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A Study of Bilateral New Mock Theta Functions
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Abstract We define bilateral series for two sets of new mock theta functions-- one given by Andrews and the other by
Bringmann et al. Not only the bilateral form of the mock theta functions in the two sets are equivalent they further come out
to be equivalent to the bilateral form of the eighth order mock theta functions of Gordon and McIntosh. These bilateral series
are expressed as a g-hypergeometric , ¢, series and then represented by continued fractions. We extend the definition of the
bilateral mock theta functions and show they are F, -functions and relations are then defined.
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1. Introduction

In his last letter to G.H. Hardy[11], S. Ramanujan listed
seventeen mock theta functions of order three, five, five and
seven. According to Ramanujan a mock theta function is a
function r(q), |¢|<1, satisfying the following two condi-

tions:
(0) For every root of unity ¢ , there is a @ -function

6,(q) such that the difference f(@)-6:(q) is bounded as
g— ¢ radially.

(1) There is no single & -function which works for all ¢
i.e., for every 6 -function (q) there is some root of unity
¢ for which f(4)-g(g) is unbounded as g— ¢ ra-
dially.

G.N. Watson[17] found three more mock theta functions
of order three. In his “Lost” Notebook Ramanujan gave six
more mock theta functions which were called by G.E. An-
drews and D. Hickerson[5] of order six and four mock theta
functions which were called by Choi[6] of order ten. B.
Gordon and R.J. McIntosh[8] generated eight mock theta
functions and called them of order eight, but four of them
were later found of lower order. Hikami[9] found one more
mock theta function of order two.

Recently Andrews[2] in his paper generated some new
mock theta functions and found four of them interesting.
Bringmann, Hikami and Lovejoy developed two more mock
theta functions. We in[12-14] have made a comprehensive
study of these mock theta functions.

After studying these mock theta functions in[12-14] 1
started considering their bilateral form. The study became
interesting as in their bilateral form the mock theta functions
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¥,(¢9) and ,(q) of Andrews came out equivalent to the
bilateral form of mock theta functions %0(‘]) and q?l(q)of

‘/70,c(q) and
¥, .(¢q) are found to be equivalent to bilateral form of the

Bringmann et al. Moreover the bilateral
eighth order mock theta functions S,(¢)and S,(q), gener-
ated by Gordon and Mclntosh. Also ¢, .(¢) and ¢ .(q) are

equivalent to the bilateral form of the mock theta functions
T,(q) and T(9) of Gordon and Mclntosh. Lastly I
represent these bilateral form of the mock theta functions as
g-hypergeometric ,¢ series and write them as continued

fractions.
The four mock theta functions of Andrews [2]:
2n2
volg) = (1.1)
° Z( %92
2n2+2n
vi(q) = (1.2)
! nz()( q, q)2n+1
q2n +2n (qqZ)
¥,(q) = Z . (1.3)
n= O(q -q ) ( qq)Zn
and
0 f’l2 ( )2
_ q9 (—q.9
vi@)=) ———- (1.4)
’ ng() (‘Z:Q)zn

Andrews called ;(g) as a companion to the third order
mock theta function of Ramanujan

w(q)= Z

n= O(q q )
The two mock theta functions of Bringmann, Hikami and
Lovejoy [10]:

%(q) = Zq ~4:4),5,01 (1.5)

and
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(@) =>.4"(-4:9) (1.6)
n=0

We now write the mock theta function as basic bilateral
series, and following Watson, call them *Complete’.

2
Vald) iiw <—z:;)z,,’ 47
00 202420
V.(9) = n;wW’ (1.8)
. (q) = Z 9" (-4:9),,., (1.9)
and o
h.(q) = i 4" (~4:9),, (1.10)

n=-—0

The scheme of the paper is as follows:

In section 3, we give an expansion for these functions
using Slater’s expansion formula[7] and show their rela-
tionship with other bilateral mock theta functions.

In section 4 and section 5, we express these ‘complete’

mock theta functions as , ¢, series.

In section 6, we represent these ‘complete’ mock theta
functions as continued fractions.

In section 7, we give alternative definitions, using Bailey’s
bilateral transformation[7].

In section 8, relationship between two sets of bilateral
mock theta functions is shown.

In section 9 and 10, we define extended form for the
‘complete’ mock theta functions and show that they are  F, -

functions and certain relationship between these functions.

