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Applications
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Abstract This article presents a special case of symmetric matrices, matrices of transpositions (Tr matrices) that are
created from the elements of given n-dimensional vector XeR", n=2", meN. Has been proposed algorithm for obtaining
matrices of transpositions with mutually orthogonal rows (Trs matrices) of dimensions 2, 4, and 8 as Hadamard product of Tr
matrix and matrix of Hadamard and has been investigated their application for QR decomposition and n-dimensional rotation
matrix generation. Tests and analysis of the algorithm show that obtaining an orthogonal Trs matrix of sizes 4 and 8 that
rotates a given vector to the direction of one of the coordinate axes requires less processing time than obtaining a Housholder

matrix of the same size.
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1. Introduction

This article presents a special case of symmetric matrices,
matrices of transpositions (Tr matrices) that are created
from the elements of given n-dimensional vector XeR",
n=2", meN, where value of every matrix’s element is equal
to this element of vector X, which index is equal to bitwise
XOR of zero based row and column indices of matrix’s
element. It has been proved that elements of every two rows
makes n/2 fours of elements, in which elements, having
different row and column indices (we name them “diagonal
elements”) consists the value of the same element of the
given vector X. It has been defined type of matrices of
transpositions  (Trs matrices) having are mutually
orthogonal rows, as Hadamard product of Tr matrix and
n-dimensional Hadamard matrix having defined ordering
of rows against Sylvester-Hadamard matrix. Has been
investigated the application of Trs matrix for QR
decomposition and n-dimensional  rotation  matrix
generation.

2. Definition of Tr Matrix & Notations

Matrix of Transpositions (Tr matrix) is square matrix
with dimension n=2", meN, which rows are permutations of
elements Xy, ke[0, n-1] of given n-dimensional vector X and
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the values of elements Trpq of matrix are obtained from the
elements of given vector as follows:

Troq = Xpeq: P.0€[01,...,n-1] €

where @ denotes operation ,,bitwise exclusive or“ (XOR)
[22], [23].

When it is needed to denote from which vector have been
obtained the values of Tr matrix’s elements, we will use for
the Tr matrix denotation Tr(X), and for its elements -
denotation Tr(X)p.g-

As it given in (1), we will use zero based indices for
vector’s elements and for Tr matrix’s rows and columns:
p.9=0,1,...,n-1.

As it can be seen from the definition of the matrix, it
contains only the values of the elements of a given vector.
What sets it apart from other similar matrices is the “property
of the fours”, which is described below

The figure, given below shows 8-dimensional Tr matrix,
created from arbitrary vector X=(Xo,X4, ... X7)'.

Xp X1 X7 X3 X4 X35 K5 X?—|
X Xp X3 X9 X5 Xy X7 Xg
X9 X3 X X Xg X7 X4 X5
X3 X9 Xy Xp X7 Xj X5 XKy
Tr(X) = >
Xy Xg X X7 X¢ X X9 X3
X5 Xy X7 X5 £y X0 X3 Xs
X,j X? X4 XS X2 X3 XU X]_
X:.! Xﬁ XS X4 XS Xz Xl XU-|
Figure 1. 8-dimensional Tr matrix created from vector X=(Xo,Xy, ... X7)"
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The example, given below, consists code of Matlab
function, which creates and returns Tr matrix obtained from
n-dimensional vector X where n=2", meN.

function Z = TrMatrix(X)
N=length(X); Z=zeros(N);
if N>0 && bitand(N,N-1)==

for col=1:N % Loop for cols
step=col-1;  %Step of displacements
for row=1:N % Loop for rows

new_row =bitxor(row-1, step)+1;
Z(new_row,col)=X(row);
end; end
else error(‘length of X must be power of 2);
end %end if

Example 1. Matlab function, which creates and returns Tr matrix obtained
from given n-dimensional vector X, n=2", meN

3. Properties of Tr matrices

Properties of Tr matrices in most of cases are determined
by the properties of bitwise XOR operation which relates
indices of given vector X and indices of matrix’s elements,
as it is given in (1). Below are listed and proved some of
them, which we consider as most fundamental.

3.1. Tr matrix is symmetric matrix

This property follows from commutativity of bitwise
XOR operation p@g=0®p, p,aeN. From definition of Tr
matrix we have Trpq = Xpeq and taking in consideration
commutativity of XOR operation we have Trpq = Xpeg =
Xaep = Trqp- Which proves that Tr matrix is symmetric.

