
American Journal of Computational and Applied Mathematics 2019, 9(1): 1-5 
DOI: 10.5923/j.ajcam.20190901.01 

 

Existence and Uniqueness of Solution for Linear Mixed 
Volterra-Fredholm Integral Equations in Banach Space 

Pakhshan Mohammed Ameen Hasan*, Nejmaddin Abdulla Sulaiman 

Department of Mathematics, College of Education, Salahaddin University-Hawler, Erbil, Iraq 

 

Abstract  In this paper, the existence and uniqueness of mixed linear Volterra-Fredholm integral equations of the second 
kind will be studied under some conditions in the Banach space and Fixed-point theory. Also approximate solution is 
presented using fixed-point iteration method (FPM), and then the Aitken method is used to accelerate the convergence. For 
more illustration the method is applied on several examples and programs are written in the Matlab to compute the results. 
The absolute errors are computed to clarify the efficiency of the method. 
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1. Introduction 
Volterra-Fredholm Integral equations have received 

significant meaning in the mathematical physics, biology, 
engineering, and contact problems in the theory of elasticity 
[14, 6]. These types of equations can be solved analytically 
in [1, 5]. At the same time, the sensing of numerical methods 
takes an important place in solving them [7, 15]. 

In the present work, we consider a mixed 
Volterra-Fredholm integral equation of the second kind of 
the form 

𝑢𝑢(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) + 𝜆𝜆 ∫ ∫ 𝑘𝑘(𝑟𝑟, 𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑     𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏  𝑏𝑏
𝑎𝑎

𝑥𝑥
𝑎𝑎  (1) 

we assume that 𝑓𝑓(𝑥𝑥) is continuous on the interval [𝑎𝑎, 𝑏𝑏] 
and 𝑘𝑘(𝑟𝑟, 𝑡𝑡) is continuous on 𝐷𝐷 = {(𝑟𝑟, 𝑡𝑡): 𝑎𝑎 ≤ 𝑡𝑡 ≤ 𝑏𝑏 & 𝑎𝑎 ≤
𝑟𝑟 ≤ 𝑥𝑥 ≤ 𝑏𝑏}, while u(x) is the unknown continuous function 
in  [𝑎𝑎, 𝑏𝑏] to be determined. 

Ahmed solved this equation by using least square 
approximation method, [12]. Wazwaz solved this problem 
by using the method of series solution and the Adomian 
decomposition method, [3]. In [10], Ezzati and 
Najafalizadeh used Cas wavelets for solving linear and 
nonlinear Volterra-Fredholm integral equations. In [9] Wang 
used least square approximation method to solve this type of 
equation. In addition, Ibrahim used new iterative method for 
solving the linear Volterra-Fredholm and mixed 
Volterra-Fredholm integral equations in [4]. Also, Hasan 
solved it by using linear programming method, [8]. 
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The objective of this work is to study the existence and 
uniqueness of solution of equation (1), also to present an 
approximate solution using fixed point iteration method, and 
then the Aitken method is used to accelerate the convergence 
of the solution. 

2. Definitions and Theores [11, 2] 
This section deals with some definitions and theorems 

which are used in this work 
Definition 2.1. Let (𝑀𝑀,𝑑𝑑) be a metric space and 𝑀𝑀∗ ⊆ 𝑀𝑀 

with the mapping 𝑓𝑓:𝑀𝑀∗ → 𝑀𝑀, an element 𝑝𝑝 ∈ 𝑀𝑀∗ is a fixed 
point of the mapping f if 𝑓𝑓(𝑝𝑝) = 𝑝𝑝. 