2. Basic Standard Results

We shall use the following usual basic hypergeometric
notations:

n
(@:q"), = H(l—aqk('”'l)), |qk| <1, n, non negative inte-

m=1

ger
(@:q*)g =1
(a;q"), =[] (A~aqg""™)
m=1
(a1,a,,...... ,am;qk) n:(al;qk)n(az;qk)n ...... (am;qk)n.

4P @155, a5b,by by 5 2]
(a;3q)n---(a4391), 2"

=0 (Bi3q1) (B30 (41391,
A generalized basic bilateral series is defined as

ap,..... (alaaza """ 7ar;q)n n
E Z
rl//r |:b], ..... ’bl ,q’ :| (b17b27

ne—so (b, Dy, ... ,b.39),
where |bb,....b, / aa,.....a

Z|< 1.

E

b

<7 <1.

3. Relations between Bilateral Mock
Theta Functions

Taking » = 2 in the following expansion of Slater [7,

(5.4.3), p. 129]:
b,b,,q/a,,q/ay,dz,q/dz;q),, a,a
(b,by,q/a1,q/ ay,dz,q/ dz;q) W, L.
(c1:¢2,97¢1,9 7 ¢339). by, b
_4q (e /a,clay,qb /c,qb, /cl,a’clz/q,qz/dclz;q)DO
G (ci.q/ e/ ey,qcy 1 ¢139)

a, /¢ ,qa, /¢
Zl//z q 1 1 q 2 l;q,z +idem(cl;62)’(3'1)
gb /c1,9b, /¢

where d=aa,/cqc,, |bb,/aa,|<|z|]<1, and idem (¢;c,)
after the expression means that the preceding expression is
repeated with ¢, and ¢, interchanged.
We now give expansions for these bilateral mock theta
functions.
(i) Letting ¢—q¢° , a,a, > and taking b =-q,
by=—¢*, z=¢* /ala2 in (3.1), we have
(-¢ ‘] g /Clczaclczaq oo — (@)
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(Clac25q /Cl’q /029q )oo
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> 4"’ g, (=" ez,
n=—0

+ idem (¢;;¢,) - (3.5)
(G—q*, a=—q,, ay=—q*, b=b,=0, z=gq in(3.1))

Relations between bilateral mock theta functions
Special Cases

Take ¢, =¢qin(3.2):

(-0 (€00 4°00.4°  02.4° | e2347).,
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& (cz,cz,qz /c2,q2 /cz;qz)m 4 .(q)
K

¢0,c(11) - qz e /q,q3/02,q3/02;q2)00
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4. Expansion of Bilateral Mock Theta
Func':ions 170,(3 (Q) and l/7l,c (Q) as 2 q)l
Series

In(3.1) we take ¢, =b;, j=1,2 1o get [7, (5.4.5), p. 130]

J
(¢/a1.q/ay,dz,q/ dz;q),, W B’Zz;q,z}
1272

(q/by,q/by;q),

q (¢:b,/ a,,b, | ay,dbz ] q,q* | dbz;q), qay/by.qa, /by ,

=— 2Pilgb, /b 4,2
by (b>q /b,y by3q)y S
+idem (b;b,), 4.1

where d =aa,/bb,.

We will now specialize the paramaeter in (4.1) to get ex-
pansions of bilateral mock theta functions as g- hyper-
geometric series.

(i) Letting ¢—¢* , a,a, >0, b=-q, by=—q"
z=¢* | aya, in (4.1), to get

and

2n2 +2n

_ 4q (qza_qz’_qza_qz;qz)m i q
-9 (-4.9.9.¢:9).  =0@%a).(q59),
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1/70,5 (q) =

2
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+idem (b;b,) . (4.3)
(q _>q2 , a,a, >0, b =—q3, b, =—q2 and z =q4 / aya,

in (4.1))

5. Expansions of Bilateral Mock Theta
Functions 5 ) and jz ) as ,¢,

Series

For getting the expansion of a bilateral series as a , @,
series, we shall use the following expansion formula, which
is obtained by putting ¢; =qa;, j=1,2 in Slater’s expansion
formula (3.1) [7, (5.4.4), p. 130]:

b,by,q/a;,q/ay,z,q/z;q), a,a
(by,by,q/ a1,q/ ay,2,q/ z;9) 2(//2{12;(]72}
(qa1,q9ay,1/ a1/ ay3q)., by,b,