3.2. Every One Row and Column of Tr Matrix Consists
all n Elements of Given Vector X without Repetition

Since Tr matrix’s rows and columns and given vector X
have the same dimension, it is enough to prove that every
row and column consists elements of given vector X
without repetition. To prove that every row of Tr matrix
consists elements of given vector X without repetition we
will prove that if two elements of the same row Trpq u Trpr
consists value of the same element of the given vector X,
then indices of their columns are equal, i.e. g=r which
means that Trpq and Trpr denotes the same element of Tr
matrix.

Proof: Let's examine two arbitrary elements Trpqand Trpu
of Tr matrix’s row p. Since Trpg = Xpeq and Trou = Xpeu (1)
and according to condition above we have Xpeq = Xpeu Which
mean that p@g=p®u. Multiplying two sides of this equation
by p, according properties of XOR operation, we get:

pPSpDg=pSpDu = 0q=00u = q = u, 2

which shows, that only one element of Tr matrix’s row can
consists selected element of given vector X, so can't exists
repetitions of the vector’s elements in Tr matrix’s rows.
Since Tr is symmetric matrix, the same is valid for matrix’s

columns Q.E.D.

3.3. First Row & First Column of Tr Matrix Consists
Elements of Given Vector X in Normal Order
(without Inversions)

This property is determined by the properties of bitwise
XOR operation too. If one element Trpq of Tr matrix
belongs to the first row (i.e. p=0), then Tryq = X @q = Xq
which means that values of elements of first row are equal to
the values of elements of given vector X having the same
indices, i.e. in normal order. Since Tr is symmetric matrix,
the same is valid for first matrix’s column Q.E.D.

3.4. Property of the Fours

This property, named “property of the fours” presents
relation between four Tr matrix’s elements. It is defined as
follows: If two elements of different Tr matrix’s rows are
equal to the same element of the given vector X, then the
exchange of their column indices gives indices of another
two Tr matrix’s elements, that are equal also to the same
element of the given vector X (but different from this for the
first two). On the scheme of Tr matrix (Figure 2) the fours of
elements are located at the vertices of rectangles, such as the
diagonal elements of every rectangle contain the same
element of the vector X.

Tr(X) =

e | E = S = =

Figure 2. Example of fours of elements in 8-dimensional Tr matrix, for
which it is satisfied Tr-property

Let's look at the elements Trpq = Xpag and Truy = Xuev, for
the indices of which is satisfied equality p@a=u@®v, that is
they contain the same element Xpeq = Xuev 0Of vector X. We
will prove that from this follows that for the elements Troy =
Xoev and Trua = Xuea IS satisfied equality p@v=u®a, that is
they contain the same element Xpev = Xueq Of given vector X
too.

Proof: Let's look at the equation p@g=u®v which is
satisfied on condition. Multiplying by p to the right of the
two sides of the equation, we get:

pOYSq=udvdq = p=udvedq 3)

whence by multiplying the two sides of equality by v and
using the commutativity of XOR operation, we get:

PAV=UBVOIBV = pdv= udq (4)
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which means that Xpev = Xueq SO Trpy and Trugq consists the
same element of given vector X which proves the property.

This property, that we shall hereafter call “Tr-property” is
specific to Tr matrix. The figure above shows an example of
8-dimensional Tr matrix in which are indicated by dotted
lines several groups of 4 elements, which form rectangles
with equal diagonal elements (which mean, that they satisfy
Tr-property).

3.5. Every Two Rows of Tr Matrix Consists n/2 Fours of
Elements with the Same Values of the Diagonal
Elements

Let's look at two arbitrary elements Tr, 4 and Tr,  from the
same column q of two different Tr matrix’s rows p and u,
p=u. According to Tr-property, for those two elements in Tr
matrix are contained two corresponding elements Trpy and
Truy, for which are satisfied equations Trpgq = Truy u Trpy =
Trug. Since in each fours of elements two elements are
contained in one of the rows and two in the other, to prove
that the number of fours is n/ 2, it is sufficient to prove that
each element of row p is involved in only one fours with
elements of row u.

Proof: Suppose the element Trpq of p participates in two
fours with elements of row u. This would mean that there are
two elements Truy and Trys in the row u of the Tr matrix, for
indices of which are satisfied the equations p®q=u®v and
p@g=u®s. But it would follow, that u®v=u®s, where by
multiplying the two sides of equality by u we get v=s, which
mean that elements are the same, and therefore the element
Trp,q participates in only one fours with elements from row u.
Since every one of fours consists two elements of row p, it
follows that rows p and u consists n/2 fours of elements,
Q.E.D.

