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h, Kk, Na: Evaluating the Relative Uncertainty of
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Abstract For verification of the measurement accuracy of fundamental physical constants, the CODATA unique
technique is used. This procedure is a complex process based on a careful discussion of the input data, and the justification
and construction of tables of values sufficient for the direct use of the relative uncertainty are conducted using modern
advanced statistical methods and powerful computers. However, at every stage of data processing, researchers must rely on
common sense, that is, an expert conclusion. In this article, the author proposes a theoretical and informational grounded
justification for calculating the relative uncertainty by using the comparative uncertainty. A detailed description of the data
and the processing procedures do not require considerable time. Examples of measurements results of three fundamental
constants are analysed, applying information-oriented approach. Comparison of the achieved relative and comparative
uncertainties is introduced and discussed.
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1. Introduction

It is expected that in 2018 that the International System of
Units (SI) will be redefined on the basis of certain values of
some fundamental constants [1]. This is a dramatic change,
one consequence of which is that there will no longer be a
clear distinction between the base quantities and derived
quantities [2].

Recommended CODATA values and units for constants
[3] are based on the conventions of the current SI, and any
modifications to these conventions will have implications
for the units. One consequence of this difference is that
mathematics does not provide information on how to
include units in the analysis of physical phenomena. One of
the goals of the Sl is to provide a systematic structure
for including units in equations describing physical
phenomena.

The desire to reduce the value of uncertainty in the
measurement of fundamental physical constants is due to
several reasons. First, the achievement of an accurate
quantitative description of the physical universe depends on
the numerical values of the constants that appear in theories.
Secondly, the general consistency and validity of the basic
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theories of physics can be proved by carefully studying the
numerical values of these constants, determined from
different experiments in different fields of physics.

One needs to note the main feature of the CODATA
technique in determining the relative uncertainty of one
fundamental physical constant or the other. For using
CODATA technique based on solid principles of probability
and statistics, tables of values that allow direct use of relative
uncertainty are constructed, using modern advanced
statistical methods and powerful computers. This, in turn,
allows for checking the consistency of the input data and the
output set of values. However, at every stage of data
processing, one needs to use her or his intuition, knowledge
and experience (one's personal philosophical leanings [4]).
In addition, it should be that the concept of relative
uncertainty was used when considering the accuracy of the
achieved results (absolute value and absolute uncertainty of
the separate quantities and criteria) during the measurement
process in different applications. However, this method for
identifying the measurement accuracy does not indicate the
direction of deviation from the true value of the main
quantity. In addition, it involves an element of subjective
judgment [5].

Let us start with the disclaimer: the author does not
promote the CODATA method and does not blame him. The
author draws attention to the fact that the introduction of a
statistical-expert method for estimating the accuracy of
measurement of a fundamental physical constant assumes,
by default, the existence of such nonprofessional criteria that
are not accepted at scientific conferences, are not resolved
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for publication in scientific journals and are simply not
mentioned in personal conversations: the desire to promote
their own project, the desire to obtain additional investment
to continue experiments, and to achieve international
recognition of the achieved results. Apparently, this situation
suits most researchers.

The aim of this paper is an introduction of
information-oriented  approach  [6] for analyzing
measurement of fundamental physical constants along with a
relative uncertainty, by a comparative uncertainty and to
compare results. It is explained by the fact that in the
framework of the information approach, a theoretical and
informational grounding and justification is carried out for
calculating the relative uncertainty.

2. Information Approach

During modeling process, scientists use quantities
inherent in the SI. Sl is generated by the collective
imagination. Sl is an instrument, which is characterized by
the presence of the equiprobable accounting of any quantity
by a conscious observer that develops the model due his
knowledge, intuition, and experience. Each quantity allows
the researcher to obtain a certain amount of information
about the studied object. The total number of quantities can
be calculated, and this corresponds to the maximum amount
of information contained in the SI.

In addition, every experimenter selects a particular class
of phenomena (CoP) to study the measurement process of
the fundamental physical constant. CoP is a set of physical
phenomena and processes described by a finite number of
base and derived quantities that characterize certain features
of the object [7]. For example, in mechanics, SI uses the
basis {the length L, weight M, time T}, that is, CoPs =
LMT.