= (9,94 / ay.b 1 a,by [ a,a2,q/ az39), 2 {qal o /b2§q,b1bz /tl]tlzj
(qa,1/ ay,a, 1 ay,qa, | ag;3q),, g/ a,
+ idem (al;az), (51)

where |bb, / aa,|<|z| <1.
(i) Letting ¢—¢°, a,=—¢* a,=—¢°, b=b,=0 and
z=g in(5.1), we have
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+idem (q;;ay) .
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(.1)

6. Bilateral or ‘Complete’ Mock Theta
Functions as Continued Fractions

We first write the bilateral w, .(¢) as the sum oftwo ,4,

basic hypergeometric series and then use the continued
fraction [1,(3.79) p 82]:

i qnzj’n
=0 (D (=5), —14 Aq+p /1‘]2 +p (6.1)
i qnzﬂlﬂn l—ﬂ 1—ﬁ+..." ’

n=0 (q)n (_ﬁ)nﬂ
to represent ; .(¢) as a continued fraction.
(i) Now (4.2) gives

2n2 +2n

4 (@10, -
-9 (-4.9.9.¢:9).  =0@%a).(59),

2112

1/70,5 (q) =

2 L2 ©
+9-9-60,-4:9") q
-4".9.9:9:0" ) =030 (@:97),
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i 2n2+2n . Ti q2n2 62)
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where
49 (@409,
S l-q (4.0.9.0:9").
and

7 @ m0-0.-0:4"),
(~4*,4:4.4:4°).c
Dividing the expressions on both sides of (6.2) by the first
summation on the right side of (6.2), we have

2

i q2n
Yo.(@) (D), (4:9*
0o _gra0ldig )Z(q 9 63)
0 2n“+2n o) 2n“+2n
z 2.2 3,2 Z 2 q2 3, 2
2=0(q7:97),(q7:97), 1=0(q739),(q7597),

Letting ¢ »>¢*>, A=1, B=—q in(6.1), and then putting
it in the quotient of the summation on the right side of (6.3)
to have

I+ qWo.(9)

2
) 2n“+2n
q

;) (¢%4°),(@%5q%),
(i1) Similarly by (4.3), we have

2 2

_s+T 14979 _d'=a
I+q)(A+qg)+.....

Z 2n Z 2)1 +2n
Vi) =82, ———55— ——
no(qq)(q,q),, = {Cs q)(q :q%),
where
Pt W
1= 2
(-9,9:9-9:9 s
and

= (QZs—%_%_q;q2)w
-94"4.9-¢:9>)=

Hence we have

l/7],L(q) _ ) 4
S q2n2+2n To1 S, {14_(1 —9_9-9

Z 4 — (+q) (1+q)+.....
=(q7:97),(q7597),

(ii1) For hoo(q) We will have the same continued fraction
by (8.2).

(iv) For holq) We will have the same continued fraction
by (8.4).

} (6.5)

7. Alternative Definitions for ‘Complete’
Mock Theta Functions

We shall use the following bilateral transformation of

Bailey [7, 5.20(ii), p 137] to get alternative definition :
a,b az,d | a,c/b,dq/ abz;
W, g,z | =4 q Do
c,d (z,d,q /! b,cd | abz;q),,

,abz / d
X, F avz ;q,d/a} (7.1)
az,c
and
a,b az,bz,cq / abz,dq / abz;q),,
W gz | =t q q D,
c.d (q/a,q/b,c,d;q),
bz /c,abz /d
X Ly, {a 2heanz ;q,cd/abz}. (7.2)
az,bz
(i) Let g—>¢°, a,b—>w, and take z=¢*/ab, c=—q’
d=-q,in (7.1) and (7.2), respectively, to get
2
L - (—q;qz)n q"
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=—0 q .9 n
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(i) @)D= Y % (7.5)
G—>q¢, ab>w, c=—¢*, d=—-¢, z=q"/ab in(7.1))