Tr(x)=| 2 22 T %o F

[ :\-.._ \Ij-: \-';.‘;0 _:i?__\_:-: .‘;}:
1 ! ! 1 ! |

(X5 1Xy Xg) XgnXp 'Xp X3 Xg
1 1

1 ! ! 1 ! |

X6 X7 X4y Xsni¥o ¥y Xy ¥y

Figure 3.  Fours of elements in 8-dimensional Tr matrix between elements
of rows 1-2 and 5-7, for which it is satisfied Tr-property

The figure above shows fours of elements between
first-second and fifth-sixth rows of 8-dimensional Tr matrix
shown in Figure 1. Given that the elements of each row of the
Tr matrix participate in n/2 fours of elements with elements
from each of the other rows, it is easy to calculate the number
of the fours of elements in Tr matrix, for which Tr-property
is satisfied. Given that the elements of the k-th row
participate in n / 2 fours with elements from the remaining

k-1 rows with a smaller indices, for the total number of the
fours Nsours in N-dimensional Tr matrix we get

nnt  n?(h-1
Nfourts :Ekzlk :¥ 5)

4. Matrix of Transpositions with
Mutually Orthogonal Rows

Matrix of Transpositions with mutually orthogonal rows
(Trs matrix) is square matrix with dimension n=2,4 or 8,
which is obtained as Hadamard product, (denoted by o) of
Tr matrix and n-dimensional Hadamard matrix whose rows
(except the first one) are rearranged relative to the rows of
Sylvester-Hadamard matrix in order R=[1, 15, ... rn]T, Iy ... T
€[2,n] for which the rows of the resulting Trs matrix are
mutually orthogonal.

Trs(X )=Ts(X )o H(R),

6
TrsTrs' = ||X||2 I, ©

where: o denotes operation Hadamard product,

I, is n-dimensional ldentity matrix

H(R) is n-dimensional Hadamard matrix, which rows are
interchanged against the Sylvester-Hadamard matrix in
given order R=[1, 1y, ... 1,]", fa ... 1, €[2,n] for which the
rows of the resulting Trs matrix are mutually orthogonal.

X is the vector from which the elements of Tr matrix are
derived.

It is important to note, that the ordering R of Hadamard
matrix’s rows (against the Sylvester-Hadamard matrix) does
not depend on the vector X but only on its size.

The figure below shows 8-bit Trs matrix for a vector
X=[Xo,X1, ... x7]" and for H(R) rows ordering R=[12836 7
45]".

Since, by definition, the first row of the H(R) matrix
contains the first row of the n-dimensional
Sylvester-Hadamard matrix, and all elements of the first
column of the Sylvester-Hadamard matrix are +1, it follows
that the first row and the first column of the Trs matrix
contain the components of the vector X without inversions,
as can be seen in the figure below.

Xo X1 X3 X3 X4 X5 X5 X7/

Xy -Xp X3 -X9 Xg -Xy3 X7 X5

.\;: —3’{3 —KD .\-.1 —x,ﬁ X7 Xg —}:5.

X3 X5 -X; -Xp X7 X5 X5 Xy |

Trs(X)=
Xy X

Xg -X7 -Xp Xp -Xp X3 |

Xs X4 -X7 Xg -X; -Xp X3 X |
Xg X7 -Xyg Xg Xa ‘X3z -Xg Xy |

-X3 -Xa X -Xp

X7 Xg X5 Xy

Figure 4. Schema of 8-dimensional Trs matrix for vector X=[Xo,Xi, ... x7]"
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The following example shows the code of a Matlab
function that creates and returns a Trs matrix for a given
vector X of sizen=2, 4, or 8.

function Z = TrsMatrix(X)
H2=[11;1-1];H4=[1111;1-11-1;1-1-11;11-1-1];
H8=[11111111;1-11-11-11-1;1-1-11-111-1;
11-1-111-1-1;1-11-1-11-11;11-1-1-1-111;1
-1-111-1-11;1111-1-1-1-1J;
N=length(X); Z=zeros(N);
if N==8 H=HS8;
else if N==4 H=H4;
else if N==2 H=H2;
else error(‘length of X must be 2,4 or 8;
end; end; end; %end
for col=1:N
step=col-1; %Step of displacements
forrow=1:N % Loop for rows
new_row =bitxor(row-1, step)+1;
if H(new_row,col)==1 %set Trs value
Z(new_row,col)=X(row);
else
Z(new_row,col)=-X(row);
end; end; end

Example 2. Matlab function, that creates and returns a Trs matrix for a
given vector X of sizen=2, 4, 0r 8

5. Fours of Elements in the Trs m H(R)
Matrices

We shall hereafter call Trs fours of elements (or just
Trs-fours) the elements (Trsp.g, TrSpw, TrSug, Trsuy) of rows p
and u of Trs matrix, where p,q,u,ve[0,n-1] and p=u, if their
corresponding elements from the Tr matrix (Trpq, Trpy, Trug,
Truy) satisfy the Tr-property. As proved in 3.3, to have this, it
is necessary for the indices p, g, u, v of the elements to satisfy
the equality p@v=u@®q.

