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Abstract In this paper, the existence and uniqueness of mixed linear Volterra-Fredholm integral equations of the second
kind will be studied under some conditions in the Banach space and Fixed-point theory. Also approximate solution is
presented using fixed-point iteration method (FPM), and then the Aitken method is used to accelerate the convergence. For
more illustration the method is applied on several examples and programs are written in the Matlab to compute the results.
The absolute errors are computed to clarify the efficiency of the method.
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1. Introduction

Volterra-Fredholm Integral equations have received
significant meaning in the mathematical physics, biology,
engineering, and contact problems in the theory of elasticity
[14, 6]. These types of equations can be solved analytically
in[1, 5]. At the same time, the sensing of numerical methods
takes an important place in solving them [7, 15].

In the present work, we consider a mixed
Volterra-Fredholm integral equation of the second kind of
the form

u(®) = )+ [ [ k@, Ou@®dtdr a<x<b (1)

we assume that f(x) is continuous on the interval [a, b]
and k(r,t) is continuous on D = {(r,t):a<t<b&a <
r < x < b}, while u(x) is the unknown continuous function
in [a, b] to be determined.

Ahmed solved this equation by using least square
approximation method, [12]. Wazwaz solved this problem
by using the method of series solution and the Adomian
decomposition method, [3]. In [10], Ezzati and
Najafalizadeh used Cas wavelets for solving linear and
nonlinear Volterra-Fredholm integral equations. In [9] Wang
used least square approximation method to solve this type of
equation. In addition, Ibrahim used new iterative method for
solving the linear Volterra-Fredholm and mixed
Volterra-Fredholm integral equations in [4]. Also, Hasan
solved it by using linear programming method, [8].
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The objective of this work is to study the existence and
uniqueness of solution of equation (1), also to present an
approximate solution using fixed point iteration method, and
then the Aitken method is used to accelerate the convergence
of the solution.

2. Definitions and Theores [11, 2]

This section deals with some definitions and theorems
which are used in this work

Definition 2.1. Let (M, d) be a metric space and M* € M
with the mapping f: M* = M, an element p € M* is a fixed
point of the mapping fif f(p) = p.

Definition 2.2. Let (M, d) be a complete metric space, the
mapping f:M — M is called contractive mapping if there
i1s a real number 0 < a <1 such that for each u,v € M
we have

d(f(u),f(v)) < ad(u,v).

Definition 2.3. Assume that {p,}r_, is linearly
convergent sequence to the limit p, then the sequence
{p.}r_y that constructed by the acceleration (Aitken)
formula

(pn+1_pn)z

Pn = Pn Pn+2—2Pn+1+Pn
than does the original sequence {p, }n—o-

Theorem 2.1. Let (M,d) be a complete metric space
and f:M — M be a contractive mapping on M, then fhas a
unique fixed point. Moreover, for any p, € M the
sequence of iterates p, = f(p,_1) forn = 1 converges to
a fixed point of f.

, converges to p more rapidly

Theorem 2.2. Let {p,}5_, be any sequence converging
linearly to the limit p with e, =p, —p # 0foralln > 0.
The sequence {p,}s_, converges to p faster than
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Pn—Dp
Pn—p

{p. 37—y inthe sense lim,_,

3. The Application of Fixed Point
Method (FPM) on LMVFIE2"

We consider the mixed Volterra-Fredholm integral
equation (1.1) and define the operator T as follows

T@W = fG) + [ [ k@, Du(t)dtdr )

Clearly, the solution of equation (1) is the fixed-point of
operator T By choosing the initial function
uy(x) € C[a, b], the following fixed-point iteration will be
introduced

un (X) = T(un—l)
= fC) + AL [ k(r, Ouyy (Ddtdr, n>1  (3)

several successive approximations u;(x),i =1 will be
determined by using equation (3.2), then the sequence of
approximate solutions f{u,} will be produced which
approaches the exact solution u as n approaches infinity. It
is just the contractive property which is responsible for
clustering the sequence {u,} in toward a limit point.
Therefore the main concepts that are needed for fixed-point
theorem are a complete metric space and a contractive
mapping which would ensure the existence of a unique
solution for the presented equation.

In the following, we show that under proper assumptions,
T becomes a contractive mapping.

Theorem 3.1. Let (C[a, b], ||.|l,) be a complete metric
space, and the functions & and f be continuous in their
respective domain i.e. f € C[a,b] and k € C([a,b] X
[a, b]), if additionally the following inequality

1
12 < e @

satisfied, then the mapping T that defined in equation (2)
becomes a contractive mapping.

Proof: First we indicate that the kernel is bounded that is
|k(r,t)] < M for some positive real number M.

