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Abstract  The data on student performance in learning the Navier–Stokes (NS) equation, in 2023, accompanied by 

published data, indicate that semi-semester study is not beneficial for undergraduate students in mastering the equation. 

Semi-semester studies in 2021 and 2023 showed lower scores in NS equation examinations than those from one-semester 

studies in 2020 and 2022. The errors caused by not grasping both the NS equation and the boundary condition showed the 

same defect in the semi-semester study for students who lost more than 5 points (out of a possible 20) on the examination. 

Moreover, the error ratio caused by forgetting the equation alone for all the students was approximately 20% for 

semi-semester study and approximately 0% for one-semester study, showing the difference between the students and the time 

effect of the study. 
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1. Introduction 

The curriculum of engineering fluid mechanics has been 

taught without a change in the syllabus by the author of   

this paper since 2007. However, the COVID-19 epidemic  

in China from 2020 to 2022 changed the teaching 

circumstances and curriculum. The original syllabus 

contained a midterm, which was canceled in 2020 and  

2022 because of the epidemic [1,2]. The examination of   

the Navier-Stokes (NS) equation is usually conducted in  

the midterm but was transferred to the final examinations  

for those two years. The special circumstances in 2020 and 

2022 also formed a check on the study-time effect, and 

one-semester study seemed superior to semi-semester study 

for the NS equation [2]. 

The NS equation is a basic equation used to describe the 

flow of fluids, such as air and water, and is expressed by the 

following three equations in three dimensions for an 

incompressible fluid [3,4]: 

2 2 2

2 2 2

1
+ + + + ( + + )x

u u u u p u u u
u v w f

t x y z x x y z




       
 

       
(1.1) 

2 2 2

2 2 2

1
+ + + + ( + + )y

v v v v p v v v
u v w f

t x y z y x y z




       
 

       
(1.2) 

 
 

* Corresponding author: 

shuxin_huang@sina.com (Shuxin Huang) 

Received: Jul. 16, 2025; Accepted: Aug. 2, 2025; Published: Aug. 8, 2025 

Published online at http://journal.sapub.org/ajfd 

2 2 2

2 2 2

1
+ + + + ( + + )z

w w w w p w w w
u v w f

t x y z z x y z




       
 

       
(1.3) 

where u, v, and w are the velocity components in the x, y, and 

z directions, respectively; x, y, and z are the Cartesian 

coordinates; t is the time variable; fx, fy, and fz are the body 

force components in the x, y, and z directions, respectively;  

 is the density of the fluid, p is the pressure; and  is the 

kinematic viscosity of the fluid. The term, including the 

kinematic viscosity on the right side of Eq. (1) is a feature of 

the equation that is usually attributed to the works of Navier 

[5] and Stokes [6]. The objective of teaching the NS equation, 

which is given by both the director committee of the university 

fundamental engineering course teaching of the Ministry of 

Education of China [7] and the author of the textbook 

employed in the course [8], is to understand the NS equation 

for the fluid mechanics course (B type), which indicates that 

the students should remember the equation first and then use 

the equation properly for the given problem. 

The relation between the study of the NS equation and 

undergraduate students in engineering and physics was 

introduced by Deissler in 1976 [9], who said, “Although    

a number of derivations of the Navier-Stokes equation can   

be found in works on fluid mechanics (e.g., Refs.1-7), the 

development still appears to be a stumbling block for most 

students. The derivation given here seems, at least to this 

writer, to be easier to grasp.” Drazin observed in 1987 [10], 

“Newton's second law for a system of particles is essentially 

a set of ordinary differential equations, but its generalisations 

for fluids, namely Euler's equations and the Navier-Stokes 

equations, are sets of partial differential equations. These 
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are beyond what all school and most university pupils may 

be expected to learn,” and “The equations of fluid motion  

are difficult to solve, even for many simple problems even by  

use of a supercomputer. The difficulty is chiefly due to the 

nonlinearity of the partial differential equations of motion, 

but also to the geometrical complexity of most flows of 

interest.” Schneiderbauer and Krieger stated in 2014 [11], 

“Due to the fact that the Navier-Stokes equations are partial 

differential equations and their solutions are non-trivial, 

these are commonly not included in secondary school 

curriculums,” and therefore, they wrote an elaborate 

introduction on the NS equation to increase the interest and 

understanding by undergraduate students. The NS equation 

should be grasped, as mentioned previously, by the 

mechanical engineering undergraduate students in the course, 

although numerical solutions of the equation [10-14] have 

not been taught to the students. Checking the approach to 

studying the equation could be helpful in teaching fluid 

mechanics. The result could reflect certain study status of 

students. 

The semi-semester study of the NS equation is only 

recorded in 2021, and for checking the study-time effect, the 

original curriculum containing the midterm was also adopted 

in 2023, although the author knows that long-term study 

would be better for mastering the NS equation. The 

semi-semester study effect in 2023 and the related data on 

exercising the NS equation are reported in this paper. 