Similarly, we will call H fours of elements (or just H-fours)
elements H(R)p.a, H(R)p.v, H(R)u.g, H(R)uv Of rows p and u of
H(R) matrix, where p,q,u,ve[0,n-1] and p=u, if their
corresponding elements from the Tr matrix (Trpq, Trpy, Trug,
Truy) satisfy the Tr-property.

6. Properties of Trs Matrices

The properties of the Trs matrix are determined by its
definition and by the method of its preparation, given in (5).

6.1. The Fours of Elements in the Trs Matrix Form
Pairs of Orthogonal Two-Dimensional Vectors —
Trs-Property

The set vector X uniquely defines the Tr matrix, while for
the n-dimensional Hadamard matrix H(R), the definition
only requires that the rows of the matrix have to be
interchanged relative to the Sylvester-Hadamard matrix for
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ordering R=[1, 1, ... 1,]", so that the rows of the resulting Trs
matrix are mutually orthogonal. This mutual orthogonality
of the rows of the Trs matrix is obtained when the
two-dimensional vectors in the Trs-fours are mutually
orthogonal. This property of the Trs-fours (orthogonal pairs
of two-dimensional vectors) hereafter we shall call
Trs-property. To demonstrate this property, let's look at two
rows of the 8-bit Tr matrix from Figure 1 (such as rows 1 and
2) and the result of their Hadamard product by rows from the
Hadamard matrix. Rows 1 and 2 of the 8-bit Tr matrix have
the following contents:

Fu X%z X3, %4 X5, %¢ 3?1
1

Figure 5. Schema of the fours of elements in the first two rows of an 8-bit
Tr matrix

where dotted lines indicates the fours of elements that satisfy
Tr-property. If these rows are multiplied as Hadamard
product by the first two rows of the Sylvester-Hadamard

matrix.
U T D IS R I
i1 =141 =11 =101 =1,

Figure 6. Schema of the first two rows of Silvester-Hadamard matrix

The following first two rows of the Trs matrix are
obtained:

o Xy R X3 Xy XaXg X
~XgiXg -XonXs -XgnXg -Xg

Figure 7. Schema of the fours of elements in the first two rows of an
8-dimensional Trs matrix

As can be seen from the diagram, the Trs-fours form
groups of mutually orthogonal two-dimensional vectors and,
as a result, the first two rows of the Trs matrix are orthogonal.
Similarly, if the corresponding two-dimensional vectors of
the Trs-fours of any two rows in the Trs matrix are mutually
orthogonal, then the entire rows will be mutually orthogonal.

6.2. The Fours of Elements in the Hadamard H(R)
n-dimensional Matrix must Form Pairs of
Orthogonal Two-Dimensional Vectors

We will prove that in order to obtain the orthogonality of
the Trs-fours in the Trs matrix (which also implies the
mutual orthogonality of the rows), it is sufficient the
corresponding H-fours in the n-dimensional matrix of
Hadamard H(R)n to contain orthogonal vectors.

Let's look at the Trs-fours (TrSpq, TrSpv, TrSug, TrSuv),
p,q,u,ve[0,n-1] of rows p and u of Trs matrix. According to
the definition of the Trs matrix, they are obtained by element
by element multiplication (Hadamard product) of the
corresponding elements of the Tr matrix (Trpq, Trpy, Trug,
Truyv), which satisfy T-property and corresponding elements
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(H(R)pa, H(R)pyv, H(R)ug, H(R)u of Hadamard matrix H(R).
To be two-dimensional vectors

(Trsp,q, Trspy) u (Trsug, Trsuy) 7
as mutually orthogonal, their scalar product must be zero:
Trsp o Trs, o +Trsy, Trs,, =0 (8)

whence

Tr, oHp o T1Sy, Hu'q

To.qHp.g +Trs

v LEe =0 9)

whence, given that (according to the Tr-property) Trpq =
Truyv and Trspy = Trsuq it follows that in order for the
two-dimensional vectors (6) to be orthogonal to each other,
for the corresponding four elements of the Hadamard H (R)
matrix have to be satisfied the equality

HpqHuq +HpHyy =0 (10)

from which follows that vectors (H, g, Hpv) 1 (Hugq, Huv) have
to be orthogonal too, Q.E.D.