Definition 2.2. Let (𝑀𝑀,𝑑𝑑) be a complete metric space, the 
mapping 𝑓𝑓:𝑀𝑀 → 𝑀𝑀 is called contractive mapping if there 
is a real number  0 ≤ 𝛼𝛼 < 1 such that for each 𝑢𝑢, 𝑣𝑣 ∈ 𝑀𝑀 
we have 

 𝑑𝑑�𝑓𝑓(𝑢𝑢), 𝑓𝑓(𝑣𝑣)� ≤ 𝛼𝛼𝛼𝛼(𝑢𝑢, 𝑣𝑣). 
Definition 2.3. Assume that {𝑝𝑝𝑛𝑛}𝑛𝑛=0

∞  is linearly 
convergent sequence to the limit p, then the sequence 
{𝑝̂𝑝𝑛𝑛}𝑛𝑛=0

∞  that constructed by the acceleration (Aitken) 
formula 
𝑝̂𝑝𝑛𝑛 = 𝑝𝑝𝑛𝑛 −

(𝑝𝑝𝑛𝑛+1−𝑝𝑝𝑛𝑛 )2

𝑝𝑝𝑛𝑛+2−2𝑝𝑝𝑛𝑛+1+𝑝𝑝𝑛𝑛
, converges to p more rapidly 

than does the original sequence  {𝑝𝑝𝑛𝑛}𝑛𝑛=0
∞ . 

Theorem 2.1. Let (𝑀𝑀,𝑑𝑑) be a complete metric space 
and 𝑓𝑓:𝑀𝑀 → 𝑀𝑀 be a contractive mapping on M, then f has a 
unique fixed point. Moreover, for any 𝑝𝑝0 ∈ 𝑀𝑀  the 
sequence of iterates 𝑝𝑝𝑛𝑛 = 𝑓𝑓(𝑝𝑝𝑛𝑛−1) for 𝑛𝑛 ≥ 1 converges to 
a fixed point of 𝑓𝑓. 

Theorem 2.2. Let {𝑝𝑝𝑛𝑛}𝑛𝑛=0
∞  be any sequence converging 

linearly to the limit p with 𝑒𝑒𝑛𝑛 = 𝑝𝑝𝑛𝑛 − 𝑝𝑝 ≠ 0 for all 𝑛𝑛 ≥ 0. 
The sequence {𝑝̂𝑝𝑛𝑛}𝑛𝑛=0

∞  converges to p faster than  
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{𝑝𝑝𝑛𝑛}𝑛𝑛=0
∞  in the sense lim𝑛𝑛→∞

𝑝𝑝�𝑛𝑛−𝑝𝑝
𝑝𝑝𝑛𝑛−𝑝𝑝

  . 

3. The Application of Fixed Point 
Method (FPM) on LMVFIE2nd 

We consider the mixed Volterra-Fredholm integral 
equation (1.1) and define the operator 𝑇𝑇 as follows 

𝑇𝑇(𝑢𝑢) = 𝑓𝑓(𝑥𝑥) + 𝜆𝜆 ∫ ∫ 𝑘𝑘(𝑟𝑟, 𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  𝑏𝑏
𝑎𝑎

𝑥𝑥
𝑎𝑎      (2) 

Clearly, the solution of equation (1) is the fixed-point of 
operator 𝑇𝑇 . By choosing the initial function       
 𝑢𝑢0(𝑥𝑥) ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏], the following fixed-point iteration will be 
introduced 
  𝑢𝑢𝑛𝑛(𝑥𝑥) = 𝑇𝑇(𝑢𝑢𝑛𝑛−1)  

= 𝑓𝑓(𝑥𝑥) + 𝜆𝜆 ∫ ∫ 𝑘𝑘(𝑟𝑟, 𝑡𝑡)𝑢𝑢𝑛𝑛−1(𝑡𝑡)𝑑𝑑𝑑𝑑𝑏𝑏
𝑎𝑎

𝑥𝑥
𝑎𝑎 𝑑𝑑𝑑𝑑, 𝑛𝑛 ≥ 1   (3) 

several successive approximations  𝑢𝑢𝑖𝑖(𝑥𝑥), 𝑖𝑖 ≥ 1  will be 
determined by using equation (3.2), then the sequence of 
approximate solutions {𝑢𝑢𝑛𝑛}  will be produced which 
approaches the exact solution u as n approaches infinity. It 
is just the contractive property which is responsible for 
clustering the sequence {𝑢𝑢𝑛𝑛}  in toward a limit point. 
Therefore the main concepts that are needed for fixed-point 
theorem are a complete metric space and a contractive 
mapping which would ensure the existence of a unique 
solution for the presented equation. 

