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Abstract This paper presents new three-point Secant-type methods for finding simple root of nonlinear equations. It is
proved that the new methods have the convergence order of 1.84 or 1.80 requiring only one function evaluations per full
iteration. Some of the three-point Secant-type iterative methods are shown to have the same order of convergence as the
Tiruneh et al. method, the Muller method and the Traub methods. Numerical comparisons are made to demonstrate
exceptional convergence speed of the proposed methods. It is observed that the new three-point Secant-type iterative methods

are very competitive with the similar robust methods.
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1. Introduction

The root-finding problem arises in a wide variety of
practical applications in physics and engineering [2,3,8]. In
this paper, we present new three-point Secant-type iterative
methods to find a simple root of the nonlinear equation. It is
well established that the multipoint root-solvers is of great
practical importance since it overcomes theoretical limits of
one-point methods concerning the convergence order and
computational efficiency. Recently, some modifications of
the Secant-type methods for simple root have been proposed
and analysed [4-7]. Hence, the purpose of this paper is to
show further development of the secant-type methods. The
three-point Secant-type iterative methods are shown to have
the same order of convergence as the Tiruneh et al. method
[7], the Muller method [1] and the Traub methods [8]. In
view of this fact, the proposed methods are significantly
better when compared with the established methods. We
have found that the efficiency index of new iterative methods
has a better efficiency index than the classical Secant
method.

We consider two well-known iterative methods for finding
simple root of nonlinear equations are namely, the classical
secant method

Xn+1 = Xn _|: f (Xn)_ f (Xn,]_
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and the Tiruneh et al method, given by
Xps1 =Xn—2 — f (Xn—Z)(]c (Xn )_ f (Xn—l))

XK f (xn): f (xn_z)J
(%)= f(%12))— f (%)
)= ls) ) <>H ®

Xn = Xp-2 Xn-1—Xp-2

and their order of convergence is 1.62 and 1.84 respectively.
However, for the purpose of this paper, we present a new
three-point secant-type methods for finding simple root of
nonlinear equations.

The rest of the paper is organized as follows: Some
essential definitions relevant to the present work are stated in
the section 2. In section 3 we define some variants
three-point secant-type methods and prove their order of
convergence. In section 4, we will demonstrate the similarity
between the Tiruneh et al. method and one of the proposed
methods. Finally, in section 5, numerical comparisons are
made to demonstrate the performance of the presented
methods.

2. Preliminaries

In order to establish the order of convergence of an
iterative method, following definitions are used
[2,3,4,5,8,10].
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Definition 1 Let f(x) be a real-valued function with a

root o and let {Xn} be a sequence of real numbers that
converge towards «. The order of convergence p is given

by

lim X”L_“fgio, 3)
n*)OO(Xn _a)

where pe®R™ and ¢ is the asymptotic error constant.
Definition 2 Let e =x,—a be the error in the kth
iteration, then the relation

1
g1 =CeP +o(ekp+ ) @)

is the error equation. If the error equation exists, then p is the
order of convergence of the iterative method.

Definition 3 Let r be the number of function evaluations
of the method. The efficiency of the method is measured by
the concept of efficiency index and defined as

El(r.p)={p, (5)
where p is the order of convergence of the method.

Definition 4 Suppose that X,_;,X, and x,,; are three

successive iterations closer to the root « of a nonlinear
equation. Then the computational order of convergence [10]
may be approximated by

In|(012 ~) (50 -

CoC~ —-
mkm_axM4_a)‘

(6)

3. Derivation of the Methods and
Convergence Analysis

In this section, we define new three-point secant-type
iterative methods. These methods are of three different order
of convergence. Before these new three-point secant-type
iterative methods are stated we will denote the following,

: O
Xn —Xn1
f (%n-1) = T (%a2)
= , 8
2 Xn—1~ Xp-2 ®
_ F (%)= f (Xn2)
B T, ©
o, -G (10)
Xn —Xp-2

The first of the three-point Secant-type method is of order
1.62 and is expressed as

Xn+1 = Xn —

@ 3y

3

f(xn)_a)4f(xn)2.

(11)

The next two of the three-point Secant-type methods are

of order 1.80 and they are

expressed as

f (%)

Xn41 =X —

@

{ f (%) f
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ool

f (%)

o

{ ff (%) f

(%)=

e s=)

£ (% )" f (Xpa)
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The rest of the three-point Secant-type methods are of
order 1.84 and these are expressed as

f (%)
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J{ f (%) f(*11)
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{ f(xy) f
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(16)
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(19)



American Journal of Computational and Applied Mathematics 2020, 10(1): 15-20 17

(20)

where @y, @, w3,w, are given by (7)-(10) respectively,
X_1,Xg.% are the initial values and provided that the

denominators of (11)-(20) are not equal to zero. We
emphasize that the formulas of (14), (18)-(20) are given in
[8]. It is essential to verify our finding and prove the order of
convergence of the new three-point secant-type iterative
methods.

