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Abstract The Lorenz system is obtained by representing the dependent variables appearing in the Boussinesq equations
by truncated Fourier series and applying appropriate boundary conditions. Its solution is therefore a simplified solution to
Rayleigh-Bénard flow, in which motion is produced by buoyancy due to temperature fluctuations, in the same way that it
happens in the Convective Boundary Layer. Using the Lorenz equations, three flow regimes can be identified. This study
aims to describe the mean flow, including “turbulent” heat fluxes, in each one of them. The first regime is in fact the static
situation, in which the temperature profile is linear and the only heat flux occurring is due to molecular transport. The
second regime is a steady-state laminar flow, for which analytic solutions are found. In this regime, motion tends to
homogenize the temperature profile away from the plates. The third regime is chaotic, being in some sense analogous to
turbulent flows. The autocorrelation function of each variable appearing in Lorenz’s equations is determined, and the mean
flow and heat fluxes (including “turbulent” heat fluxes) are computed. It is found that Lorenz’s third variable governs the
flow in this situation, since the means of the other two vanish. The mean velocity, temperature, heat conduction and
advection profiles become independent of the horizontal coordinate. Moreover, the statistics of the flow are no longer

functions of the Reynolds number at the limit where it tends to infinity.
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1. Introduction

The motions in the Atmospheric Boundary Layer (ABL)
are often originated by solar heating of the surface, since it
creates a thermal instability, forcing hot air near the ground
to rise and cold air from higher levels to sink. The resulting
condition is known as the Convective Boundary Layer
(CBL). Solar heating is also responsible for atmospheric
motions in other scales [1].

In a CBL, there is clearly mass, momentum and heat
transport taking place. Since air is an insulator of heat,
conduction is most important right above the surface, where
temperature gradients are greatest. At higher levels,
advective and turbulent transport play major roles in heat
transport [2].

This is a qualitative description of heat fluxes occurring in
a regular CBL. However, quantitative information, such as
the level at which conduction becomes less important than
other heat transport mechanisms, or the average temperature
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profile, may depend (at least in principle) upon many factors.
For instance, the specific heat of the materials covering the
ground, surface geometry, amount of moisture and wind
shear can affect the development of convective currents.

In order to isolate the effect of thermal heating, one may
consider a theoretical problem having the simplest geometry
and boundary conditions. Rayleigh-Bénard Convection
(RBC) is the name usually given to this two-dimensional
problem, in which a fluid is contained between two
horizontally-infinite parallel plates kept at constant
temperatures, with the higher one at the bottom. This flow is
named after Henri Bénard [3], who studied a similar flow
experimentally, and Lord Rayleigh [4], who analytically
derived the necessary conditions for thermal instability.

Although RBC may seem extremely simple when
compared to situations found in nature, solving the equations
describing it is still a quite challenging task. They have no
analytical solution, and the numerical solution via Direct
Numerical Simulation (DNS) is limited to low Reynolds
numbers by currently available computers [5, 6]. One of the
simplest ways to solve these equations is to use the Lorenz
system [7]. Even though it originates from extremely
truncated Fourier series, its solutions provide interesting
results about RBC. For instance, experimental measurements
of a convective flow were found to have good agreement
with the solutions to the Lorenz system in [8].
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With that in mind, this study aims to determine simple

metrics describing RBC as predicted by the Lorenz equations.

Those include the mean velocity and temperature profiles, as
well as the convective, advective and turbulent heat fluxes
profiles. Moreover, we are interested in evaluating the
dependence of these quantities upon the degree of instability
(or turbulence) of the flow, measured by the Rayleigh
number.

This paper is organized as follows: section 2
mathematically describes RBC, deducing the Lorenz system
departing from conservation principles. This section ends
with some results from the well-established stability theory
for this problem, followed by equations for the heat fluxes.
Then, we discuss the results found for each one of the three
flow regimes in sections 3, 4 and 5. Finally, section 6 brings
some conclusions and recommendations for future works.