Let u(x),v(x) € [a, b], then

||(T(u) - T(v))”oO = max]|T(u(x)) — T(v(x))|

x€la,b

x rb
FGO) +A f f k(r, Ou(t)dtdr

= max
x€la,b

x rb
- [f)+4 j f k(r, v (t)dtdr]

= max
x€la,b]

x rb
AL Lk(r,t)(u(t)—v(t))dtdr

IA

x b
121 max f j Ik, )1 1u(®) — v(6)|dedr

x rb
< |A| max f f |k(r, )| max |u(x)
x€la,b] a Ja x€la,b]
—v(x)|dtdr

x rb
< G - vl max f f \k(r, )ldedr
4 a a

< AM B - a)?|lu(x) — vl

. . 1
Then with the assumption |1]| < oz We get that
a=|AMb-a)? <1.
Consequently, the mapping 7 of the linear

Volterra-Fredholm integral equation becomes a contractive
mapping.

4. The Existence and Uniqueness of
Solution

To ensure the existence of a unique solution of the
MVFIE2™, we have to show that 7 has a unique fixed-point
and the sequence {u,(x)}n_, generated by iteration (3)
converges to this unique fixed-point.

Theorem 4.1. Let (Cla, b], ||.|l,) be a complete metric
space and T be a contractive mapping of MVFIE2™ defined
in (3)

then

i. T has a unique fixed-point u* € C[a, b]

ii. Forany u, € [a, b] the sequence of iterates

Up41 = T(u,) convergestou”.

Proof: i. By taking the limit of both sides of u, =

T(un—l)
limu, = 71[1—1330 T(un—1)

n-—-oo

Since T is contraction mapping, then it is continuous, so

lim u, = Tlim (u,,_)
n-—-oo

n—oo
Thus u* = T(u"). Hence T has a fixed-point.
Now, suppose that v* is also a fixed-point of 7, that is
v'=T([")
0<d,v)=d(TW),Tw")) < ad’,v")
Remembering that 0 < a < 1, the above implies that
d(w*,v*) < ad(u*,v*)
This means that a =1, which

assumption, therefore u* = v*.
ii. By the closer condition from part (i), we have:

d(un (), w () = d(T (wp—1), T(W))

< ad(u,_q,u"),

is contradicts our

also we have
d(uy—1,u”) = d(T(un-2), T(W")
< ad(u,_,,u")
that is we get
d(u,, u*) < a?d(u,_y,u*) < - < a™d(ug,u’)
Taking the limit of both sides produces
lim d(u,,u*) < }ll—>rl;lo a™d(ug,u*)

n-w

Since 0 < a < 1, then o" = 0, asn — oo, thatisu, — u*.
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S. The FPM Algorithm

To find an approximate solution of (LMVFIE2™) by FPM
perform the following steps:

Step 1: select positive integers a, b, and n.

Step 2: put uy(x) = f(x) as an initial approximation.

Step 3: calculate u;(x) in equation (3) for all
i=1,2,..,n

Step 4: increment i and repeat the previous step until
desired level of accuracy is reached.

Step 5: find u; (x]-), for some x; € [a, b].

Step 6: compute the absolute error of each root

() = ua ()]

6. Acceleration of Approximation
(Aitken)

In this section, the possibility of improving the rate of
convergence will be discussed for a slowly convergent
sequence of iterates. The approach we adopt is due to Aitken.
The idea is to use the terms of the sequence and their rate of
change to predict the future behavior of the iteration. The
proses are applicable to any linearly convergence.

Suppose that the sequence {u,,}»—, is linearly convergent
to the limit u. It follow that there exists a constant ¢, with
—1 < ¢ < 1, such that for sufficiently large value of n,

én ¥ Clp_1 (5)
where e, = u,, — u. It can be deduced that
ey = epr1enq = (U —u)? = (Upyy — ) (Up_g — W)
we find that

~ un+1un—1_u721 (6)

Up4+1—2Un+Un—1

this approximation will be denoted by ,,, and the errors
i, —u by é,. It will be found that the sequence &, is also
convergent with the same limit u, but with a noticeably
better approximation and faster rate of convergence as it
stated in theorem (2.1).

7. Aitken on FPM for Solving
MVFIE2"

In this section, the Aitken's method has been applied
successfully on fixed-point method to find the solution of our
integral equation, where the first three approximations are
computed by fixed-point method and then substituted in
equation (6) to get the procedure

2

A UjpqUj—1"U; .

f~—E= 1L i =12,..,n @)
Ujp1—2uu g

where good estimations and sometimes exact solution will be
found.
8. Numerical Examples

In this section, several examples will be solved to show
the accuracy of our approach.

Example 1. Consider the following LMVFIE2™
x2 1 r* 1
u(x) = xe* ——+—f f ru(t)dt ;0<x<1
4 2)y Jy

where u(x) = xe* is the exact solution.