Theorem 1

Let f:DcR—>R be a sufficiently differentiable
function and let for an open interval D has ¢ D be a
simple zero of f(x)=0 in an open interval D, with
f'(x)=0 in D. If the initial points xy andx, are
sufficiently close to «, then the asymptotic convergence
order of the new methods defined by (16) is 1.84.

Proof

Let o be a simple root of f(x), ie. f(a)=0 and
f'(a)#0,andtheerrorsat (k—1), k and (k+1) iteration
are expressed as
€, =Xy —a and en,q =Xy —«, respectively.

Using Taylor expansion and taking into account that
f(a)=0, we have

€2 =Xp2—A& €1 =X1 -4,

f(xn):olen+cze§+c3eﬁ+--- (21)
f (X11) = Cr€na + Cofh g +Coen g+ (22)
f (Xn_o)=Ci€n 2 +Coba 5 +Cae o+ (23)
where
£(K) (o)
Ck =W’ for k=1,2,3,4,... (24)
Using (21)-(23), we obtain
_f (X0)—f(Xq1)
Xn = Xn-1
= +(en +€n1)Co (25)
+ (eg + en_len + 63_1)03 4+
_f (Xn-1)— f (Xn_2)
Xn-1— Xn-2
= +(eqg+en2)C, (26)

+ (e§71 +€h16n-2 + er%,Z )03 +---

a)s =
Xn —*n-2 27)
_ 2 2
=c;+(eyn+€n_2)Co +(en +€nen_2 +en_2)c3 +eee
oy = A=
Xn = Xn—2 (28)

=Cp+(ey+€n 1 +€n_2)C3+"+
Substituting the expressions (25)-(28) in (16), we obtain
af (X-2)
@y = T (%n-1) @4

Simplifying, we obtain the error equation for the new
three-point Secant-type iterative method, given by (16) is

2
Cy —CC
€.y = [ZTZC“’Jenen_len_z e (30)

} , (29)

€nt1 =€h-2 _{

In order to prove the order of convergence of (16) and we
defining positive real terms of T, T,,_; and T,_, as

e e €n_
Tn:| nr;1|’ Tha= |n?| Tn—2:| rr:]l|, 31)
SIS
The error terms of T,_, are given as
[en-1/=Tn-2 ‘erT—Z‘ (32)
2
|en| =Tha err1n—l‘ =ThaTnoz [tz (33)
2 3
|en+1| =Ty err]n :(TnanﬂlTnHlZJ erT—Z : (34)
It is obtained from (30) that
el _ c5 —cics (35)
lenllen-1len—2] of

substituting the appropriate expressions of errors terms in
(35), we get

enaal [t -acs
[en|len-al[en—2| of
- [TnTn"llanizzml) emymmLl (36)

In order to satisfy the asymptotic equation (36), the power

of the error term shall approach zero, that is
m®—m? -m-1=0. (37)

The roots of the cubic equation (37) are;
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m=1.83929, m=-0.41964-0.60629i,

m = —0.41964 + 0.60629i (38)

The order of convergence of the new three-point
Secant-type method is determined by the positive root of
(38). Hence, the new three-point Secant-type method defined
by (16) has a convergence order of 1.84. This completes the
proof.

We repeat the procedure to prove the error equations for
the other proposed three-point Secant-type methods.

Theorem 2

Let f:DcR—>R be a sufficiently differentiable
function and let for an open interval D has e D be a
simple zero of f(x)=0 in an open interval D, with

f'(x)#0 in D. If the initial points Xy andx, are

sufficiently close to «, then the asymptotic convergence
order of the new methods defined by (12) and (13) is 1.80.

Similarly, we prove the order of convergence of (12) and
(13) by similar procedure of the previous proof. Using
(25)-(28) we get

enal [C_z j
|en|‘e§—1Herﬂ2‘ !

substituting the appropriate expressions of errors terms in
|en+1|

(39), we get
(CZ j
|en”e§—1Hen—12‘ 1

2
= [TnTnnl_lTn”lz_zmﬂj e

(39)

m3—m2—2m+1
n-2

(40)

In order to satisfy the asymptotic equation (40), the power
of the error term shall approach zero, that is

3

m3—m? —2m+1=0. (41)
The roots of the cubic equation (41) are;
m=1.80194, m=0.44504 m=-1.24698 (42)

The order of convergence of the new three-point
Secant-type methods is determined by the positive root of
(41). Hence, the new three-point Secant-type methods
defined by (12) and (13) has a convergence order of 1.80.