In the following, we show that under proper assumptions, 
T becomes a contractive mapping. 

Theorem 3.1. Let (𝐶𝐶[𝑎𝑎, 𝑏𝑏], ‖. ‖∞) be a complete metric 
space, and the functions k and f be continuous in their 
respective domain i.e. 𝑓𝑓 ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏]  and  𝑘𝑘 ∈ 𝐶𝐶([𝑎𝑎, 𝑏𝑏] ×
[𝑎𝑎, 𝑏𝑏]), if additionally the following inequality 

| 𝜆𝜆| < 1
𝑀𝑀(𝑏𝑏−𝑎𝑎)2                   (4) 

satisfied, then the mapping T that defined in equation (2) 
becomes a contractive mapping. 

Proof: First we indicate that the kernel is bounded that is 
|𝑘𝑘(𝑟𝑟, 𝑡𝑡)| ≤ 𝑀𝑀 for some positive real number M. 

Let 𝑢𝑢(𝑥𝑥) ,𝑣𝑣(𝑥𝑥) ∈ [𝑎𝑎,𝑏𝑏], then 
��𝑇𝑇(𝑢𝑢) − 𝑇𝑇(𝑣𝑣)��

∞
= 𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]
�𝑇𝑇�𝑢𝑢(𝑥𝑥)� − 𝑇𝑇�𝑣𝑣(𝑥𝑥)�� 

= 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏] �

�
𝑓𝑓(𝑥𝑥) + 𝜆𝜆� � 𝑘𝑘(𝑟𝑟, 𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑏𝑏

𝑎𝑎

𝑥𝑥

𝑎𝑎

−   [𝑓𝑓(𝑥𝑥) + 𝜆𝜆� � 𝑘𝑘(𝑟𝑟, 𝑡𝑡)𝑣𝑣(𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎

𝑥𝑥

𝑎𝑎
]
�
� 

= 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]

�𝜆𝜆� � 𝑘𝑘(𝑟𝑟, 𝑡𝑡)(𝑢𝑢(𝑡𝑡) − 𝑣𝑣(𝑡𝑡))𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎

𝑥𝑥

𝑎𝑎
� 

≤ |𝜆𝜆| 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]

� � |𝑘𝑘(𝑟𝑟, 𝑡𝑡)||𝑢𝑢(𝑡𝑡) − 𝑣𝑣(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎

𝑥𝑥

𝑎𝑎
 

≤ |𝜆𝜆| 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]

� � |𝑘𝑘(𝑟𝑟, 𝑡𝑡)| 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]

|𝑢𝑢(𝑥𝑥)
𝑏𝑏

𝑎𝑎

𝑥𝑥

𝑎𝑎
− 𝑣𝑣(𝑥𝑥)|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑           

≤ |𝜆𝜆|‖𝑢𝑢(𝑥𝑥) − 𝑣𝑣(𝑥𝑥)‖∞ 𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]
� � |𝑘𝑘(𝑟𝑟, 𝑡𝑡)|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑏𝑏

𝑎𝑎

𝑥𝑥

𝑎𝑎
 

≤ |𝜆𝜆|𝑀𝑀(𝑏𝑏 − 𝑎𝑎)2‖𝑢𝑢(𝑥𝑥) − 𝑣𝑣(𝑥𝑥)‖∞              

Then with the assumption |𝜆𝜆| < 1
𝑀𝑀(𝑏𝑏−𝑎𝑎)2  we get that 

𝛼𝛼 = |𝜆𝜆|𝑀𝑀(𝑏𝑏 − 𝑎𝑎)2 < 1. 
Consequently, the mapping T of the linear 

Volterra-Fredholm integral equation becomes a contractive 
mapping.  