Surprisingly, one can calculate the total number of
dimensional and dimensionless quantities inherent in SI. By
that, to calculate the first-born, absolute uncertainty in
determining the dimensionless researched main quantity,
"embedded" in a physical-mathematical model and caused
only by the limited number of chosen quantities. It can be
organized following the below mentioned steps:

(1) There are & =7 base quantities: L is the length, M is the
mass, T is time, | is the electric current, @ is the
thermodynamic temperature, J is the luminous intensity,
F is the amount of substances [8];

(2) The dimension of any derived quantity g can only be
expressed as a unique combination of dimensions of the
main base quantities to different powers:

gall-M".T"-1".0°.J . F" . @)

(3) I, m... f are exponents of the base quantities, which take
only integer values, and the range of each has a
maximum and minimum value:

B3 -1<m<+],-4<t<+4,-2<i<+2 (2)
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—4<0<+4, 1< j<+], -1<f<+1 (3
el :7;em :S;et :g;ei :S;eg :91eJ :3;ef :3(4)

where e, ..., e; are the number of choices of dimensions for
each quantity, for example, L™ is used in a formula of density,
and @* in the Stefan-Boltzmann law.

(4) The total number of dimension options of physical

quantities equals ¥°= 1"[{r e-1
e = (eI €,¢¢%¢,¢ ¢ —1) =76,544, (5)

where "-1" corresponds to the case where all exponents of

the base quantities in the formula (1) are treated to zero

dimension.

(5) The value ¥° includes both required, and inverse
quantities (for example, L1 is the length, L™ is the
running length). The object can be judged knowing only
one of its symmetrical parts, whereas others structurally
duplicating this part may be regarded as information
empty. Therefore, the number of options of dimensions
may be reduced by 2 times. This means that the total
number of dimension options of physical quantities
without inverse quantities equals W = W°/2 = 38,272.

(6) According to m-theorem [9], the number pg, of possible
dimensionless criteria with & = 7 base quantities for SI
will be

n, =W —& =38,265, 6)

(7) Then, let there be a situation, wherein all quantities s
of Sl can be taken into account, provided the choice of
these quantities is considered, a priori, equally probable.
In this case, us, corresponds to a certain value of entropy
and may be calculated by the following formula[10]:

H=K-Inpg, (7

where H is entropy of Sl including t,, equally probable

accounted quantities, k;, is the Boltzmann's constant.

(8) When a researcher chooses the influencing factors (the
conscious limitation of the number of quantities that
describe an object, in comparison with the total number
Ms1), entropy of the mathematical model changes a priori.
Then one can write

AA" =Q-(H, H,)=kIn[n,/(z-B")]. ©®

where AA' is the a priori amount of information pertaining to

the observed object due to the choice of the CoP; Hy — Hys is

the entropy difference between two cases, pr, a priori; ps, a

posterior; Q is efficiency of the experimental observation (a

thought experiment, no distortion is brought into the real

system), Q=1; z' is the number of physical quantities in the
selected CoP; B' is the number of base quantities in the
selected CoP.

(9) The value 4A' is linked to the a priori absolute
uncertainty of the model, caused only due to the choice
of the CoP, 4,mn' and S, the dimensionless interval of
observation of the main researched dimensionless
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quantity u, through the following dependence [6, 10]:
A, =Sexp (-4ATk) =S (z-p) py. 9)

(10) Following the same reasoning, it can be shown that
the a priori absolute uncertainty of a model of the
observed object, caused by the number of recorded
dimensionless criteria chosen in the model, Agnm"* takes
the following form:

Apmm "=S ‘(Z"_B")/(Zl_ﬂ')!

where z" is the number of dimensional quantities recorded in

a mathematical model; g" is the number of base quantities

recorded in a model; 4,mn" cannot be defined without

declaring the chosen CoP (4pmm)-

(11) Summarizing (9) and (10), it is possible to calculate the
dimensionless total absolute uncertainty Augmm in
determining the dimensionless main quantity u:

Aupmm = S'[(ZI_B')/IL& _(Z"_B")/(ZI_B')L

where € = Aupmn/S is the comparative uncertainty [6, 10].

An overall uncertainty of the model including inaccurate
input data, physical assumptions, the approximate solution
of the integral-differential equations, and so on, will be
larger than AUpmm. Thus, Auymm is only one first-born and
least component of a possible mismatch of a real
measurement process of the fundamental constant and its
modeling results.

The relationship (11) is a conformity principle and
testifies that, in nature, there is a fundamental limit to the
accuracy of measuring any observed material object, which
cannot be surpassed by any improvement of instruments,
methods of measurement, and the model’s computerization.
It sets a limit on the expedient increasing of the measurement
accuracy when conducting experimental studies of
measurement of the fundamental constants.

Within the abovementioned approach and for a given
CoP, one could define the actual value of the minimum
comparative uncertainty inherent in a model with a chosen
finite number of quantities for each specific CoP.