6.3. The Trs Matrix Created by a Unit Vector X is an
Orthogonal Matrix

This property follows from the definition of the Trs
matrix (4), according to which the rows of the Trs matrix are
mutually orthogonal and contain transpositions of the
elements of the given vector X. Then for an n-dimensional
Trs(X) matrix

Trs(X)Trs(X)" =[] 1, (11)

where 1, is n-dimensional identity matrix. If X is unit vector
then [|X||=1 and Trs(X).Trs(X)"=I, and consequently Trs(X)
is an orthogonal matrix.

6.4. The Trs Matrix has Symmetrical Connectivity of
the Elements of the First Row and Column and
Antisymmetric Connectivity of the Other Elements
Except the Diagonal Elements

As indicated in (6) the first row and the first column of the
Trs matrix contains the elements of the given vector X
without inversions. We will prove that from the mutual
orthogonality of the rows of Trs the matrix follows that the
elements which are not contained in the first row and the first
column are antisymmetric (skew-symmetric).

We look at the Trs-fours (Trsy,, Trsy,, Trsyq Trsy,).
which contain the first diagonal element Trs; ,, element from
the first row Trs, , element of the first column Trs,, and
diagonal element Trsyu. As Trs =Xo, Trsy =Xy, Tryo=Xy
then according Tr-property follows that dlagonal element
Truu = -X,, therefore diagonal elements of Trs the matrix
except for Trg contain the first element of the given vector X
with a negative sign Try, = -X,, U€[1,n-1].

Let’s now look at the Trs-fours of elements (Trsuu, Trsuv,
Trsvy, Trsvy), UV e [1,n-1]., u#v, which contain two
diagonal elements Trsyu and Trsyy and two diagonally
spaced elements Trsyy and Trs,,y - AS (shown above) Trs,, =
-Xo-¥ Trsvy = -Xo, then according Trs-pproperty it follows

that the diagonally spaced elements Trsyy u Trsyy have
opposite signs Trsyy = -Trsv,u Q.E.D.

6.5. The Trs Matrix Created from Unit Vector X is
Matrix of Reflection

Let’s have transpositions matrix with mutually orthogonal
rows Trs(X), obtained from an arbitrary n-dimensional unit
vector X=[Xo,X1, ... xna] ", IX|IF1, ne[2,4,8].

As shown in property 6.3, matrix Trs(X), obtained from
unit vector is an orthogonal matrix, therefore
||det(Trs(X))||=1. We will prove that det(Trs(X))=-1, which
will mean that Trs matrix is matrix of reflection.

Proof:

As proved in 6.4, Trs matrix has symmetric dependence
of the elements of the first row and column and
antisymmetric dependence of the other elements. Then the
matrix obtained as a product of Trs(X) and a diagonal matrix
D in which dy ;=-1 and d; =1 for i#1 can be represented as the
sum of an skew-symmetric matrix S and matrix Xol,,, where I,
is an n-dimensional identity matrix as follows:

-1 0 -0
0 1 0

Trs(X).D =Trs(X). ol= S—X%l, (13)
0 0 - 1

In example for n = 4 and the transposition of the rows of
H(R) R = [1,2,4,3]" the matrix equation (13) will look as
follows

X, X X, X -1 0 0 0

A A 0 1 0 0

% -x -% x| |0 0 1 0o
e x - -x| [0 0 0 1]

0 X, X X | _x:_ 0 0 0]
- 0 x -x 0 x, 0 0
-, —X 0 X 1o o x, 0
—-X Xy —X 0] [0 0 0 x|

Figure 8. Representing the product of Trs (X) and matrix of a single
inversion as difference of a symmetric and diagonal matrix

Hence, given that D is a diagonal matrix and therefore
D*=D, we get

Trs(X) =(S = x,1,)D

whence, considering that det(D)=-1 for the determinant of
Trs matrix is obtained

det(Trs(X)) = det((S — x,1,,)).det(D)
= —det((S —x1,))

As is known [2], [3], [4], [22], [23] the determinant of real
skew-symmetric matrices is nonnegative det(S)>0, and their
eigenvalues are either zero or purely imaginary. Thus, the
n-bit skew-symmetric matrix S has n/2 pairs of zeroed or
imaginary eigenvalues M=+iBy, k=1,2,...n/2, BxeR. These

(14)

(14)
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eigenvalues are solutions of the characteristic equation
det(S-A)=0 of an skew-symmetric matrix S. Similarly, the
eigenvalues vy, of the matrix S-Xol are solutions of the
characteristic equation

det[S-(Xo+y)1]=0 (15)
If in (15) we put Xo;+y=A we obtain the characteristic
equation of the skew-symmetric matrix S, therefore, the pairs

of complex conjugate eigenvalues vy, of matrix S-xol can be
obtained from the eigenvalues of the matrix S as follows:

Hence for determinant of matrix S - Xol, we get:
n/2
det(s—xoln)=H(x§+ﬁ|§)>o (17)
k=1

whence after substitution in (14) is obtained det(Trs(X))<O0.
Then from property 6.3 it follows that for every unit vector
XeR", ||X||=1 is satisfied det(Trs(X))=-1 and therefore Trs(X)
is matrix of reflection Q.E.D.