2. Mathematical Description

2.1. Conservation Equations

Accepting the validity of the Boussinesq approximation,
the equations for mass, momentum and energy conservation
in a two-dimensional domain are
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in which U and W are respectively the horizontal and vertical
components of velocity (in the x- and z-directions), ¢ is the

time, p, and f, represent respectively the fluid density

and bulk expansion coefficient values right above the bottom
plate, v and «a denote respectively the fluid kinematic
viscosity and thermal diffusivity, P’ and @' are respectively
the pressure and temperature fluctuations with respect to the
reference hydrostatic state, g stands for the acceleration of
gravity module, and 40 is the temperature difference
between the plates spaced of a distance H. The material

derivative is written as D()/Dtz, and V? indicates the
two-dimensional laplacian.

The actual temperature and pressure field can be
recovered by adding the reference state to the fluctuations. In

the case of temperature, it consists of the linear profile
z
o, (z)=@0—A@E, (5)

where 0, is the constant temperature at the bottom plate.

Statistical Description of Rayleigh-Bénard Convection Using the Lorenz Equations

In order to obtain dimensionless equations, characteristic
length, time and temperature scales are chosen to be H,
H?/oa and 4O . Denoting non-dimensional variables
with an asterisk, we have
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In equations (7)—(9), D()/Dt* is the non-dimensional
material derivative (moving with the dimensionless velocity
field), and V"> is the dimensionless laplacian. As usually

occurs when one nondimensionalizes fluid mechanics
equations, two dimensionless parameters arise: the Prandtl
number Pr, which is the ratio between the fluid momentum
and thermal diffusivities, and the Rayleigh number

B,gAOH

vo

Ra= (10)
accounting for the ratio between buoyancy and viscosity
forces acting on a fluid parcel. The Reynolds number
increases with increasing Ra. Therefore, Ra is also a
measure of the intensity of turbulence within the flow. The
functional relationship between these two dimensionless
parameters is subject of active research, [9] being a
well-known scaling theory for it.

At last, it is possible to reduce the number of equations
and variables by defining a non-dimensional stream
function ¥* such that

_ov* oy *
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Moreover, the pressure can be eliminated by

cross-differentiating equations (7) and (8) and taking the
difference between the results. Using the definition of the
stream function above, we end up with a set of two
equations and two variables:
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2.2. Boundary Conditions

In RBC, there are no boundaries in the x-direction, given
that the domain is infinite in this direction. Thus, it is only
necessary to apply adequate boundary conditions at the
plates, that is, at z*=0 and z*=I1. Firstly, both plates are
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impermeable, so that W* vanishes at these positions. Since
this is valid for all x*, one can write

oMy *
ox’?

In the case of the horizontal component of velocity, it
must be observed that, in order to obtain the Lorenz system,
it is necessary to apply shear-free boundary conditions at
the plates. This means that it is not U* that vanishes at the
plates, as it would happen if no-slip conditions were applied,
but its derivative with respect to z*. In terms of the stream
function,

0. (14)
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Together, (14)—(15) cause the laplacian of the stream
function (which equals minus the vorticity) to vanish at the
plates.

Furthermore, one expects that, at least in a temporal
average, there is no net mass flux crossing a vertical section
of the domain, since there is nothing forcing the flow
horizontally, as it would be the case if there were a pump
imposing a horizontal pressure gradient, for example.
Because the discharge (per unit of cross-sectional area)
between two streamlines is given by the difference between
the corresponding values of the stream function, this
assumption leads to the fact that ¥* must have the same
value at both plates’ inner surfaces. Since the stream
function is defined in terms of its derivatives, its absolute
value has no physical meaning, so that we can set

pr— (16)

at the plates.

As for the temperature field, in view of the fact that the
plates temperatures are maintained constant by external
heating/cooling, there is no temperature fluctuation at the
boundaries. Hence,

0" =0, (17)

2.3. Fourier Series and Lorenz Equations

In [1], Saltzman proposed to expand the stream function
and the temperature fluctuations into double Fourier series
in space, allowing their respective coefficients to vary in
time. He proved that, for both variables, the trigonometric
(real-valued) form of these series satisfying the boundary
conditions is
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When he substituted truncated series of this form for the

stream function and temperature fluctuations in (12)—(13),

Saltzman obtained a system of ordinary differential

equations for the coefficients, which he solved numerically.

(18)

Most coefficients approached zero after a transient period,
and for some simulation conditions, only three of them did
not vanish. In [7], Lorenz argued that this same behavior
would have been obtained if only these three coefficients
had been included since the beginning.