Equating the derivative of Augmm/S (11), with respect to
Z'-B' to zero, gives the following condition for achieving the
minimum comparative uncertainty for a particular CoP:

(' -B)/(¥Y-§ = (2'-B". (12)
By using (12), one can find the values for the lowest
achievable comparative uncertainties for different CoPg;
moreover, the values of the comparative uncertainties and
the numbers of the chosen variables are different for each
CoPg,. For example, at measurements of Boltzmann constant,
CoPg; = LMT@F is usually used. In this case the minimum
comparative uncertainty (€min)zymror Can be calculated by the
following way:

(Z‘_ﬂ')LMTHF :(el "€, € "€, e _1)/2 —5=2,546,(13)

(z2"-8"),.,. =(2=8") Ip, ~1694,

(10)

(11)

(14)

= 0.0445

€ = LMTO —

LMTO —

(4u,,. 1S) (15)

To reach g 1o, the required number of dimensionless
criteria z"-p" equals:

(z"-B") L69 (16)

Below is a summary Table 1 of comparative uncertainties

and the optimal number of dimensionless criteria considered
in the model for each CoP.

Table 1. Comparative uncertainties and optimal number of dimensionless
criteria
CoPs, Comparative uncertainty, Optimal_number of
er criteria
LMT 0.0048 02<1
LMTF 0.0146 =2
LMTI 0.0245 =6
LMTO 0.0442 =19
LMTIF 0.0738 =52
LMTOF 0.1331 =169
LMTOI 0.2220 =471
LMTOFI 0.6665 = 4,249

It is to be noted that the relative and comparative
uncertainties of the dimensional quantity U and the
dimensionless quantity u are equal

(4U1S*)=(4U/a)l(S*la)=(AulS)
(r/R)=(4UIU)/(Aulu)=
=(4UIU)-(al 4U)-(U/a) =1

where S, Au are the dimensionless quantities, respectively,
the range of variations and the total absolute uncertainty in
determining the dimensionless quantity u; S*, AU are the
dimensional quantities, respectively, the range of variations
and the total absolute uncertainty in determining the
dimensional quantity U; a is the dimensional scale parameter
with the same dimension as that of U and S*; r is a relative
uncertainty of the dimensional quantity U; R is a relative
uncertainty of the dimensionless quantity u.

(17

3. Formulation of Procedure

If the range of observation S is not defined, the
information obtained during the observation/measurement
cannot be determined, and the entropic price becomes
infinitely large [10].

In the framework of the information-oriented approach, it
seems that the theoretical limit of the absolute and relative
uncertainties depends on the empirical value, that is, possible
interval of placing (the observed range of variations) S of the
measured physical constant. In other words, the results will
be completely different if a larger interval of changes is
considered in the measured fundamental physical constant. It
is right, however, if S is not declared, the information
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obtained in the measurement cannot be determined. Any
specific measurement requires a certain (finite) a priori
information about the components of the measurement and
interval of observation of the measured quantity. These
requirements are so universal that it acts as a postulate of
metrology [11]. This, the observed range of variations,
depends on the knowledge of the developer before
undertaking the study. "If nothing is known about the system
studied, then S is determined by the limits of the measuring
devices used" [10]. That is why, taking into account
Brillouin’s suggestions, there are two options of applying the
conformity principle to analyze the measurement data of the
fundamental physical constants.

First, this principle dictates, factually, analyzing the data
of the magnitude of the achievable relative uncertainty at
the moment taking into account the latest results of
measurements. The extended range of changes in the
quantity under study S indicates an imperfection of the
measuring devices, which leads to a large value of the
relative uncertainty. The development of measuring
technology, the increase in the accuracy of measuring
instruments, and the improvement in the existing and newly
created measurement methods together lead to an increase in
the knowledge of the object under study and, consequently,
the magnitude of the achievable relative uncertainty
decreases. However, this process is not infinite and is limited
by the conformity principle. The reader should bear in mind
that this conformity principle is not a shortcoming of the
measurement equipment or engineering device, but of the
way the human brains work. When predicting behavior of
any physical process, physicists are, in fact, predicting
the perceivable output of instrumentation. It is true that,
according to the m-hypothesis, observation is not a
measurement, but a process that creates a unique physical
world with respect to each particular observer. Thus, in this
case, the range of observation (possible interval of placing)
of the fundamental physical constant S is chosen as the
difference between the maximum and minimum values of
the physical constant measured by different scientific groups
during a certain period of recent years. Only in the presence
of the results of various experiments one can speak about the
possible appearance of a measured value in a certain range.
Thus, using the smallest attainable comparative uncertainty
inherent in the selected class of phenomena during
measuring the fundamental constant, it is possible to
calculate the recommended minimum relative uncertainty
that is compared with the relative uncertainty of each
published study. In what follows, this method is denoted as
IARU and includes the following steps:

(1) From the published data of each experiment, the
value z, relative uncertainty r, and standard
uncertainty u, (possible interval of u placing) of the
fundamental physical constant are chosen;

