

p(Z,xm+1,a),

fo.
Theorem 4.5 Let T and S be two self mappings of a
complete metric space (X,d) satisfying

ad(Tx,Sy,u) + bd(x,Tx,u) + cd(y,Sy,u) < q max{d(x,y,u),
d(xTx,u), d(y,Sy,u)} (xi)

forx,y e XandueX;a+c>qanda>q.ThenT andS
have a unique common fixed point.

Proof: Let x ¢ X and we define {X,} by %n+1 = Tx, and
Xon+2 = SXon+1,

Now putting X = X%pn and y = Xn+1 in (Xi) we have

ad(TXen, SXen+1, U) +bd(3en, TXon, U) + cd(Xen+1, SXon+1, U)

<q max{d(xen, Xen+1, U), d(Xen, TXen, U), d(%n+1,SXen+1,U)}

or, ad(%n+1, Xen+2, U) + bd(Xen, Xon+1, U) + €d(%en+1, Xon+2, U)

<q max{d(xzn, Xn+1, U), d(%en, Xen+1, U), d(Xen+1, Xon+2,U)}

or, (@+c) d(%n+1, Xons2, U) + bd(Xen, Xon+1, u) < qd(Xen, Xen+1,

u)
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g-b
d(n, Xon+1,U)=hd (%n, Xon+1,

a=c

or,d(Xn+1, Xon+2, 1) <

g
u), where h= ——
a-c

Similarly, d(Xon, Xon+1, u) < h d(xn.1, Xn, U)

Therefore for any arbitrary n

d(%, X+1, u) < h" d(%, %, U) (xii)

From (xii) using the property (4) of definition 1, we get,

forany m>n
d(Xm, X,U) <
EEL_C-:)__ d[me sl xn—k—‘l) s Eicm=_[!-n_1 d[xn—kan—k—‘ll 1.1:]

<h" (1-h)*[d0%, %, Xm) +d(%0, %, U)]

We can easily shown that d(x, %, Xm) = 0 ( Rhoades[7])

So that {x,} is a Cauchy sequence, hence convergent and
{TXn}{S»n+1} also converge to z. From (xi),

ad(Txn, Sz, u) + bd(X%n, Txn, U) + cd(z, Sz, u)

< q max{d(XZn: Z, U), d(XZm TXZn: U), d(Z, SZ, U)}

In the limiting case, we get

ad(z Sz, u) +cd(z, Sz, u) < qd(z, Sz, u)

or,(@+c-q)d(z Szu) <0.

Therefore, Sz= zsince a+c >q.

Thus zis a fixed point of S. Similarly we can showthat z is
also a fixed point of T. Hence z is a common fixed point of T
and S.

The uniqueness of the common fixed point can be easily
shown by using (xi). This completes the proof of the
theorem.

Omitting the term bd(x Tx,u) and cd(y,Sy,u) from the left
hand side of theorem 4.5 we get the following result as a
corollary of the above Theorem.

Corollary 4.1 Let the self mappings Tand S ofa complete
metric space (X, d) satisfy

Some Fixed Point Results in 2-Metric Spaces

d(Tx Sy, u) <q max{d(x,y, u), d(x, Tx, u), d(y, Sy, u)}
for x,y,u € X. Then T and S have a unique common fixed
point.

5. Discussion and Conclusions

Our results obtained in 2-metric space with inquality
condition involving rational terms have generalized the
earlier resuls of Gahler, Rhoades, Iseki etc in terms of
inquality condition as well as in terms of a pair of mappings
and a family of mappings.
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