Using the same argument, we propose the highly
truncated Fourier representations:

P = A(1*)sin(wax *)sin 7z *), (19)

0" = B(1*)cos(max *)sin (wz *) — C(¢ *)sin (27z *), (20)

in which 4, B and C are functions to be determined of time
alone, and a is the horizontal wavenumber, so that the
wavelength is 2a”'. The velocity components are obtained
by differentiating the stream function:

U*=—zA(t *)sin (zax *)cos(7z *), 21)

(22)

Substituting (19)—(20) into (12)—(13) and equating the
terms multiplying the same functions of x* and z*, we
obtain the set of non-linear equations known as the Lorenz
system:

W*=mad(t*)cos(max *)sin 7z *).
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The coefficients 4, B and C and the time * differ from
the variables used by Lorenz in [7] by scaling factors.
However, they were kept in this form due to its greater
proximity with the physical variables. A much more
detailed derivation of the Lorenz system can be found in
[10].

In the present study, this system was numerically solved
using a standard fourth-order Runge-Kutta algorithm
implemented in Fortran 95, departing from random initial
conditions. Substitution of the numerical results into the
Fourier series (20)—(22) allowed mean profiles and heat
fluxes, for instance, to be obtained. As in [7], we let the
Prandtl number be constant and equal to 10. The Rayleigh
number was varied in order to obtain different flow regimes,
as discussed next.

2.4. Thermal Instability Considerations

As deduced in [4], and also well explained in [11], the
onset of convection happens when the Rayleigh number
exceeds the critical value

_ 277
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The corresponding horizontal wavenumber is

Ra

(26)
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a==. 27)

When the Rayleigh number is below this critical value,
perturbations on the hydrostatic equilibrium decay and this
condition is stable. When the Rayleigh number is above it,
perturbations grow and convection currents develop.
Inspired by this, we define the parameter

Ra
y=

Ra.’ (28)

which is greater than unity in unstable conditions.

For moderate values of r, the solutions to the Lorenz
equations correspond to steady convection, a situation in
which convection cells of fixed shape occur. However, as it
is demonstrated in [7], if » is set to beyond the second
critical value

470
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A
steady-state solutions become unstable themselves, and the
Fourier series coefficients oscillate permanently.

2.5. Computation of Means and Dimensionless Fluxes

We assumed that the ergodic hypothesis is true for the
Lorenz system, so that expected values could be computed
as time averages of sufficiently long series.

The kinematic heat flux by conduction can be obtained
from Fourier’s law:
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where gy and ¢, are the x- and z-components of the heat flux
density (per unit of cross-sectional area), and ¢, is the
specific heat at constant pressure of the medium. In terms of
the dimensionless variables used before,
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The Fourier series (20), however, gives the

non-dimensional fluctuation of temperature with respect to
the reference state. To relate this quantity to the heat flux by
conduction, it is necessary to use the dimensionless form of
equation (5) to obtain the actual temperature profile

O*=0,*+O"™ —z*. (32)
Substituting this in equation (31) leads to
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The dimensionless advective heat fluxes in the x- and z-
directions are respectively

F 2=-U*0* F_ *=-W*O*. (34)

Using equation (32), one is able to write them in terms of
temperature fluctuations,

F, *+U*@*=-U*(0"*-z*),

35
F,. *+W*@,*=—-W *(0'*—z*). 3

The terms including the temperature of the bottom plate
were placed on the left side, since they are divergence-free
due to (6). Hence, they represent a background heat
advection that does not affect the energy balance of any
imaginable control volume.

Finally, the dimensionless turbulent heat fluxes in the
horizontal and vertical directions are simply

(u*0*), (w*6%), (36)

where < > denotes the expected value and the lower-case

letters represent turbulent fluctuations, that is, fluctuations
around the expected value.