(2) The experimental absolute uncertainty A, is
calculated by multiplying the fundamental physical
constant value z and its relative uncertainty r, attained
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during the experiment, 4, =z -r;;

(3) The maximum zy, and minimum z.,;, values of the
measured physical constant are selected from the list
of measured values z; of the fundamental physical
constant mentioned in different studies;

(4) As a possible interval for placing the observed
fundamental constant S,, the difference between the
maximum and minimum values is calculated, S, =
Zmax = Zmin,

(5) The selected comparative uncertainty er (Table 1)
inherent in the model describing the measurement of
the fundamental constant is multiplied by the possible
interval of placement of the observed fundamental
constant S, to obtain the absolute experimental
uncertainty value 4,5y in accordance with the IARU,
Ay = €7 - S5

(6) To calculate the relative uncertainty ragy Iin
accordance with the 1ARU, this absolute uncertainty
A\aru is divided by the arithmetic mean of the selected
maximum and minimum values, riaru = 4iaru ! ((Zmax
+ Zmin)/z);

(7) The relative uncertainty obtained rjary is compared
with the experimental relative uncertainties r;
achieved in various studies;

(8) According to IARU, a comparative experimental
uncertainty of each study, gagry; is calculated by
dividing the experimental absolute uncertainty of
each study 4, on the difference between the
maximum and minimum values of the measured
fundamental constant S,, garui = 4; / S, These
calculated comparative uncertainties are also
compared with the selected comparative uncertainty
€T (Table l)

Second, S is determined by the limits of the measuring
devices used [10]. This means that as the observation interval
in which the expected true value of the measured
fundamental physical constant is located, a standard
uncertainty is selected when measuring the physical constant
in each particular experiment. Compared with various fields
of technology, experimental physics is better for the fact that
in all the researches, the experimenters introduce the output
data of the measurement with uncertainty bars. At the same
time, it should be remembered that the standard uncertainty
of a particular measurement is subjective, because the
conscious observer probably did not take into account this or
that uncertainty. The experimenters calculate the standard
uncertainty, taking into account all possibilities, they noticed
the measured uncertainties. Then, one calculates ratio
between the absolute uncertainty reached in an experiment
and standard uncertainty, acting as a possible interval for
allocating a fundamental physical constant. So, in the
framework of the information approach, the comparative
uncertainties achieved in the studies are calculated, which
in turn are compared with the theoretically achievable
comparative uncertainty inherent in the chosen class of
phenomena. Standard uncertainty can be calculated also for
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quantities that are not normally distributed. Transformation
of different types of uncertainty sources into standard
uncertainty is very important. In what follows, this method is
denoted as IACU and includes the following steps.

(1) From the published data of each experiment, the
value z, relative uncertainty r, and standard
uncertainty u, (possible interval of placing) of the
fundamental physical constant are chosen;

(2) The experimental absolute uncertainty 4, is
calculated by multiplying the fundamental physical
constant value z and its relative uncertainty r, attained
during the experiment, 4, =z -r;

(3) The achieved experimental comparative uncertainty
of each published research gacyi is calculated by
dividing the experimental absolute uncertainty 4, on
the standard uncertainty u,, gjacui= 4,/ U;

(4) The experimental calculated comparative uncertainty
giacui IS compared with the selected comparative
uncertainty ey (Table 1) inherent in the model, which
describes the measurement of the fundamental
constant.

We will apply 1ARU and IACU in analyzing the data
measurement of the three fundamental physical constants h,
K, Na.

4. Applications

4.1. Planck Constant h

Planck constant h is of great importance in modern
physics. It is explained by the following reasons [12]:

(@) It defines the quanta (minimum amount) for the
energy of light and therefore also the energies of
electrons in atoms. The existence of a smallest unit of

light energy is one of the foundations of quantum
mechanics.

(b) It is a factor in the Uncertainty Principle, discovered
by Werner Heisenberg in 1927,

(c) Planck constant has enabled the construction of the
transistors, integrated circuits, and chips that have
revolutionized our lives.

(d) For over a century, the weight of a kilogram has been
determined by a physical object, but that could
change in 2018 under a new proposal that would base
it on Planck constant.

Therefore, a huge amount of researches were dedicated
to the Planck constant measurement [13]. The most
summarized data published in scientific journals in recent
years, about the magnitude of the standard uncertainty of the
Planck constant and the Boltzmann constant measurements
are presented in [14].

The measurements, made during 2011-2018, were
analyzed for this study. The data are summarized in Table 2
[15-27]. It has been demonstrated that two methods have the
capability of realizing the kilogram according to its future
definition with relative standard uncertainties of a few parts
in 10% the Kibble balance (CoPs = LMTI) and the x-ray
crystal density (XRCD) method (CoPs; = LMTF).