7. Obtaining n-dimensional Hadamard
Matrix H(R), for which the Rows of
the Trs Matrix are Mutually
Orthogonal

As shown in 6.1. to obtain from (5) a Trs matrix whose
rows are mutually orthogonal, it is enough the
two-dimensional subvectors in the fours of elements in
n-dimensional Hadamard matrix H(R), to be mutually
orthogonal (9). Given that the elements of Hadamard matrix
are either +1 or —1, from (10) we get:

Hpq =—HugqHpyH

where uelo,...

u,v?

-1 v=q (12)

Each element of the k-th row of H(R), matrix, ke[1,...n-1]
is the first element in k fours of elements. To be the palrs of
subvectors in each of these fours as mutually orthogonal, its
value must be equal to the product of the other elements of
the fours, taken with a negative sign. Thus, the value of each
element of the k-th row must satisfy k equations (12), and in
total for all elements the number of equations is given by
formula (5). Moreover, the values of the elements on the
right-hand side of equations (12) are not independent, and
each of them must satisfy k equations (12), where Kk is the
number of the row in which the element is located.

For practical application of the Trs matrix it is necessary to
determine for which values of n, i.e. for which dimensions of
the Tr matrix exists n-dimensional Hadamard matrices
H(R),, for which the two-dimensional vectors in all fours of
elements are mutually orthogonal. This in practice means to
determine whether for a given value of n exists orderings
R=[ry,ro,...1,]" of Sylvester-Hadamard matrix rows, for
which the two-dimensional vectors in all fours of elements
are mutually orthogonal.

n-1,u#p,vel0,...n
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In this article, we do not offer an analytical solution to this
problem, nor proof that an analytical solution cannot be
obtained. We have used the “brute force” method to
determine for which values of n exists Trs matrices with
mutually orthogonal rows. Have been tested all possible
orderings of Sylvester-Hadamard matrix rows for vector
dimensions of n =2", meN to find all arrangements, for
which the rows of Trs matrix are mutual orthogonal.

A Matlab test program was created to obtain for a given
size n all Hadamard matrices (which mean all orderings
R=[ry,rs,...1,]" of Sylvester-Hadamard matrix), for which the
rows of the Trs matrices are mutually orthogonal. Tests show
that Hadamard matrices H(R), for which two-dimensional
vectors in all fours of elements are mutually orthogonal,
exists for n=2, 4 and 8 but do not exist for n>16. Since Trs
matrices are obtained as Hadamard product of Tr matrix and
H(R), matrix, this means that Trs matrices whose rows are
mutually orthogonal exist only for dimensions n =2, 4 and 8.

8. Practical Application of Trs Matrices

By definition, Trs(X) is a matrix whose rows are mutually
orthogonal and contain transpositions of a given vector X,
while the first row contains the values of X without
inversions. Therefore, if ||X||=1 then the multiplication of
Trs(X/||X|[) by X gives unit vector to the direction of the
coordinate axis X

Trs(X /| X)X =[|X]|.0,...0" (18)

The rotation of a given vector X to the direction of the
coordinate axis X; is base operation of the NRMG

algorithm for obtaining an n-dimensional rotation matrix [1]
and of algorithm for QR decomposition of a matrix [7], [13].
Base operation of those two algorithms is rotation (or
reflection) of given n-dimensional vector to the direction of
one of coordinate axes. For “dense” matrices as the most
effective method is considered Householder reflection [2],
[3], [13], while for “sparse” matrices more effective could be
the method using Givens rotations.

The use of Trs matrices is an alternative method, which in
some cases may be more effective than both Householder
reflections and Givens rotations. Tests and analysis of the
algorithm show that obtaining an orthogonal Trs matrix of
sizes 4 and 8 that rotates a given vector to the direction of one
of the coordinate axes requires less processing time than
obtaining such Housholder matrix. A description of the
testing is given in "Numerical Experiments".

Rotation of n-dimensional vector to the direction of the
coordinate axis X; using Trs matrices.