3. Static Regime

3.1. Time Series and Phase Spaces

Figure 1 shows the solution of the Lorenz equations for r =
0.8 as a function of time. The small random perturbations
initially imposed rapidly decay and all coefficients tend
asymptotically to zero. Observing equations (20)—(22), one
can notice that when A, B and C are zero, there is no motion
or temperature fluctuations, which means that the static
condition occurs. Therefore, the numerical solution of the
Lorenz system agrees with the results predicted by the
stability theory for RBC.
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Figure 1. Time series of Lorenz’s coefficients for » = 0.8. Perturbations

decay and hydrostatic equilibrium is recovered

Figure 2 illustrates the same solution projected on the
A-B plane of phase space. The trajectory described by the
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solution of the Lorenz system always ends at the origin,
regardless of the point where it starts. This characterizes the
origin as an attractor for all » < 1. Naturally, this can be
seen in other projections of phase space as well.
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Figure 2. Projection of the trajectory described by the solution of the
Lorenz system on the 4-B plane in phase space for » = 0.8. The origin (blue
triangle) is an attractor whenever r < 1

3.2. Mean Profiles and Heat Fluxes

When r < 1, once the steady-state is reached, the velocity
field is zero and so are the temperature fluctuations. Hence,
the dimensionless temperature profile is the linear profile

O*=0,%—z* (37)

for all x*.

In this situation, the turbulent and advective fluxes are
all zero. As for the molecular heat flux, its horizontal
component vanishes and its vertical component equals
unity.

4. Steady Convection

4.1. Time Series and Phase Spaces

Figures 3—5 show the solution of the Lorenz equations
for some values of 7 in the interval 1 <r < r, as a function
of time. All coefficients attain steady-state values, even
though the transient period has a variable duration with r.
Differently from what happened for » < 1, these steady-state
values are non-zero, indicating the permanent presence of
motion and temperature fluctuations.

In fact, these values can be analytically determined by
setting the time derivatives to zero in (23)—(25). This
procedure leads to the three critical points of the Lorenz
system, P, P, and P3;, whose coordinates (4,B,C) in phase
space are respectively (0,0,0), (4u,Bx,Cs) and (-Au,-B.,,C.),
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Figure 3. Time series of 4 for 1 < r < r.. One of two alternative
steady-state values A.(r) is reached in each simulation
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Figure 4. Time series of B for 1 < r < r.. One of two alternative

steady-state values B.,(r) is reached in each simulation
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Figure 5. Time series of C for 1 < r < r.. There is only one possible
steady-state value C,(r) which is reached in each simulation

P, is an attractor for 7 < 1, unstable otherwise. For 1 <r <
r., P> and P; become attractors. Whether one or the other is
reached depends on the initial condition and on truncation
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errors caused by the numerical solution. The latter are
capable of deviating trajectories in phase space due to chaos,
which originates from the non-linearities present in the
Lorenz system.

Notice that P, and P; only differ by the sign of the first
two coefficients. In RBC, this corresponds to convective
cells having different senses of rotation. Furthermore, the
intensity of convection increases with increasing values of
the Rayleigh number, since 4,, given by equation (38) (and
therefore the velocity field) is a growing function of 7.

0.30 —
r=2~,
r=22
0.25 |
0.20
0.15 ° o -
O o ®) |
0.10 | .-
0.05 /
-
0.00 | A
—0.05

—0.1 0.0 0.1 0.2 0.3 0.4
B

—-0.3 —0.2

Figure 6. Two trajectories corresponding to different Rayleigh numbers
projected on the B-C plane in phase space. P; (the origin) is represented by
a blue triangle, whereas P, corresponds to the two points on the right (one
for each value of ») and P; to the two points on the left

Figure 6 shows two example trajectories described by the
solutions of the Lorenz system in phase space for » = 5 and
r =22. They both leave from close to the origin, but one of
them is attracted by P,, whereas the other is attracted by P;.
It can be noticed that the larger the value of r, the longer it
takes for the trajectory to approach the attractor. Moreover,
the position of the attractors depends on the Rayleigh
number.

4.2. Mean Profiles and Heat Fluxes

Figure 7 illustrates the steady-state flow for » = 22. As all
figures in this section, it shows the situation in which the
solution was attracted to P, (all coefficients have positive
values). Both the velocity and temperature field are easily
obtained by substituting the steady-state coefficients
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(38)(40) into the Fourier series (20)—(22). The
dimensionless temperature deviation from its value at the
bottom plate is represented by colors, and varies from zero
(at z*¥ = 0) to —1 (at z*¥ = 1). The trajectories of fluid
particles, which can be inferred from the velocity field, are
closed, being similar to a pattern known as roll-convection.