Following the method IARU, one can argue about the
order of the desired value of the relative uncertainty (fmin)LmTi-
For this purpose, we take into account the following data:
(emin)uvm = 0.0245 (Table 1); an estimated observation
interval of h is chosen as the difference in its values obtained
from the experimental results of two projects: hpax =
6.62607040577103* m2kgs?K? [22] and hpn =
6.626069216-10%* m2kgs?K™ [23]. In this case, the
possible observed range Sh of h placement is equal to:

Table 2. Plank constant determinations and relative and comparative uncertainties achieved
Achieved h possible Reached Calculated
Planck constant relative u':f;?gﬁy interval of comparative comparative
Year CoP uncertainty placing* uncertainty uncertainty Ref.
h-10% (0 10° An10* up10™ en"=An /Uy en''=Ap /Sy

m2kg/s> m2kg/s2 m2kg/s2 IACU IARU
2011 LMTF 6.626070082 3.0 1.9878 4.0 0.4970 0.1671 [15]
2011 LMTF 6.626069942 3.0 1.9878 41 0.4848 0.1671 [16]
2014 LMTI 6.626070341 14 0.9542 2.4 0.3976 0.0802 [17]
2015 LMTF 6.626070221 20 1.3252 2.6 0.5097 0.1114 [18]
2015 LMTI 6.626069364 5.7 3.7769 7.7 0.4905 0.3174 [19]
2016 LMTI 6.626069832 34 2.2529 44 0.5120 0.1894 [20]
2017 LMTF 6.626070134 9.1 6.0297 1.2 0.5025 0.0507 [21]
2017 LMTF 6.626070406 1.2 7.9513 1.6 0.4970 0.0668 [22]
2017 LMTI 6.626069216 24 1.5903 31 0.5130 0.1337 [23]
2017 LMTI 6.626069935 13 8.6139 1.8 0.4786 0.0724 [24]
2017 LMTF 6.626070132 24 1.5903 32 0.4970 0.1337 [25]
2017 LMTI 6.626070404 5.7 3.7769 7.7 0.4905 0.3174 [26]
2018 LMTI 6.626070151 1.0 6.6261 14 0.4733 0.0557 [27]

* Data are introduced in [28].
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Table 3. Boltzmann constant determinations and relative and comparative uncertainties achieved
goramam | FOREE | soe | (EERE | e | comparative
constant uncertainty uncertainty placing* uncertainty uncertainty
Year CoP k107 L 10° AL0% U107 g =Ay Uy &' =Ay /S Ref.
m2kg/(s2K) m2kg/(s2K) m2kg/(s2K) IACU IARU
2011 LMTOF 1.38065170 12.0 1.66 3.7 4.4778 4.7337 [31]
2015 LMTOF 1.38064871 2.0 2.76 2.7 1.0227 0.7889 [32]
2015 LMTOF 1.38065080 1.1 1.51 29 0.5237 0.4339 [33]
2017 LMTOF 1.38064879 6.0 8.28 1.6 0.5177 0.2367 [34]
2017 LMTOF 1.38064861 0.7 0.97 1.8 0.5370 0.2761 [35]
2017 LMT®| 1.38064820 19 2.62 5.3 0.4949 0.7495 [36]
2017 LMTOF 1.38064843 2.0 2.76 5.5 0.5020 0.7889 [37]
2017 LMT@®| 1.38064974 2.7 3.73 6.5 0.5735 1.0651 [38]
2018 1.38064904 3.7 0.51 1.0 0.5108 0.1460 [27]
2018 1.38064900 3.7 0.51 1.0 0.5108 0.1460 [30]

* Data are introduced in [14, 27]
S,=h,, —h,, =1189810""m kg /(s K). (18)

Then, the lowest possible absolute uncertainty for CoPg
=LMTI equals

Au .S, =2.9103-10 “m2kg/s2  (19)

LTt = Euvmi

In this case, taking into account (108), the lowest relative
uncertainty (rmin)uvm for CoPs =LMTI is the following

v = Aty - 1(Noy — D) 1 2) = 4.4-107°. (20)

This value corresponds to recommendations mentioned
in [27] 1.0-10® and should be satisfactory to the existing
mass standards community. Then, a capability for
prediction of the Planck constant value by usage of the
comparative uncertainty allows improving our fundamental
comprehension of complex phenomenon as well as to apply
this comprehension to the solution of specific problems.

It is obvious that an additional view of the existing
problem will, most likely, help to understand the existing
situation and identify concrete ways for its solution.
Reducing the value of the comparative uncertainty of the
Planck constant measurement obtained from different
experiments to the value of 0.0245 will serve as a convincing
argument for the professionals involved in the evolution of
the SI.