As is known [15], [20], [21], any positive integer neN,
n<2™* can be represented in a binary number system as a
polynomial in terms of 2 by coefficients a,=[0,1] as follows:

n= Z ak

K, a,e[0,1], k=0,1,..m (19)
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whence the aggregates collected for k>3 we get

m m
n=> a2 =8b;+4a, +2a +a,, by=> a2"° (20)
k=0 k=3
Formula (20) shows how a given n-dimensional vector X
can be represented as the sum of vectors with eight, four, two
and one non-zero coordinates, respectively. For example, if
we have vector X=[Xs,Xs,X4,X3,X2,X1]" it can be represented a
sum of two vectors, which have four and two non-zero
elements respectively:

The Trs matrices obtained from these vectors can be used
to perform basic operations for reflection of 8, 4 and
2-dimensional vectors to the direction of one of coordinate
axes, for example to the direction of the axis ¥; . The figure

below shows graphically the transformation operations for 2,
4 and 8-dimensional vectors through Trs matrices. The unit
for rotating a two-dimensional vector through a Trs matrix is
equivalent to multiplying with Givens matrix for rotating a
2-dimensional vector in coordinate plane (X, Xk+1), but Trs
matrix is matrix of reflection, while Givens matrix is matrix
of rotation.

X =[Xg,Xs,X4,%3,0,0]+[0,0,0,0, x5, %, | (21)
X —= — 10
X+ o4 -0 k+1
Given's rotation Tg+277] ~—0
I pa—— -.—|:|
k43 | Tee (I
rsg(20IXI[)
@ X, — —Tk X, ,— — 0
Xy o — 00 X o —= — )
) T | Tes oK) . ks 0
A T e [T E X LA™ = Xy o g r=—
k Trs,(GUIIXN) k k+é

two-dimensional
base operation

four-dimensional

base operation

eight-dimensional

base operation

Figure 9. Schema for transformation of 2, 4 and 8-dimensional vectors using Trs matrices

X, - s . T10
Trs,(ZL22/1X221)
Xy lar () s b=}
X3 ™ =0
Xy — =0
Trsq(X8/X8l)
Xs : =0
Xg - .0
X7 0
X, — -0
Xg - o b
Trs, (ZX2/1X20[)
:{1[: -1 = D

stage 1 stage 2

Figure 10. Schema for rotation of 10-dimensional vector to the direction
of axis )?1 using Trs matrices

For example, the rotation of a 10-dimensional vector X to
the direction of the coordinate axis X; by means of Trs
matrices can be represented by the following block diagram
(Figure 10). From the first eight elements of the given
10-dimensional vector X, is obtained matrix Trsg(X8/||X8]]),
which reflects the 8- dimensional vector X8 to the direction
of the axis ¥; . From a two-dimensional vector X2=[Xo,X10]"
is obtained matrix Trsy(X2/]|X2|[), which reflects X2 to the
direction of the axis Xg. In the second stage of the algorithm

through matrix Trs,(X22/[X22||) the vector X22=[rg,r.]" is
reflected in the coordinate plane (x;, Xg) which gives
10-dimensional output vector Y=[ry,,0.,...,0]". Since Trs are
orthogonal matrices, then ||Y||=[r,0,...,0]" =||X|| and
consequently |riof=[]X]|.

It is important to note that all matrices of stages S; are
n-dimensional block matrices in which the blocks are Trs
matrices for base operations (Figure 9) or single diagonal
elements. For example, to reflect a 10-dimensional vector X
the matrices of stages will have the following form:

5 =|:I}'55 (s /||

Oz
013 Trs (X2 x2|)

(21)

g
I

oo oo oo ool

.
R [}
=T == T - R - Y Y e Y e Y e Y =
= T == T e S e e Y e Y e Y e Y
- — T = - - - -
R~~~ I~ - -
=T =T - - - - -
R — T — T — R — R T — =T =T~
T =T - - - - -
== = = A -~~~

where C=rg/y[rZ +12,S =1, /{1 +17
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9. Numerical Experiments

Has been created Matlab program to test the application
of Trs matrices for QR decomposition [7], [8]. The
following example gives the code of a program that
performs QR decomposition of a matrix obtained with a
random number generator wusing Trs matrices or
Householder transformation.

clear all;
n=10; e=10"10;
A=rand(n);
R=A; %Start with R=A
Q=eye(n); %Set Q as the identity matrix
for k=1:n-1
x=zeros(n,1);
x(k:n,1)=R(k:n,K); %current vector
M= TrsTransforms(x,K); % set zeros using Trs matrices
%M = Hous(x,k); % set zeros using H. reflection
R=M*R;
Q=Q*M}
end
if round((A- Q*R)*e)/e==zeros(n)
disp('OKY);
end