We can notice ascending currents warming the medium
and descending currents cooling it periodically in x*.
According to [7], B is proportional to the temperature
difference between ascending and descending currents, and
similar signs of 4 and B indicate that warm fluid is rising
and cold fluid is descending. This is in agreement with the
steady-state solution obtained, in which 4., and B,, always
have the same sign.

Figures 8 and 9 show the vertical profile of the horizontal
and vertical (respectively) components of velocity for » =
22. These images make clear that the boundary conditions
are respected, since U* has a null gradient at the boundaries,
it integrates to zero between the plates (so that there is no
net discharge) and WW* vanishes at the plates. Both profiles
vary in module and sign as x* changes. Figure 8 refers to a
position in which sin(max*) in (21) is unity, and figure 9
refers to a position in which cos(max*) in (22) is unity, so
that both profiles here represented contain the maximum
value of each velocity component. U* is greatest at the
positions z* where W* is zero, and vice-versa. Also, U*
attains greater values than *.

In figure 10 were represented three temperature profiles,
corresponding to x*-positions in which fluid is uniquely
rising, sinking or moving horizontally. In all cases,
temperature tends to be homogenized away from the plates.
This mean temperature equals the average between the
temperatures of the plates at positions in which the flow is
purely horizontal. That mean temperature is slightly
superior to this average at positions in which warm fluid is
rising, and slightly inferior to it where cold fluid is sinking.
The strong gradients near the plates characterize the
formation of thermal boundary layers. Again, this is in
agreement with [7], according to whom positive values of C,
which is proportional to the departure of the temperature
profile from linearity, indicate the presence of important
gradients near the boundaries. Indeed, the steady-state
values C,, are always positive.

Figure 7. Dimensionless temperature field (colors), expressed in terms of deviation from the temperature of the bottom boundary, and velocity field

(vectors) for r =22
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Figure 8. Vertical profile of the horizontal component of velocity (r =
22)

1.0 T T T T

0.0 : : : :
0 5 10 15 20 30 35 40

w=

[Nl
o

Figure 9. Vertical profile of the vertical component of velocity (r = 22)

1.0 : - : T

r=10
1
1

x=0.5a"
T=a

0.8

0.0 : - -
—0.8 —0.6 —04

o — e

—0.2 0.0

Figure 10. Vertical profiles of the temperature deviation from the bottom
plate temperature for » = 22. The red profile corresponds to positions in
which warm fluid is only rising, the blue one to positions in which cold
fluid is only sinking, and the black one to positions where motion is
horizontal

Figure 11 illustrates heat conduction for positions of
ascending, descending and horizontal currents. Evidently,
conduction is strongest near the boundaries, where the

gradients are most important. It falls almost to zero at the
intermediate position z* = 0.5, where the temperature is
almost uniform. Also, notice that the vertical component of
heat conduction is always positive, since the temperature
decreases monotonically with z*.

At positions of ascending currents, the temperature falls
slowly with z* near the bottom plate, but falls rapidly with
z* near the upper plate. This leads to more intense heat
conduction near the latter. At positions of descending
currents, the opposite happens; temperature falls rapidly at
the bottom and slowly at the top, and heat conduction is
more important near the bottom. At positions of horizontal
currents, heat conduction is symmetric with respect to z* =
0.5.

Heat conduction in the horizontal direction is much
smaller than it is in the vertical direction. This can be
seen by observing figure 7 and remembering that the
vector representing the conductive heat flux is always
perpendicular to isotherms (points having the same color in
figure 7), which are either approximately horizontal or
considerably spaced, indicating weak gradients.

1.0 ‘ .

0.0 0.5 1.0 1.5 2.0 2.5

[9:/ (pes)]”

Figure 11. Vertical profile of vertical heat conduction for » = 22. The red,
blue and black profiles correspond respectively to positions of ascending,
descending and horizontal currents
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Figure 12. Vertical profile of vertical heat advection for » = 22. The red,
blue and black profiles correspond respectively to positions of ascending,
descending and horizontal currents
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The vertical profile of heat advection in the vertical
direction is shown in figure 12. Its module is larger far from
the boundaries, and it changes signs and its shape
depending on the horizontal position. In the horizontal
direction, heat advection is much greater than conduction.