Following the method IARU, it is seen from the data
given in Table 2 that there was a dramatic improving the
accuracy of the measurement of the Planck constant during
last decade. It is authorized true when based on calculation of
the relative uncertainty. Judging the data by the comparative
uncertainty following to IACU, one can see that the
measurement accuracy has significantly changed too. At the
same time, there is yet a gap between the comparative
uncertainty calculated according to the information-oriented
approach g7y =0.0245 and the experimental magnitudes
achieved during measuring h, for example, 0.0557 [27]. It
must be mentioned that, most likely, the exactness of Planck

constant as other fundamental physical constants, cannot be
infinite. Therefore, the development of a larger number of
designs and improvement of the various experimental
facilities for the measurement of Planck constant is an
absolute must [29]. The requirements of accuracy and
methodological diversity for the prerequisites for the
redefinition of a unit of mass and for its realization in terms
of a fundamental constant nature must be continued.

The results of the definitions of the Planck constant
(IACU), obtained with various measurements of recent years,
are very consistent. This issue may become more significant
for future comparisons, when the uncertainty of the
implementation experiments will become less. Current
research and development, as well as improvement of
measurement methods, will probably reduce some
components of uncertainty in the future and, therefore, will
steadily increase the accuracy of measurement of the Planck
constant.

4.2. Boltzmann Constant k

The analysis of the Boltzmann constant k plays an
increasingly important role in our physics today to ensure the
correct contribution to the next CODATA value and to the
new definition of the Kelvin. This task is more difficult and
crucial when its true target value is not known. This is the
case for any methodologies intended to look at the problem
from a possible another view and which, may have different
constraints and need special discussion.

A detailed analysis of the measurements of Boltzmann
constant made since 1973 is available in [27, 30]. The more
recent of these measurements, made during 2011-2018
[27, 30-38], were analyzed for this study. The data are
summarized in Table 3. The noted scientific articles, in most
cases belong to CoPs, = LMTEF [31-35, 37], some to CoPg,
= LMT@OI [36, 38]. Although the authors of the research
studies cited in these papers mentioned all the possible
sources of uncertainty, the values of absolute and relative
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uncertainties can still differ by more than two times. And, a
similar situation exists in the spread of the values of
comparative uncertainty.

Following the method IARU, one can argue about the
order of the desired value of the relative uncertainty of
CoPs; = LMTEF, which is usually used for obtaining
measurements of the Boltzmann constant. An estimated
observation interval of k is chosen as the difference in its
values obtained from the experimental results of two projects:
kmaw = 1.3806517 102 m2kgs?K™ [31] and Kmin =
1.3806482 102 m2kg 5K ™ [36]. In this case, the possible
observed range Sy of k placing is equal to:

S, =Kpax —Knin =3.510%m kg/(s K). (21)

For this purpose, one can arrive at the lowest comparative
uncertainty &;,70r Using the following conditions:

(Zl_ﬂ')LMTé)F :(el €€ "€, e _1)/2 —5=2,546,(22)

(Z"_ﬂ")LMTHF :(Zl_ﬂl) /“SI ~169,

where "-1" corresponds to the case whose all the base
guantities exponents are zero in formula (1); 5 corresponds
to the five base quantities L, M, T, ® and F; division by 2
indicates that there are direct and inverse quantities, for
example, L' is the length and L™ is the run length. The object
can be judged based on the knowledge of only one of its
symmetrical parts, whereas the other parts that structurally
duplicate this part may be regarded as information-empty.
Therefore, the number of options of dimensions may be
reduced by 2 times.
According to equations (22) and (23),

Euror = (AU1S)yyror =0.1331.

Then, the lowest possible absolute uncertainty for CoPs, =
LMT@F is given by the following:

(23)

(24)
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A yiroe =Eimror S =4.6610m kg /(s K). (25)

In this case, the lowest possible relative uncertainty
(rmin)Lver for CoPg =LMT@F is the following:

Ciror = Ao /(Ko + K )/ 2) =3.4107. (26)

This value agrees well with the recommendations (3.710°)
cited in [27, 30].

Guided by the method IACU, one can calculate the
achieved comparative uncertainty in each experiment
(Table 3). There is no significant difference between the
comparative uncertainty calculated according to the
information-oriented approach &;ymr = 0.1331 and the
experimental magnitudes achieved during measuring Kk, for
example, 0.1460 [30]. It means that further future
improvements of test benches could be recommended. That
is why the information approach can be used as an additional
tool for the new definition of the Kelvin and for revising the
International System of Units.

4.3. Avogadro Constant Na

The Avogadro constant, Np, is the physical constant that
connects microscopic and macroscopic quantities, and is
indispensable especially in the field of chemistry. In
addition, the Avogadro constant is closely related to the
fundamental physical constants, namely, the -electron
relative atomic mass, fine-structure constant, Rydberg
constant, and Planck constant.