4. The Existence and Uniqueness of 
Solution 

To ensure the existence of a unique solution of the 
MVFIE2nd, we have to show that T has a unique fixed-point 
and the sequence {𝑢𝑢𝑛𝑛(𝑥𝑥)}𝑛𝑛=0

∞  generated by iteration (3) 
converges to this unique fixed-point. 

Theorem 4.1. Let (𝐶𝐶[𝑎𝑎, 𝑏𝑏], ‖. ‖∞) be a complete metric 
space and 𝑇𝑇 be a contractive mapping of MVFIE2nd defined 
in (3) 

then 
i.  T has a unique fixed-point 𝑢𝑢∗ ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏] 
ii.  For any 𝑢𝑢0 ∈ [𝑎𝑎, 𝑏𝑏] the sequence of iterates 

 𝑢𝑢𝑛𝑛+1 = 𝑇𝑇(𝑢𝑢𝑛𝑛)  converges to 𝑢𝑢∗. 
Proof: i. By taking the limit of both sides of 𝑢𝑢𝑛𝑛 =

𝑇𝑇(𝑢𝑢𝑛𝑛−1) 
lim
𝑛𝑛→∞

𝑢𝑢𝑛𝑛 = lim
𝑛𝑛→∞

𝑇𝑇(𝑢𝑢𝑛𝑛−1) 

Since T is contraction mapping, then it is continuous, so 
lim
𝑛𝑛→∞

𝑢𝑢𝑛𝑛 = 𝑇𝑇 lim
𝑛𝑛→∞

(𝑢𝑢𝑛𝑛−1) 

Thus 𝑢𝑢∗ = 𝑇𝑇(𝑢𝑢∗). Hence T has a fixed-point. 
Now, suppose that 𝑣𝑣∗ is also a fixed-point of T, that is 

𝑣𝑣∗ = 𝑇𝑇(𝑣𝑣∗) 
0 ≤ 𝑑𝑑(𝑢𝑢∗,𝑣𝑣∗) = 𝑑𝑑(𝑇𝑇(𝑢𝑢∗),𝑇𝑇(𝑣𝑣∗)) ≤ 𝛼𝛼𝛼𝛼(𝑢𝑢∗, 𝑣𝑣∗) 

Remembering that 0 ≤ 𝛼𝛼 < 1, the above implies that 
 𝑑𝑑(𝑢𝑢∗,𝑣𝑣∗) ≤ 𝛼𝛼𝛼𝛼(𝑢𝑢∗,𝑣𝑣∗) 

This means that  α ≥ 1 , which is contradicts our 
assumption, therefore u∗ = v∗. 

ii. By the closer condition from part (i), we have: 
𝑑𝑑�𝑢𝑢𝑛𝑛(𝑥𝑥),𝑢𝑢∗(𝑥𝑥)� = 𝑑𝑑�𝑇𝑇(𝑢𝑢𝑛𝑛−1),𝑇𝑇(𝑢𝑢∗)� 

≤ 𝛼𝛼𝛼𝛼(𝑢𝑢𝑛𝑛−1,𝑢𝑢∗), 
also we have 

𝑑𝑑(𝑢𝑢𝑛𝑛−1,𝑢𝑢∗) = 𝑑𝑑�𝑇𝑇(𝑢𝑢𝑛𝑛−2),𝑇𝑇(𝑢𝑢∗)� 
≤ 𝛼𝛼𝛼𝛼(𝑢𝑢𝑛𝑛−2,𝑢𝑢∗) 

that is we get 
𝑑𝑑(𝑢𝑢𝑛𝑛 ,𝑢𝑢∗) ≤ 𝛼𝛼2𝑑𝑑(𝑢𝑢𝑛𝑛−2,𝑢𝑢∗) ≤ ⋯ ≤ 𝛼𝛼𝑛𝑛𝑑𝑑(𝑢𝑢0,𝑢𝑢∗) 