Assume that f{x) is continuous on [0,1], and k(r,t) =1
is continuous on the square r € [0,1], t € [0,1], hence it is
bounded there and a bound M is 1, that is

M = max,¢poq1|r| = 1, also we have

te[0,1]
1 —
Mpb-a)?

1
s=1<

So according to the above theorem the problem has a
unique solution and as described above, first we let

2
Uy (x) = xe* — x?, and then u;(x);i=1,..,n will be
determined. By choosing different values of (n), we will get
the results that are listed in Table 1, while Figure 1 gives a

comparison between the exact and the approximate solution
using (F.P.) solution for different values of .

Table 1. The results of Example 1 using FPM with n =6, 9, 12 and Aitken
method

x Absolute error for u(x;) using FPM
l = uGl | = w@l | u— up@)
0.0 0 0 0
0.1 8.37245¢-10 4.84515e-13 2.77556e-16
0.2 3.34897¢-09 1.93806e-12 1.11022e-15
0.3 7.53520e-09 4.36068¢e-12 2.55351e-15
0.4 1.33959¢-08 7.75224e-12 4.44089¢-15
0.5 2.09311e-08 1.21130e-11 6.99441e-15
0.6 3.01408¢-08 1.74427e-11 1.02141e-14
0.7 4.10250e-08 2.37415e-11 1.37668¢-14
0.8 5.35837e-08 3.10092e-11 1.79856¢-14
0.9 6.78168¢-08 3.92459¢-11 2.26486¢-14
1.0 8.37245¢-08 4.84515e-11 2.79776e-14
3
—=— Exact solution
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Figure 1. Exact solutions and numerical results of example 1 using (F.P.)
forn=1, 2, 3, and 4

Now to accelerate the convergence, the approximate
solutions u4(x), u;(x) and u3(x) will be found by FPM
as follows:

2 2

x x
uy(x) = xe* ~8 uy(x) = xe* ~T7g

and



4 Pakhshan Mohammed Ameen Hasan et al.:

Existence and Uniqueness of Solution for

Linear Mixed Volterra-Fredholm Integral Equations in Banach Space

2

6912
and then substituted them in the Aitken procedure to get

11 (x) which gives the exact solution with only one iteration.
Example 2. Consider the following LMVFIE2™

us(x) = xe*

1
u(x) = cos(x) + sin(x) — sz +2x

1r* 7 T
+—j f (r—tu(t)dtdr, 0<x<-—
4), J, 2

where exact solution is u(x) = cos(x) + sin(x).
First, it will be verified whether the described
method can be used for solving this problem. Since
s T s
kecC ([0,5] X [0, ED and f€C ([0, ED’ therefore we
only check the satisfying of inequality (10). In this example

1
1] = v and M = maxr‘te[o‘%]lk(r, )| = maxr‘te[o‘%]lr -

tl=>
1 1
0.25 =] <

M(b — a)? %(%_0)

o= 0.258012275

This means that FPM can be applied, Let uy(x) = f(x),
Applying the algorithm of the FPM with different values of n
the following results that are listed in Table 2 are obtained,
while Figure 2 gives a comparison between the exact and the
approximate solution using (F.P.) solution for different
values of n.

Table 2. The results of Example 2 using FPM with n = 3,6,9

Absolute error for u(x;) using FPM
Xi
lu — uz ()| [u — ug(x)| lu — ug(x)]
0 0 0 0
0.05m 2.35991e-06 1.24237¢-09 6.54184¢-13
0.10m 4.19540e-06 2.20866¢-09 1.16265¢-12
0.15m 5.50646e-06 2.89886¢-09 1.52607¢-12
0.20m 6.29310e-06 3.31299¢-09 1.74397e-12
0.25m 6.55531e-06 3.45103¢-09 1.81671e-12
0.30m 6.29310e-06 3.31299¢-09 1.74397¢-12
0.35m 5.50646e-06 2.89886¢-09 1.52607¢-12
0.40m 4.19540e-06 2.20866¢e-09 1.16265¢e-12
0.45m 2.35991e-06 1.24237¢-09 6.54184¢-13
0.50m 0 0 0
1.6
—=—— Exact solution s P
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Figure 2. Exact solutions and numerical results of example 2 using (F.P.)
forn=1, 2, 3, and 4

9. Conclusions

In this paper, the existence and uniqueness of solution of
linear mixed Volterra-Fredholm integral equation of the
second kind (LSMVFIE2") is verified and proved, the result
is obtained by the help of some extensions of Banach's
contraction principle in complete metric space. The
fixed-point method introduced to solve the mentioned
equation and then the solution is accelerated by Aitken
formula. Two examples are presented for illustration and
good approximate results are found. Moreover, the results of
both of them (FPM & Aitken) are compared to each other
and then with the exact solutions to demonstrate the
implementation of the method. The given numerical
examples and the outcomes in Tables (1-2) and Figures (1-2)
are supported these claims.
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