During the period 2011 to 2017, several scientific
publications were analyzed, based on the available relative
and comparative uncertainty values [15, 16, 18, 22, 24-26,
39-41], and the results are summarized in Table 4.

The true and precise value of the Avogadro constant is not
known at the moment. Therefore, CODATA task group on
fundamental constants (TGFC) periodically review and
declare its recommended value of the Avogadro constant and
its relative uncertainty.

Table 4. Avogadro constant determinations and relative and comparative uncertainties achieved

Achieved Na possible Reached Calculated

Avogadro constant relative AbsoIL_Jte interval of comparative comparative

uncertainty uncertainty placement* uncertainty uncertainty
Year CoP Na10% 10° Ay10™ uy-107® en' =An /Uy en'"" =An /Sy Ref.

m2kg/(s*K) m2kg/(sX) m2kg/(s2K) IACU IARU

2011 LMTF 6.0221407818 3.0 18 37 0.4883 1.0000 [15]
2011 LMTF 6.0221409918 3.0 18 3.6 0.5018 1.0000 [16]
2015 LMTF 6.0221407612 2.4 14 24 0.6022 0.8000 [18]
2016 6.0221408577 1.2 7.2 15 0.4818 0.4000 [39]
2016 LMTI 6.0221414834 5.6 34 5.4 0.6245 1.8667 [40]
2017 LMTF 6.0221408415 2.4 14 2.9 0.4984 0.8000 [25]
2017 LMTF 6.0221405267 1.2 7.2 14 0.5162 0.4000 [22]
2017 LMTI 6.0221409538 1.3 7.8 1.7 0.4605 0.4333 [24]
2017 LMTI 6.0221405235 5.7 34 6.9 0.4975 1.9000 [26]
2017 LMTI 6.0221407726 0.9 55 11 0.4982 0.3033 [41]
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Following the method IARU, one can argue about the
order of the desired value for the relative uncertainty
(rmin)uvm for CoPg=LMTI. An estimated observation
interval of the Avogadro number is chosen as the difference
in its values obtained from the experimental results of two
projects: Namin = 6.0221405235-10% mol™ [26] and Namax =
6.022141483410% mol™ [40]. Then, the dimensional
possible observed range Sy of N, variations is given by the
following:

s, =N N, =9.610"(mol™).

The choice of the author of (Namax — Namin) S€ems
subjective and arbitrary. However, we need to emphasize
that only in the presence of the results of various experiments,
one can speak about the possible occurrence of a measured
quantity in a certain range.

The following values are considered: (gmin)Lmte = 0.0245
(Table 1) and Sy=9.6-10"® mol™ (27). Then, the lowest
possible absolute uncertainty is given by the following:

Ay = €um Sy = 2.34810° (mol™).

In this case, the lowest possible relative uncertainty
(rmin)Lmre IS as follows:

= Ay 1 (N + N )/ 2) =3.910°°. (29)

This value (29) agrees well with the recommendations
mentioned in [41], 9.1-10°°, and can be particularly relevant
in the run-up to the adoption of new definitions for Sl units.

It seems that the theoretical limit of the absolute and
relative uncertainties depends on the empirical value, that is,
on the observed range of variations in S. In other words, the
results will be completely different if a larger interval of
changes is considered in Avogadro number. It's right. For
example, in the case Npmax = 7.1510% mol™ [42], Perrin’s
experiments belong to CoPs; = LMT6. Then, taking into
account that Namin = 6.0221405235 102 mol™ [26], (emin) s
= 0.0446 (Table 1) the lowest possible absolute uncertainty
(Amin)pzyre, and relative uncertainty, (fmin)pzarrs, Would be
equal to the following:

Spn =N

Amax ~ ' YAmin (27)

(28)

rLMTI

N,  =1.127810"mol™. (30)

Pmax ~ ' YAmin

Ao = Eime - Sen = 5.0310% mol ™.

Fouvre = Aoiaro / ((NPmax

Thus, within the framework of the proposed information
approach, and with 100-year-old imperfect measurement
equipment, the achievable relative uncertainty is 7.6:10°
(32), which is much higher than 3.910° (29) that can be
achieved by the accuracy of modern measuring instruments
and the knowledge about the true-target magnitude of
Avogadro constant.

According to the data given in Table 4, there was an
impressed improving the accuracy of the measurement of the
Avogadro constant during last decade. It is authorized true
when based on calculation of the relative uncertainty (IARU).