Taking the limit of both sides produces 
lim
𝑛𝑛→∞

𝑑𝑑(𝑢𝑢𝑛𝑛 ,𝑢𝑢∗) ≤ lim
𝑛𝑛→∞

𝛼𝛼𝑛𝑛𝑑𝑑(𝑢𝑢0,𝑢𝑢∗) 

Since 0 ≤ α < 1, then αn → 0, as n → ∞, that is un → u∗. 
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5. The FPM Algorithm 
To find an approximate solution of (LMVFIE2nd) by FPM 

perform the following steps: 
Step 1: select positive integers a, b, and n. 
Step 2: put 𝑢𝑢0(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) as an initial approximation. 
Step 3: calculate  𝑢𝑢𝑖𝑖(𝑥𝑥) in equation (3) for all 

 𝑖𝑖 = 1, 2, … ,𝑛𝑛. 
Step 4: increment i and repeat the previous step until 

desired level of accuracy is reached. 
Step 5: find 𝑢𝑢𝑖𝑖�𝑥𝑥𝑗𝑗 �, for some 𝑥𝑥𝑗𝑗 ∈ [𝑎𝑎, 𝑏𝑏]. 
Step 6: compute the absolute error of each root 

�𝑢𝑢(𝑥𝑥𝑗𝑗 ) −  𝑢𝑢𝑛𝑛�𝑥𝑥𝑗𝑗 ��. 

6. Acceleration of Approximation 
(Aitken) 

In this section, the possibility of improving the rate of 
convergence will be discussed for a slowly convergent 
sequence of iterates. The approach we adopt is due to Aitken. 
The idea is to use the terms of the sequence and their rate of 
change to predict the future behavior of the iteration. The 
proses are applicable to any linearly convergence. 

Suppose that the sequence {𝑢𝑢𝑛𝑛}𝑛𝑛=0
∞  is linearly convergent 

to the limit u. It follow that there exists a constant c, with 
 −1 < 𝑐𝑐 < 1, such that for sufficiently large value of n, 

               𝑒𝑒𝑛𝑛 ≈ 𝑐𝑐𝑒𝑒𝑛𝑛−1                      (5) 
where 𝑒𝑒𝑛𝑛 = 𝑢𝑢𝑛𝑛 − 𝑢𝑢. It can be deduced that 

 𝑒𝑒𝑛𝑛2 ≃ 𝑒𝑒𝑛𝑛+1𝑒𝑒𝑛𝑛−1 ⟹ (𝑢𝑢𝑛𝑛 − 𝑢𝑢)2 ≃ (𝑢𝑢𝑛𝑛+1 − 𝑢𝑢)(𝑢𝑢𝑛𝑛−1 − 𝑢𝑢) 
we find that 

𝑢𝑢 ≃ 𝑢𝑢𝑛𝑛+1𝑢𝑢𝑛𝑛−1−𝑢𝑢𝑛𝑛2

𝑢𝑢𝑛𝑛+1−2𝑢𝑢𝑛𝑛+𝑢𝑢𝑛𝑛−1
                 (6) 

this approximation will be denoted by  𝑢𝑢�𝑛𝑛+1 and the errors 
𝑢𝑢�𝑛𝑛 − 𝑢𝑢 by 𝑒̂𝑒𝑛𝑛 . It will be found that the sequence 𝑢𝑢�𝑛𝑛  is also 
convergent with the same limit u, but with a noticeably 
better approximation and faster rate of convergence as it 
stated in theorem (2.1). 