It is elementary to prove the order of convergence of the
new three-point Secant-type method given by (11). Using the
similar procedure as above, the order of convergence order
of (11) is 1.62.

Remark

The new three-point Secant-type iterative methods require
single function evaluation and has the order of convergence
1.84 or 1.80. To determine the efficiency index of these new
methods, definition 3 shall be used. Hence, the efficiency
index of the new three-point Secant-type iterative methods is
as their order of convergence.

New Three-Point Secant-Type Methods for Solving Nonlinear Equations

4. Equivalence of the Approximation

In this section, we will demonstrate the similarity between
the Tiruneh et al. (2) and the proposed method (16). First, we
will simplify the Tiruneh et al. method,

f(xn_g)(f(xn)_f(xn—l)q, (43)

w f (Xn)_a’sf (Xn—l)

and then demonstrate the similarity of these methods. In
order to show the equivalency, we simply equate the two
methods.

Let (16) = (43), we have

{ f (Xn—z)(f (xn)-f (Xn—l))}

Xn+1 = Xn-2 _{

w2f(xn)_a’3f (Xn—l)

_ { o f (X 2) }
oy — a4 f (%1)
Applying cross-multiplication rule to (44), we obtain
f(n-2)(F (%)= F (%n1))(@r@n — @4 f (%q1))
= f (anz)(a’z f(%)-sf (anl))-
Expanding (45), we have
(F(*n2) (%)= f (%n2) f (%01)) (@102 — @ f (X04))

(44)

(45)

= oy f (% 2) T (%) - @@ (% 2) T (Xq1)-  (46)
Further expansion of (46) yields
@, f (anz) f (Xn)_a’4f (Xn72) f (anl) f (Xn)
2

~ @y f (Xa2) F (Xno1) + @4 F (¥n2) F (X0-1)
=@, T (%1-2) f (%) @3t (%0_2) f (Xy1).
Cancelling common factors, we obtain

—ay f (Xn72) f (anl) f (Xn)_a)la)zf (Xn72) f (anl)

(47)

+oy T (%0 2) T (1) =—@@3f (Xq2) F(X01).  (48)
Simplifying, we get

@y T (Xo1) -yt (%) -0 =y, (49)
Factorizing,

oy (f(x01)=F (%)) =r (e ~a3).  (80)
Simplifying, we have

ey (X —Xn-1) = @ — 3. (51)

Replacing @, , we obtain

{ﬁ}(xn ~Xp1)=@p -3 (52)

Further simplification yields
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~(@ @) (% = Xn1) = (@2 = 23) (% ~X-2)- (563)

Expanding (53), we have
—O Xy + O X + Do Xy — Do X
= W Xn — W Xn_p — M3Xpy + W3Xp_2-

Cancelling common factors, we obtain
—@ X + DX~ DpXng = —OpXn_p — O3Xn + D3%n_2. (55)
Combining appropriate terms, we get
—an (Xn —Xn_1) = @2 (Xn_1 = Xn_2) — @3 (Xy —X_2). (56)
Substituting @y, @, w3, given by (7)-(9), into (56), we

have
{ f(*)—f (Xn—l)}(xn ¥oa)

(54)

gire e LS
e
Again, cancelling common factors, we obtain
(100)= 10 =(F )= F(a))

—(F (%)~ T (xn2)).

Mathematically, we have demonstrated the fact that the (2)
and (16) Secant-type methods produce equivalent results.
Hence, the equation (58) establishes that the Tiruneh et al.
method (2) and the new three-point Secant-type method (16)
produce identical estimates of the simple root of the
nonlinear equation. Furthermore, this is manifested in the
numerical examples.

5. Numerical Test Results

The proposed three-point Secant-type iterative methods
are employed to solve nonlinear equation with simple
root. The difference between the simple root o and the

approximation x,, for test function with initial guess xg is
displayed in tables. Furthermore, the computational order of
convergence approximations is displayed in tables and we
observe that this perfectly coincides with the theoretical
result. The numerical computations listed in the table was
performed on an algebraic system called Maple and the
errors displayed are of absolute value.

Numerical example 1
We will demonstrate the order of convergence of the new

three-point Secant-type iterative methods for the following
nonlinear equation

f(x):x3+4x2 -10, (59)

having the exact value of the simple root of (59) is
a =1.36523001... In Table 1 the errors obtained by
the methods described are based on the initial points
X1 =065 x3=075 x =0.85.