(31)

+ N )/ 2)=7.6107.(32)

h, k, Na: Evaluating the Relative Uncertainty of Measurement

Judging the data by the comparative uncertainty following to
IACU, one can see that the measurement accuracy has not
significantly changed. Unfortunately, there is significant
difference between the comparative uncertainty calculated
according to the information-oriented  approach
eLmrr=0.0146 and the experimental magnitudes achieved
during measuring Np, for example, 0.3033 [41]. The
difference may be explained by the fact that experimenters
take into account a very contrast number of quantities in
comparison with the formulated number according to the
information-oriented approach. It means that the further
future improvements of test benches could be recommended.
With all these, the ability to predict the relative uncertainty
of the Avogadro number by using the comparative
uncertainty allows for improving the fundamental
comprehension of the complex phenomena, as also for
applying this comprehension to solving specific problems.

5. Discussion and Conclusions

The proposed information approach makes it possible
to calculate the absolute minimum uncertainty in the
measurement of the investigated quantity of the phenomenon
using formula (13). The calculation of the recommended
relative uncertainty is a useful consequence of the
formulated u-hypothesis and is presented for application in
calculating the relative uncertainty of measurement of
various physical constants.

The information-oriented approach, in particular, I1ARU,
makes it possible to calculate with high accuracy the relative
uncertainty, which is in good agreement with the
recommendations of CODATA. The principal difference of
this method, in comparison with the existing statistical and
expert methodology of CODATA, is the fact that the
information method is theoretically justified.

Significant differences in the values of the comparative
uncertainties achieved in the experiments and calculated
in accordance with the IACU can be explained as follows.
The very concept of comparative uncertainty, within the
framework of the information approach, assumes an equally
probable account of various variables, regardless of their
specific choice by scientists when formulating a model for
measuring a particular fundamental constant. Based on their
experience, intuition and knowledge, the researchers build a
model containing a small number of quantities, and which, in
their opinion, reflects the fundamental essence of the process
under investigation. In this case, many phenomena, perhaps
not significant, secondary, which characterized by specific
quantities, are not taken into account.

For example, when measuring a value of Planck constant
by the LNE Kibble balance (CoPs= LMTI), located inside
and shielded, temperature (base quantity is 8) and humidity
are controlled, and the air (base quantity is F) density is
calculated [26]. Thus, the possible influence of temperature
and the use of other type of gas, for example, inert gas, are
neglected by developers. In this case, we get a paradoxical
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situation. On one side, different groups of scientists dealing
with the problem of measuring a certain fundamental
constant and using the same method of measurement "learn"
from each other and improve the test stand to reduce
uncertainties known to them. This is clearly seen using
the IARU method: when measuring h, k, Na, all the
comparative uncertainties are very consistent, especially for
measurements made in recent years. However, ignoring a
large number of secondary factors, which are neglected by
experimenters, leads to a significant variance in the
comparative uncertainties calculated by the IACU method.

Although the goal of our work is to obtain a fundamental
restriction on the measurement of fundamental physical
constants, we can also ask whether it is possible to reach this
limit in a physically well-formulated model. Since our
estimation is given by optimization in comparison with the
achieved comparative uncertainty and the observation
interval, it is clear that in the practical case, the limit cannot
be reached. This is due to the fact that there is an unavoidable
uncertainty of the model. It implies the initial preferences of
the researcher, based on his intuition, knowledge and
experience, in the process of his formulation. The magnitude
of this uncertainty is an indicator of how likely it is that your
personal philosophical inclinations will affect the outcome of
this process. When a person mentally builds a model, at each
stage of its construction, there is some probability that the
model will not match this phenomenon with a high degree of
accuracy.

Our framework is not limited to measuring the
fundamental physical constants: all considerations within
our framework are purely informational theoretically in
nature and apply to any models of experimental physics and
technology.

It would seem, on the side of the CODATA scientists - the
ability to analyze and extensive knowledge. Why does the
real results of the information method allow you to go the
other way? The most important reason is that the analysis is
based on factual data, based on a theoretically grounded
approach, rather than biased, statistically expert, motivated
by any beliefs or preferences. Also, the facts necessary for
scientific analysis simply appeared only in recent years. Yes,
there was no precedent such that the amateur suddenly
presented a theoretically grounded approach based on
information theory. This was in 2015 for the first time.

An information-oriented approach leads us to the
following conclusions. If the mathematics and physics that
describe the surrounding reality are effective human
creations, then we must take into account the relationship
between human consciousness and reality. In addition, the
ultimate limits of theoretical, computational, experimental
and observational methods, even using the best computers
and the most complex experiments, such as the Large
Hadron Collider, are limited to the p-hypothesis applicable
to any human activity. Undoubtedly, the current
unprecedented scientific and technological progress will
continue. However, since the limit for this advance exists,
the speed of discoveries is slowed down. This remark is

especially important for artificial intelligence, which seeks to
create a truly super intelligent machine.
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