Finally, figures 13 and 14 compare the profiles of heat
advection and conduction in the vertical direction at
positions of ascending and descending currents. Conduction
is always positive, and its magnitude is much smaller than
that of advection. Nevertheless, it is the most important heat
transfer mechanism near the boundaries, where the steepest
temperature gradients take place and vertical advection of
heat is weak due to the no-penetration condition. This is
similar to what happens in the CBL [2]. The maximum
values of total heat transfer occur very close to z* = 0.5 at
positions of descending currents, whereas it happens nearer
the upper plate at positions of ascending currents.

1.0 .
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Figure 13. Vertical profile of vertical heat conduction and advection for
r =22 at a position of ascending currents
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Figure 14. Vertical profile of vertical heat conduction and advection for
r =22 at a position of descending currents

5. Chaotic Solutions

5.1. Time Series and Phase Spaces

Figures 15-17 illustrate time series of the three
coefficients for three different values of » > r.. In this case,
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none of them attains a steady-state, and they keep
oscillating. This happens due to the fact that both the
hydrostatic condition and the steady convection become
unstable at high Rayleigh numbers. In phase space, this
means that none of the three critical points P, P, and P; is
stable; there is no point attractor for r > r.

It can be seen that, for increasing r, the amplitude of
oscillation of A increases, whereas those of B and C
decrease. In addition, for slightly supercritical r, the
solutions to the Lorenz system are clearly non-periodic;
they never repeat themselves [7, 12]. However, for larger
values of r, they seem to change less through time, as if
they were approaching periodic solutions. The frequency of
oscillation of all coefficients increases with increasing r.
The velocity components are proportional to 4, and the
temperature fluctuations are linear combinations of B and C
at each point of the flow, so that the behavior of the
physical quantities is similar to that of the coefficients.

The solutions to the Lorenz equations are well known for
being chaotic, which means they are extremely sensitive to
initial conditions due to their non-linear nature. Indeed,
even running numerical simulations of the Lorenz system
using different time steps leads to different time series due
to amplification of round-off errors. However, numerical
solutions affected by chaos are also solutions to the Lorenz
system by virtue of a property known as shadowing,
according to which there exists an initial condition
corresponding to the solution obtained as well [12]. This
justifies the use of a unique time step in this study (Ar* =
107%.

The chaotic solution of the Lorenz equations for » > r is
somehow analogous to what would be a turbulent regime in
RBC, since turbulence is also unpredictable due to its
non-linear character. In this sense, we call the quantities in
equation (36) “turbulent” fluxes, even though RBC is a
two-dimensional problem (therefore it cannot be turbulent)
and the Lorenz equations are not an exact solution to RBC.

Figures 1820 show phase space projections
corresponding to the time series presented in figures 15-17.
Regardless the initial conditions imposed, the solution to
the Lorenz system always converges to the same region of
the phase space, forming a structure of fractal dimension
known as the Lorenz attractor [12]. Therefore, if one
considers the solutions of the Lorenz equations as being
random processes, their statistics, such as the expected
value, must not depend on the initial conditions, even
though the processes themselves are highly dependent on
them.

It can be seen in figures 18-20 that the shape of the
attractors depends on the Rayleigh number. In reality, the
solution orbits around two foci whose positions are those
corresponding to steady convection for » < r., given by
equations (38)—(40), and represented by large dots in the
figures. It is possible, for instance, to analytically determine
the slope S of a line in the 4-B plane passing through both
foci to have an idea of the slope of the attractor itself. It is
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a monotonically decreasing function of r, tending to zero as
r tends to infinity. In projections of phase space containing
the C axis, the slope is not a function of » due to the fact
that C,, has only one sign. Besides, as r tends to infinity,
(A, B, C.) tends to (0,0,(2m)™).
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For large values of r (small red dots in figures 18-20),
the solution seems to converge to a unique trajectory, which
agrees with the fact that the time series in figures 15-17
appear to become periodic. However, this is only an
impression and does not happen; the solution never repeats
itself exactly [12]. Trajectories in phase space become
closer and closer, but do not collapse into a single one.
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Figure 18. Phase space projected in the 4-B plane for two supercritical
values of r. The blue triangle indicates the position of the origin, whereas
the two pair of large dots indicate the foci of the attractors
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5.2. Autocorrelation Functions and Integral Time Scales