Numerical example 2

We will demonstrate the order of convergence of the new
three-point Secant-type iterative methods for the following
nonlinear equation

f(x) =[cos(x)2 —x? +1] ,

having exact value of the simple root of (60) is
«=1.098587... In Table 2 the errors obtained by the
methods described are based on the initial points
X1=05 x9=06, x=0.7.

Numerical example 3

We will demonstrate the order of convergence of the new
three-point Secant-type iterative methods for the following
nonlinear equation

f(x) :[exp(—x2>+sin(x)+In(x+2)],

having exact value of the simple root of (61) is
a =-0.796739097... In Table 3 the errors obtained by the
methods described are based on the initial guess
X 1=-02, x9=-025 x=-03.

(60)

(61)

Table 1. Errors occurring in the approximation of the simple root of (59)

methods  |X, —a|  |x3—d]
o 0.2650  0.730e-1
D 00397  0.115e-1
12) 00364  0.872e-2
(13) 00011  0270e-3
(14) 03910  0.155e-0
(15) 0.1660  0.165e-1
(16) 00763  0.662-2
an 00601  0.387e-2
(18) 00454  0.620e-3
(19) 01910  0.102-0
(20) 02110  0.129-1

X0 — 2] I%;-of  coc
0.138¢-041  0.121e-067 1.6178
0.824¢-068  0.452¢-110  1.6128
0.508e-142  0.749%¢-255  1.7583
0.205e-231  0.143e-413  1.7351
0.268e-067 0.362e-124 1.8394
0.877e-128 0.184e-235 1.8410
0.262e-180 0.336e-332 1.8395
0.113¢-228  0.265¢-421  1.8382
0.976e-261  0.238¢-480  1.8400
0.829¢-104  0.298¢-191  1.8358
0.484e-175  0.975¢-323  1.8391
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Table 2. Errors occurring in the approximation of the simple root of (60)

methods  |X, —a|  |x3—a
) 0.855e-1  0.734e-2
11) 0.85le-2  0.793-3
12) 0.108e-1  0.663¢-3
(13)  05l6e2  0.318e-3
(14) 0.120e-0  0.135e-1
(15)  0864e-l  0.68le-2
(16)  0527e-l  0.354e-2
@ 0.463e-1  0.282e-2
(18) 0.404e-1  0.17le-2
(19) 0.503e-1  0.609-2
(20) 0.580e-1  0.327e-2

X0 —2f x4 — 2 coc
0.183¢-087  0.325e-142 16177
0.138e-119  0.351e-194  1.6158
0.696e-227  0.111e-409  1.8006
0.113e-246  0.770e-445  1.7926
0.122e-154 0.606e-285 1.8395
0.262e-173 0.271e-319 1.8398
0.489¢e-198 0.860e-365 1.8395
0.449e-208  0.289¢-383  1.8393
0.406e-220  0.199e-405  1.8396
0.977e-190  0.176e-349  1.8381
0.269e-204  0.263¢-376  1.8388

Table 3. Errors occurring in the approximation of the simple root of (61)

methods |X2 - a| |X3 - a|
1) 0.633e-1  0.122e-2
(11) 0.244e-1  0.634e-3
(12) 0.115e-1  0.204e-3
(13) 0.835e-2  0.148e-3
(14) 0.895e-1  0.890e-2
(15) 0.708e-1  0.575e-2
(16) 0.548e-1  0.445¢-2
17) 0.528e-1  0.422e-2
(18) 0.508e-1  0.355e-2
(19) 0.518e-1  0.397e-2
(20) 0.508e-1  0.518e-2

X0 — ] I, -a|  coc
0.828e-115 0.113e-186 1.6169
0.199e-127  0.445¢-207  1.6178
0.202e-264 0.154e-478 1.8159
0.181e-299  0.168e-502  1.8218
0.168¢-170  0.369%¢-314  1.8395
0.842¢-183  0.861e-337  1.8396
0.178¢-192  0.137e-354  1.8395
0.158e-194 0.226e-358 1.8395
0.177e-198 0.122e-365 1.8396
0.366e-197 0.325e-363 1.8391
0.102e-191 0.351e-353 1.8387

6. Concluding Remarks

New three-point secant-type methods for solving
nonlinear equations with simple root have been presented.
The effectiveness of the new iterative methods is examined
by showing the accuracy of the simple root of several
nonlinear equations. Convergence analysis proves that the
new three-point iterative methods preserve their order of
convergence. Numerical examples are provided to support
the theoretical results obtained and compared with different
methods. The major advantages of the new three-point
Secant-type methods are that they are very effective and
produces high precision of approximation of the simple
root and they are derivative-free. Finally, we conclude that
the new three-point Secant-type iterative methods may be
considered a very good alternative to the established
methods.
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