7. Aitken on FPM for Solving 
MVFIE2nd 

In this section, the Aitken's method has been applied 
successfully on fixed-point method to find the solution of our 
integral equation, where the first three approximations are 
computed by fixed-point method and then substituted in 
equation (6) to get the procedure 

 𝑢𝑢�𝑖𝑖 ≃
𝑢𝑢𝑖𝑖+1𝑢𝑢𝑖𝑖−1−𝑢𝑢𝑖𝑖

2

𝑢𝑢𝑖𝑖+1−2𝑢𝑢𝑖𝑖+𝑢𝑢𝑖𝑖−1
; 𝑖𝑖 = 1,2, … ,𝑛𝑛           (7) 

where good estimations and sometimes exact solution will be 
found. 

8. Numerical Examples 
In this section, several examples will be solved to show 

the accuracy of our approach. 

Example 1. Consider the following LMVFIE2nd 

𝑢𝑢(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥 −
𝑥𝑥2

4
+

1
2
� � 𝑟𝑟𝑟𝑟(𝑡𝑡)𝑑𝑑𝑑𝑑  ; 0 ≤ 𝑥𝑥 ≤ 1

1

0

𝑥𝑥

0
 

where 𝑢𝑢(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥  is the exact solution. 
Assume that f(x) is continuous on [0,1], and 𝑘𝑘(𝑟𝑟, 𝑡𝑡) = 𝑟𝑟 

is continuous on the square  𝑟𝑟 ∈ [0,1], 𝑡𝑡 ∈ [0,1], hence it is 
bounded there and a bound 𝑀𝑀 is 1, that is 
𝑀𝑀 = max𝑟𝑟∈[0,1]

𝑡𝑡∈[0,1]
|𝑟𝑟| = 1, also we have 

1
2

= |𝜆𝜆| < 1
𝑀𝑀(𝑏𝑏−𝑎𝑎)2 = 1. 

So according to the above theorem the problem has a 
unique solution and as described above, first we let 
 𝑢𝑢0(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥 − 𝑥𝑥2

2
, and then 𝑢𝑢𝑖𝑖(𝑥𝑥); 𝑖𝑖 = 1, … ,𝑛𝑛  will be 

determined. By choosing different values of (n), we will get 
the results that are listed in Table 1, while Figure 1 gives a 
comparison between the exact and the approximate solution 
using (F.P.) solution for different values of n. 

Table 1.  The results of Example 1 using FPM with n = 6, 9, 12 and Aitken 
method 

𝑥𝑥𝑖𝑖  
Absolute error for 𝑢𝑢(𝑥𝑥𝑖𝑖) using FPM 

|𝑢𝑢 −  𝑢𝑢6(𝑥𝑥)| |𝑢𝑢 −  𝑢𝑢9(𝑥𝑥)| |𝑢𝑢 −  𝑢𝑢12(𝑥𝑥)| 

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

0 
8.37245e-10 
3.34897e-09 
7.53520e-09 
1.33959e-08 
2.09311e-08 
3.01408e-08 
4.10250e-08 
5.35837e-08 
6.78168e-08 
8.37245e-08 

0 
4.84515e-13 
1.93806e-12 
4.36068e-12 
7.75224e-12 
1.21130e-11 
1.74427e-11 
2.37415e-11 
3.10092e-11 
3.92459e-11 
4.84515e-11 

0 
2.77556e-16 
1.11022e-15 
2.55351e-15 
4.44089e-15 
6.99441e-15 
1.02141e-14 
1.37668e-14 
1.79856e-14 
2.26486e-14 
2.79776e-14 

 

Figure 1.  Exact solutions and numerical results of example 1 using (F.P.) 
for n=1, 2, 3, and 4 

Now to accelerate the convergence, the approximate 
solutions  𝑢𝑢1(𝑥𝑥),  𝑢𝑢2(𝑥𝑥) and  𝑢𝑢3(𝑥𝑥) will be found by FPM 
as follows: 

  𝑢𝑢1(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥 −
𝑥𝑥2

48
   𝑢𝑢2(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥 −

𝑥𝑥2

576
 

and 
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𝑢𝑢3(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥 −
𝑥𝑥2

6912
 

and then substituted them in the Aitken procedure to get 
𝑢𝑢�1(𝑥𝑥) which gives the exact solution with only one iteration. 