2. Method 

The inverse Stokes second problem was adopted to 

examine the effect of studying the NS equation, which    

has been described in detail in published works [1]; the 

procedure for solving the problem is also discussed [2]. The 

test for proportion was employed to evaluate the correctness 

of exercising the NS equation, and the statistical value Z [15] 

is given as 
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where p0 is the correctness, n is the number of students, 

and x  is the correct ratio obtained by dividing the number 

of students with correct answers by n. The significance level 

 used for the evaluation was 0.05. The proportion test is a 

standard statistical method [15]. 

The fluid mechanics course lasted for 12 weeks, with two 

class sessions each week. The midterm exam, which covered 

Volume 1 of Ding’s textbooks [4], was conducted in the first 

class in the seventh week of the course. The NS equation is 

usually taught in the fourth week; therefore, the students 

have three weeks to learn and understand the equation before 

the midterm. If there were only a final exam in the course, 

which occurred in the thirteenth week, the students would 

have ten weeks to learn. Moreover, the NS equation is used 

again in the study of both viscous incompressible internal 

flow and boundary layer flow in Volume 2 [4], which increases 

students’ opportunities to read and understand the equation. 

Therefore, verifying the study effect of the NS equation at 

the end of the course is beneficial for students. However,  

the disadvantage of having one examination at the end of the 

course is that it increases the amount of knowledge to be 

remembered, because textbooks are not allowed to be used in 

the exam. 

3. Results and Discussion 

3.1. Correctness of the Solution 

Table 1 shows the correctness statistics of exercising the 

NS equation during the semi-semester in 2023, along with 

the results from previous years. “Students No.” in Table 1   

is the number of the students who took part in the exam,  

and “Correct students No.” is the number of students whose 

solutions were correct. As in previous studies [1,2], the 

correct solution means that the student lost less than five 

points out of a possible 20. The p0 (%) value, e.g. 70-75, 

indicate that the correctness was larger than 70%, but lower 

than 75%. 

Three instances of semi-semester study are represented in 

Table 1, in which the correct ratios in both 2021 and 2023 

were somewhat low, approximately 60-70%, and that in 

2019 was high, at approximately 90%. One reason for the 

high correct ratio in 2019 was that students can see the NS 

equation given in the exam, as stated in [1,2]. Discarding the 

extra data in 2019, the correctness in 2021 and 2023 was 

lower than that in 2020 and 2022, which reaffirms the 

conclusion that a one-semester study on the NS equation is 

better than a semi-semester study [2]. A high accuracy of  

99% in 2020 was also introduced in [1,2], which could be 

caused by four factors: some dishonest students, low error in 

calculation, superior study environment at home, and long-term 

study of the NS equation. The present study further supports 

the results of the long-term study. 

3.2. NS Equation Error and Calculation Error 

Table 2 shows the results of analyzing the errors in the 

solution of the problem for students with more than 5 points 

deducted; both NS equation errors and calculation errors are 

included in the analysis. The NS equation error includes two 

parts: the error of only the NS equation and the error of the 

boundary condition. “NS error No.” in Table 2 represents the 

number of students who could not correctly write the NS 

equation and the boundary condition. “Cal. error No.” is the 

number of students who could not correctly answer the 

question using differential calculus. “NS error ratio” equates 

to “NS error No.” divided by “Students No.,” and “Cal. error 

ratio” equates to “Cal. error No.” divided by “Students No.” 

The error ratio of the NS equation for 2021 and 2023    

in Table 2 is 20%, whereas that for 2020 and 2022 is 

approximately 3%. The difference between the semi-semester 

study in 2021 and 2023 and the one-semester study in 2020 

and 2022 is apparent, and shows the positive effect of the 
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one-semester study. The calculation error ratios in 2021 and 

2023 in Table 2 are not significantly different from those in 

2020 and 2022, indicating that the calculation capability of 

students does not seem to be related to the study time of   

the NS equation. The calculation capability of students in 

2019-2021 seems superior to that in 2022-2023. 

Table 1.  Study effect of the NS equation in two different periods 

Year Study time Students No. Correct students No. x  (%) p0 (%) 

2023 semi-semester 28 17 60.7 70–75 

2022 one-semester 33* 26* 78.8* 85–90* 

2021 semi-semester 39* 28* 71.8* 80–85* 

2020 one-semester 41* 40* 97.6* 99–99.5* 

2019** semi-semester 44* 40* 90.9* 95–99* 

Note:  Data were taken from [2].  

 The 2019 data contain special cases. 

Table 2.  Error analysis of students with more than 5 points deducted. 