V() =2 Z ~4:9)2,9" (7.6)

nh=-w

G—>q¢", ab>w, c=—¢*, d=—-¢*, z=¢*/ab in7.2))

n +3n
i) o ) ) > 1 (q )” ()
(g—>q*, a=-q°, b:—q3,c:d:0, z=q in(7.1))
© q2n +4n 1L q2n2
=X 7.8
o (@) n__oo( qq)mz T2 ne—oo (—4:9)2n 2q%°(q)( )
(g—>q*, a=-¢*, b=—¢’,c=d=0, 2=¢ in(7.2))
n +n 2.2
) @ p= Y LT 1 (o) (79)
n=-90 ( C] q )n+1
(g—>q*, a=—¢*, b=—-q, c=d=0, z=gq in(7.1))
_ 1 0 q2n2+2n 1 © 2n2+2n
$.(q)= > == . (7.10)

2(1 + q) n=-w (—QZQQ)zn 2 n=-o (_qs q)2n+1

(>4, a=-q,b=—¢", c=d=0, z=¢ in(7.2))

8. Relationship between Bilateral Mock
Theta Functions

From these alternative definition it is interesting to note
that bilateral mock theta functions developed by Andrews
can be expressed as bilateral mock theta functions developed
by Bringmann et al.
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From (7.3)
(4:9°)..70,.(9) = S5..(@)- 3.1)
From (7.4)
Vo.o(4) = 246y . (9)- (8.2)
From (7.5)
(4397 ¥, =S, .(q). (8.3)
From (7.6)
7..(9) =24 (). (8.4)
From (7.7)
3
T F (=
Tt g 0@ =Toc(@) (8.5)
From (7.8)
ROE V/oc(‘]) (8.6)
From (7.9)
(9.0 (@=T.(p. @D
From (7.10)
ho(@)= l//1 (@) (8.8)

S0(9),5,(9),Ty(¢) and T,(q) are eighth order mock theta
functions given by Gordon and Mclntosh [8].

9. Extended Form for Bilateral
‘Complete’ Mock Theta Functions

We define the extended ‘Complete’ mock theta functions:

(Z) qzn —n+na
o _ n y 9.1
y/oyc(a,Z,Q) (2) wnz_:m (~4:9)2, oD
B (Z) q2n +n+na
B , 9.2
l//1,c(a, Z,Q) (Z)oo n_z:‘w (29211 ( )
%’C(Q,Z,q) = (Zl) Z (Z)nqna (7(];('])2,”_]’ (93)
and
¢1 (a .4) _ﬁ Z (Z) qna -q; q) (94)

For a=1,z=0 these extended functions reduce to the
bilateral mock theta functions.

We show they are F, -functions. Before we prove they are
F, -functions, we define a F,, -function.

Truesdell[15] calls the functions which satisfy the func-
tional equation

9 Fza)=F(za+1),
Oz

F-functions.
The g-analogue is that the functions which satisfy the
functional equation
D,. F(z,a)=F(z,a+1),
where
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ZDq,z F(z,a) = F(Z,(l) 7F(ZQaa)a
are called F, -Functions.

By definition

Dy ¢, (a,2,9)= %c(a,z,q)— . (2.2q.q)

Z (224" (~4:@) 3001 — Z (29), 4" (-4 D21

T @ )w =, (), )w =
O 2 O [1-1-2¢")]
“ ) Z (2),4" (49201
=z@, (a+1,z,9).
Hence

Dq’z @0,5- (as Z, LI) = (5&- (C( + 1’ z, Q)
Thus ¢, (a,z.q) isa F,-function.

Similarly, all other functions listed in section 9 are F,-

functions.

10. Relations between Extended
Functions

Now we give a relationship between these generalized
mock theta functions.

1 (2,9
(M) qu Wo (a,z,q) = (Z) Z (_qq)
o0 N=-© s 2n

2/1 +n(a+l)

1 (2),9 2n+1
- 1
). ,,:z,w o 019

2n* +n+na

_ 2
= l/ll,c(a’z’q)+ quz ch(a z, q)

(i) dho(zq) = z<z> " (~:0),, 1 +4*"™)

=4 (a.z.9)+q D}, $.(a.z.9).

11. Conclusions

The study of basic bilateral mock theta functions is inter-
esting as it gives alternative forms and close relationship
among the mock theta functions. We have expressed them as
, @, series and represented them as continued fractions. The
same method can be applied for other classical mock theta
functions

I have considered these mock theta functions (1.1)--(1.6)
in detail finding their properties and expansions etc [12], [13]
and [14].
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