Example 2. Consider the following LMVFIE2nd 

𝑢𝑢(𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑥𝑥) + 𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥) −
1
4
𝑥𝑥2 + 𝜋𝜋

8𝑥𝑥 

+
1
4
� � (𝑟𝑟 − 𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝜋𝜋
2

0

𝑥𝑥

0
,   0 ≤ 𝑥𝑥 ≤

𝜋𝜋
2

 

where exact solution is 𝑢𝑢(𝑥𝑥) = cos(𝑥𝑥) + 𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥). 
First, it will be verified whether the described     

method can be used for solving this problem. Since 
 𝑘𝑘 ∈ 𝐶𝐶 ��0, 𝜋𝜋

2
� × �0, 𝜋𝜋

2
��  and 𝑓𝑓 ∈ 𝐶𝐶 ��0, 𝜋𝜋

2
�� , therefore we 

only check the satisfying of inequality (10). In this example 
|𝜆𝜆| = 1

4
,  and 𝑀𝑀 = max𝑟𝑟 ,𝑡𝑡∈[0,𝜋𝜋2]|𝑘𝑘(𝑟𝑟, 𝑡𝑡)| = max𝑟𝑟 ,𝑡𝑡∈[0,𝜋𝜋2]|𝑟𝑟 −

𝑡𝑡| = 𝜋𝜋
2
 

0.25 = |𝜆𝜆| <
1

𝑀𝑀(𝑏𝑏 − 𝑎𝑎)2 =
1

𝜋𝜋
2 (𝜋𝜋2 − 0)2

= 0.258012275 

This means that FPM can be applied, Let 𝑢𝑢0(𝑥𝑥) = 𝑓𝑓(𝑥𝑥), 
Applying the algorithm of the FPM with different values of n 
the following results that are listed in Table 2 are obtained, 
while Figure 2 gives a comparison between the exact and the 
approximate solution using (F.P.) solution for different 
values of n. 

Table 2.  The results of Example 2 using FPM with n = 3,6,9   

𝑥𝑥𝑖𝑖  
Absolute error for 𝑢𝑢(𝑥𝑥𝑖𝑖) using FPM 

|𝑢𝑢 −  𝑢𝑢3(𝑥𝑥)| |𝑢𝑢 −  𝑢𝑢6(𝑥𝑥)| |𝑢𝑢 −  𝑢𝑢9(𝑥𝑥)| 

0 
0.05𝜋𝜋 
0.10𝜋𝜋 
0.15𝜋𝜋 
0.20𝜋𝜋 
0.25𝜋𝜋 
0.30𝜋𝜋 
0.35𝜋𝜋 
0.40𝜋𝜋 
0.45𝜋𝜋 
0.50𝜋𝜋 

0 
2.35991e-06 
4.19540e-06 
5.50646e-06 
6.29310e-06 
6.55531e-06 
6.29310e-06 
5.50646e-06 
4.19540e-06 
2.35991e-06 

0 

0 
1.24237e-09 
2.20866e-09 
2.89886e-09 
3.31299e-09 
3.45103e-09 
3.31299e-09 
2.89886e-09 
2.20866e-09 
1.24237e-09 

0 

0 
6.54184e-13 
1.16265e-12 
1.52607e-12 
1.74397e-12 
1.81671e-12 
1.74397e-12 
1.52607e-12 
1.16265e-12 
6.54184e-13 

0 

 

Figure 2.  Exact solutions and numerical results of example 2 using (F.P.) 
for n=1, 2, 3, and 4 

9. Conclusions 
In this paper, the existence and uniqueness of solution of 

linear mixed Volterra-Fredholm integral equation of the 
second kind (LSMVFIE2nd) is verified and proved, the result 
is obtained by the help of some extensions of Banach's 
contraction principle in complete metric space. The 
fixed-point method introduced to solve the mentioned 
equation and then the solution is accelerated by Aitken 
formula. Two examples are presented for illustration and 
good approximate results are found. Moreover, the results of 
both of them (FPM & Aitken) are compared to each other 
and then with the exact solutions to demonstrate the 
implementation of the method. The given numerical 
examples and the outcomes in Tables (1-2) and Figures (1-2) 
are supported these claims. 