%Create current Nm dimensional Trs matriix
Y=X(current_first:current_last);
normY=norm(Y);if normY~=0
Y=Y/normY;
for col=1:Nm
step=col-1; %Step of displacements
for row=1:Nm % Loop for rows
new_row =bitxor(row-1, step)+1,;
offset=current_first-1;
if H(new_row,col)==1 %set Trs value
Trs(new_row-+offset,col+offset)=Y (row);
else
Trs(new_row-+offset,col+offset)=-Y (row);
end; end; end
Z="Trs*Z; % Multiply with output matrix
X(current_first:current_last)=0;X(current_first)=normY:;
end; %end if normY~=0
current_last= current_first;
end; %end while loop

Example 3. Code of Matlab for QR decomposition using Trs matrices or
Householder reflection

In the example, for each iteration of Matlab for loop, the
function TrsTransforms(x, k) produces an orthogonal matrix
M, which, when multiplied by the current matrix R, produces
a matrix R with zero values of the elements of the k-th
column with an index greater than k. TrsTransforms (X, k)
receives matrix M as a product of matrices, each containing a
block Trs matrices (Figure 9) and diagonal elements. The
Matlab code of TrsTransforms (x, K) is given as Example 2.

function Z = TrsTransforms(X,k)
N = length(X);
if k>=N error('k have to be less than length of X');
end;
H2=[11;1-1];H4=[1111;1-11-1;1-1-11;11-1-1];
H=[11111111;1-11-11-11-1;1-1-11-111-1;
11-1-1121-2-13;2-21-1-21-12;11-1-1-1-111;1-1
-111-1-112;1111-1-1-1-1];
Z= eye(N);
current_last= N;current_first=N;
while current_first>k
Trs=eye(N); %lnitial Trs matrix
if current_last-k >=7 %8-1
Nm=8; current_first=current_last-7; %-8+1;
else if current_last-k >=3 %4-1
Nm=4;H=H4; current_first=current_last-3; %-4+1;
else if current_last-k >=1 %2-1
Nm=2;H=H2;
current_first=current_last-1;
else break;
end;end;end

Example 4. Code of Matlab function, which returns orthogonal matrix M,
that zeroes elements of k-th column under k-th index of R matrix using Trs
block matrices

The same result can be obtained if, in Example 3, instead
of function TrsTransforms(x, k), we use function Hous(x, k),
which obtains the matrix M through Householder
transformation [13]. Just remove command M=
TrsTransforms(x,k); and the comment symbol "%" at the
beginning of the line %M = Householder(x,k);. The
following example shows the Matlab code of the function
Householder(x,k).

function H = Hous(x,k)
m=length(x);
k=fix(k);
V=X;
V(K)=x(K) - norm(x);
s=norm(v);
if s~=0
w=V/s;
H=eye(m)-2*w*w',
else
H=eye(m);
end

Example 5. Code of Matlab function, which returns orthogonal matrix M,
that zeroes elements of k-th column under k-th index of R matrix using
Householder transformation

10. Algorithmic Efficiency

As is known [4], [10], [13], [17], [18], the Householder
transformation is considered to be the most efficient and
stable method for the QR decomposition of “deep” matrices.

When obtaining a Householder matrix using the function
Hous(x, k) for a given n-dimensional vector X, two
normalizations of k-bit vectors and k* multiplications is
performed.
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When calculating a Trs matrix for vector XeR" where n =
4 or n = 8, using the function TrsMatrix(X), it calculates one
normalizations of the given vector x and executes two nested
cycles in which are executed n” bitwise XOR operations.

For comparison, when calculating a Householder matrix
for vector XeR" using the Hous(X,1) function, it calculates
two normalizations and performs two nested cycles in which
2n? multiplications are performed.

A C ++ test program was created' to compare the
execution time of functions to obtain an 8-bit Trs matrix and
an 8-bit Householder matrix. The results of execution of C
++ test program shows that for the 4 and 8 dimensional
vectors, the calculation of the Trs matrix requires less
processing time than the calculation of the Householder
matrix.

However, when testing QR decomposition, the results
show that for “dense” matrices, using the TrsTransforms
function (which uses Trs matrices) instead of Hous(x,k)
function (which uses Householder matrices) requires several
times more execution time.

11. Conclusions

In this article, we presents a special case of symmetric
matrices, matrices of transpositions (Tr matrices) that are
constructed from the elements of a given n-dimensional
vector XeR", n=2", meN. An algorithm for obtaining
matrices of transpositions with mutually orthogonal rows
(Trs matrices) of dimensions 2, 4, and 8 as Hadamard
product from the symmetric Tr matrix and Hadamard matrix
is proposed and the possibility of using them for QR
decompozition and obtaining a rotation matrix according to
the NRMG algorithm is considered.
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