The autocorrelation function measures the correlation of

Statistical Description of Rayleigh-Bénard Convection Using the Lorenz Equations

a process with itself in the future, being a measure of how
long it takes for the process to “forget its past”. For a
statistically stationary random process A(%), it is defined as

[5]:
) <[A(r)-A][A(¢ +7)- A]>‘

Corr,, (T) = (42)
([4()-4T)
Numerically, it can be computed as
. 1 N A,.—Z AHA—Z
- 1 &
A=y 24 (44)

1

with N > j . Another important measure is the integral of
the autocorrelation function from 0 to infinity, known as the
integral time scale, which equals half the time necessary for
a process to have effectively zero correlation with itself.

For subcritical r, there exist stationary solutions, so the
processes 4, B and C never lose their memories. Therefore,
the autocorrelation functions of 4, B and C were computed
only for supercritical values of ». This was done using a
time series of dimensionless duration equal to 400, the data
from first dimensionless time being was suppressed to avoid
any influence of the initial conditions. The result is shown
in figures 21-23 for » = 28 and » = 50. It can be seen that
the autocorrelation function is well-behaved for 4 and B,
since it rapidly tends to zero, indicating that both variables
lose their memories quite quickly. The small-amplitude
oscillation that persists in both autocorrelation functions for
larger values of time lag is due to the fact that time series of
finite duration were used to compute them.

The integral time scales of 4 and B are shown in table 1.
In this range of values for r, the integral time scale of both
variables decreases with larger r. Besides, B decorrelates
with itself faster than 4 does.

The autocorrelation function of C, however, is much
different from those of 4 and B. It oscillates a lot before
tending to zero, and takes considerable time to do so. For
greater values of r, convergence is even slower. In reality,
due to the fact that the solution of the Lorenz system
approaches a periodic solution as r increases, the
autocorrelation functions of all three variables tend to be
periodic for large . As a consequence, the integral time
scale of any variable does not exist, in practice, for large .
The autocorrelation functions of the three variables are
shown in figure 24 for » = 200 as an example of this
situation.

The autocorrelation functions (and integral time scales)
of the velocity components are identical to those of 4, since
U* and W* consist of this random process multiplied by a
constant (with respect to time), which is incapable of
changing the quantities considered. The temperature
fluctuations, however, are different linear combinations of
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the random processes B and C at each point of the domain.
Hence, their autocorrelation functions were computed as
well, and they revealed to have very similar behavior to that
of C, regardless the position of the flow considered.
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Figure 21. Autocorrelation function of 4 for two supercritical values of »
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Figure 23. Autocorrelation function of C for two supercritical values of »

Table 1. Integral time scale of 4 and B for some values of r
r=28 r=50

A 0.037 0.012

B 0.028 0.008

T
Corr 44
Y

—=0.8 .
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Figure 24. Autocorrelation function of the three coefficients for » = 200

5.3. Mean Profiles and Heat Fluxes

The mean values of the coefficients were computed as
the average of 1000 realizations of the Lorenz system
starting from different random initial conditions. Each
realization had a dimensionless duration equal to 20, which
is sufficient to span a fair number of integral time scales.

For all » > r., the expected values of 4 and B are zero.
Thus, the mean values of U* and W* are also zero, since the
velocity field changes signs continuously, so that the
solution can orbit around both foci of opposite signs in
phase space. Interpreting B as the temperature difference
between ascending and descending currents, as explained in
[7], this result indicates that the fluid mean temperature is
homogenized in the horizontal direction.

C is the only coefficient having non-zero mean. Actually,
the C-coordinate of the attractor’s foci in phase space has
only one sign, so that the time series of C always oscillates
above zero. A natural question that arises is whether the
mean value of C equals C,, given by equation (40). As it can
be seen in figure 25, the answer is no. However, the mean
of C is a growing function of C,, and this relation can be
modelled, for instance, by the power law:

— 3.882
(C)y=193.779C*. 45)

This adjustment has a coefficient of determination of
0.91, and is represented by the black curve in figure 25. The
adjustment is also illustrated in figure 26 as a function of r.