 

REFERENCES 
[1] A. Aghajani, Y. Jalilian, K. Sadarangani, Existence of 

solution for mixed Volterra-Fredholm integral equations. 
EJDE, 137 (2012) 1-12. 

[2] A. J. Jerri, Introduction to integral equation with application. 
Marcel Dekker, New York and Basel (1985). 

[3] A.M. Wazwaz, Linear and nonlinear integral equations, 
methods and applications. Beijing and Springer-Verlag Berlin 
Heidelberg (2011). 

[4] H. Ibrahim, F. Attah, G.T. Gyegwe, On the solution of 
Volterra-Fredholm and mixed Volterra-Fredholm integral 
equations using the new iterative method. J.am, 6 (2016) 1-5.   

[5] M.A. Abdou, Integral Equation of Mixed Type and Integrals 
of Orthogonal Polynomials, J.Comp. Appl. Math. 138 (2002), 
273-285. 

[6] M. A. Abdou, On asymptotic method for Fredholm–Volterra 
integral Equations of the second kind in contact problems. J. 
Comp.and Appl. Math.154 (2003) 431-446.  

[7] M. K. Shahooth, Numerical solution for mixed 
Volterra-Fredholm integral equations of the second kind by 
using bernstein polynomials method. MTM, 5(2015) 154-162.  

[8] P. M. Hasan, Numerical Solution of Mixed 
Volterra-Fredholm Integral Equation using Linear 
Programming Method, J.am, 8 (3) 42-45, (2018). 

[9] Q. Wang, K. Wang, S. Chen, Least square approximation 
method for the solution of Volterra-Fredholm integral 
equations. J. Comp. Appl. Math, 272 (2014) 141-147. 

[10] R. Ezzati, S. Najafalizadeh, Numerical Methods for Solving 
Linear and non-linear Volterra-Fredholm Integral Equations 
by Using Cas Wavelets, WASJ, 18 (2012) 1847-1854. 

[11] R. L. Burden, J.D. Faires, Numerical Analysis. Prindle, 
Weber & Schmidt Boston (1985). 

[12] S.S. Ahmed, Numerical Solution for Volterra-Fredholm 
Integral Equation of the Second Kind by Using Least Squares 
Technique. IJS, 52 (4) 504-512 (2011). 



 American Journal of Computational and Applied Mathematics 2019, 9(1): 1-5 5 
 

 

[13] T.I. Hasan, Iterative Solution for Linear Volterra-Fredholm 
Integral Equations of the SecondKind and its System. Ph. D. 
Thesis, Salahaddin University-Erbil, College of Education 
(2017).   

[14] V. M. Aleksandrov, E. V. Kovalenko, S. M. Mkhitarian, On a 
method of obtaining spectral relationships for integral 
operators of mixed problems of mechanics of continuous 
media, Appl. Math. Mech., 46 (1982) 825-832. 

[15] Z. Chen, W. Jiang, An Approximate Solution for a Mixed 
Linear Volterra-Fredholm Integral quations, J.AML, 25 (2012) 
1131-1134. 

 

 
 


	1. Introduction
	2. Definitions and Theores [11, 2]
	3. The Application of Fixed Point Method (FPM) on LMVFIE2nd
	4. The Existence and Uniqueness of Solution
	5. The FPM Algorithm
	6. Acceleration of Approximation (Aitken)
	7. Aitken on FPM for Solving MVFIE2nd
	8. Numerical Examples
	9. Conclusions