Year Study time Students No. NS error No. Cal. error No. NS error ratio (%) Cal. error ratio (%) 

2023 semi-semester 28 5 6 17.9 21.4 

2022 one-semester 33* 1* 6* 3.0* 18.2* 

2021 semi-semester 39* 8* 3* 20.5* 7.7* 

2020 one-semester 41* 0* 1* 0* 2.4* 

2019** semi-semester 44* –* 4* –* 9.1* 

Note:  Data were taken from [2].  

 The 2019 data contain a special case and “–” means that the students in 2019  

can see the NS equation but not the boundary condition on the examination. 

Table 3.  Error analysis of NS equation and boundary condition errors for all students 

Year Study time 
Students 

No. 

Only NS 

error No. 

Boundary  

error No. 

Only NS  

error ratio (%) 

Boundary  

error ratio (%) 

2023 semi-semester 28 5 21 17.9 75 

2022 one-semester 33* 0 18 0 54.6 

2021 semi-semester 39* 8 31 20.5 79.5 

2020 one-semester 41* 0 17 0 41.5 

2019 semi-semester 44* – 23 – 52.3 

Note:  Data were taken from [2].  

3.3. Separate NS Equation Error and  

Boundary Condition Error 

As mentioned in the solution procedure for the problem 

[2], there are three keys to the problem. The first is to write 

out the NS equation, the second is to calculate both the right 

and left terms of the NS equation using differential calculus, 

and the third is to write and check the boundary conditions. 

The errors caused by forgetting both the NS equation and 

boundary condition were analyzed as shown in Table 2. A 

detailed analysis of both the NS equation error and boundary 

condition error is further shown here, and the two errors are 

now separate. 

Table 3 shows the error results of NS equation error and 

boundary condition error separately for all the students in the 

five years from 2019 to 2023, in which “Only NS error No.” 

represents the number of students who could not write the 

NS equation correctly. “Boundary error No.” represents the 

number of students who could not write the boundary condition 

correctly. “Only NS error ratio” equates to “Only NS error 

No.” divided by “Students No.”, and “Boundary error ratio” 

equates to “Boundary error No.” divided by “Students No.” 

An obvious phenomenon observed in Table 3 is that the 

error ratios of the NS equation in 2020 and 2022 were zero 

for students in one-semester study, and those in 2021 and 

2023 were approximately 20% for students in semi-semester 

study. One-semester study is suitable for students who need 

more time to understand and remember the equations.  

Table 2 shows the NS equation error in 2022, as illustrated  

in Ref. [2]. The errors in this case were mainly caused by  

the boundary condition part of the problem. Therefore, there 

were no NS equation errors in 2022. The NS equation part of 

the “NS equation error” case in 2022 also contained some 

errors, e.g., the errors in the pressure term, which can be seen 

in the supplementary material in Ref. [2]. However, this type 

of slight error was not regarded as an error in the NS 

equation for beginners. If there was no correct viscous term 

in the NS equation written by the student, it was considered 

an error in the NS equation. The comparison between 

two-year semi-semester studies and two-year one-semester 



4 Shuxin Huang:  Semi-Semester Effect on Learning the Navier-Stokes Equation 

 

 

studies for the NS equation in Table 3 clearly shows the 

advantage of long-term study, although one examination in 

the course increases the amount of knowledge that students 

must remember. 

The error of the boundary condition problem in the five 

years is significant, as shown in Table 3, and approximately 

50 percent or more of the students lost points on the 

boundary condition part of the problem. There are two 

boundary conditions of the problem: the wall velocity 

boundary on the oscillation infinite plate and the velocity 

boundary far away from the plate. The errors in the boundary 

condition of the problem were mainly caused by the latter 

boundary, and students can better understand the former 

because of the frequent occurrence of the wall velocity 

boundary in the examples in the textbook [4] used in the 

course. There was only one example of a velocity boundary 

far away from the plate [4] before the midterm, and many 

students were not familiar with such a boundary. This should 

be a difficult point of the problem. However, the points lost 

for this item were lower, approximately 2 points, and 

therefore, the boundary condition error was not reflected in 

the “NS error No.” data for students with more than 5 points 

deducted, as shown in Table 2. 

The error ratio of the boundary condition in Table 3 

indicates a good effect of one-semester study on the 

boundary conditions; however, the data from 2019 contradict 

this conclusion. Semi-semester study could also not affect 

the study of the boundary conditions, and the reason for this 

is unknown. 

4. Conclusions 

Data on the study effect on the NS equation in 2023 were 

added to the present work, and the new data, along with the 

previous data, reaffirm that semi-semester study of the NS 

equation is not good for approximately 20% of students.  

One semester of study would be better for all students to 

remember the NS equation, which is a basic equation used  

in fluid mechanics. Further analysis of the separate NS 

equation and boundary condition problems indicates that 

approximately 50% or more of the students could lose points 

on the boundary conditions problem, mainly regarding the 

velocity boundary far from the plate for the inverse Stokes 

second problem, which is a difficult part of the problem. 
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