Notice in figure 26 that the expected value of C seems to
asymptotically approach a finite value as » grows (a smaller
value than (2m)" to which tends C., though). Assuming that
this trend continues to be valid for greater values of 7, it can
be inferred that the mean values of the coefficients
appearing in the Lorenz system become independent of the
Rayleigh number as it tends to infinity. Interpreting C as the
departure of the temperature profile from linearity [7], its
increasing values with increasing r indicate stronger
temperature gradients near the plates.

The mean value of the temperature fluctuations is

(0%)—@y*=—(C)sin(2mz*)—z* 46)
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Figure 25. Expected values of C in function of C. obtained from the

numerical solution of the Lorenz system (red dots) and adjusted power-law
(black line)
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Figure 26. Expected values of C in function of » obtained from the
numerical solution of the Lorenz system (red dots) and modelled by
equation (45) (black line)

As happens to the velocity field, the mean temperature
field becomes independent of the horizontal position x*.
This happens due to the sign switching of 4 and B. In the
chaotic regime, all temperature profiles are very similar to
the black profile in figure 10. In the CBL, flow properties
can be homogenized in the horizontal directions due to the
displacement of the ascention and subsidence centers of the
convective cells.

The independence of conduction of heat of the horizontal
direction follows immediately from the fact that the
temperature field is not a function of x*. Indeed, the mean
of the horizontal component of heat conduction is zero. As
for the vertical component, we have

*

L= | =14 27(C)cos(2nz*).
pOCp

(47)

Considering other heat transfer mechanisms, it is
important to notice that simply taking the mean of equations
(35) gives birth to both heat transport by mean advection
and by turbulence. The first is

Statistical Description of Rayleigh-Bénard Convection Using the Lorenz Equations

Fr=-(U9)(07) "
F x=-(W*)(0%.

However, the means of both velocity components vanish,
so that mean advection vanishes as well.
At last, to calculate the turbulent fluxes, notice that

(w0%) (U0
(w*0%) = (W*@%),

Due to the fact that the mean velocity field is zero. All
variables in the right-hand side of equation (49) can be
directly obtained from the Fourier series (20)—(22). Hence,

(49)

the turbulent fluxes depend on the quantities (AB> and
<A C > . The numerical result is that they are

(4B)=2(c), o
(4acy=o.

The same result is analytically obtained by taking the
mean of the Lorenz system (23)—(25) assuming statistical
stationarity. Therefore, the turbulent fluxes are

2w

*Q ¥y = ——(C)sin(2max *)sin( 27z *),
(u > » ( >sm( max *)sin 27z *) -
<w*9*>=8n<C>cos2(nax*)sinz(n'z*),

uniquely depending on the mean value of C. These are the
only statistics variable in x* in the chaotic regime. Notice
that the vertical turbulent heat transfer is always positive.
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Figure 27. Profiles of vertical heat transfer by conduction and turbulence
(both always positive), for a position at which the turbulent transport is
maximum

The vertical molecular and turbulent heat transfer profiles
for » = 500 are shown in figure 27 for a position in which
vertical turbulent heat transfer is maximum. Conduction is
greatest near the plates, where important temperature
gradients take place, and smaller away from it, where the
temperature varies little with z*. Notice that, if the expected
value of C attained (2r)" (limit to which tends C.,), vertical
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conduction of heat given by (47) would vanish at z* = 0.5,
indicating locally homogeneous temperature. Turbulent heat
transport vanishes at the plates due to the boundary
conditions, and is greatest at z* = 0.5.

6. Conclusions

Although the Lorenz system results from highly
truncated Fourier series representing the stream function
and the temperature fluctuations, employing it to describe
the steady-state or mean behavior of RBC for different
Rayleigh numbers led to meaningful results, which agree
qualitatively with results from fully developed turbulence in
micrometeorology.

It was found that chaos, analogously to turbulence, tends
to homogenize flow properties such as the temperature. In
addition, the asymptotic behavior of the solution as r tends
to infinity becomes independent of r. Finally, conduction
was found to be the most important heat transfer
mechanism near the bottom plate, turbulence and advection
being more important at higher levels, similarly to what
happens in the CBL.

Many results could be obtained analytically due to the
relative mathematical simplicity of the Lorenz system.
However, its solutions are probably more and more
different from RBC as r grows, since the non-linearities of
the flow produce more Fourier modes that must be included
to represent faithfully all important phenomena happening
in a truly turbulent flow.
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